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IJTABA 1
MPOU3BOIHAS U EE MIPUMEHEHUSI

g == m OTHOUIEHHWE MMPUPAIIIEHUI NEPEMEHHBIX
12 U EE CMBICJL. MOHSATUE KACATEJILHOMN.
@ = J NPUPALLIEHUE ®YHKIIUU

OmHnowenue npupauienuil nepemeHHsIX

B d4enoBeueckoill JKM3HENEATETBHOCTH YacTO MPUXOJUTCS BCTPEUAThCs
C OTHOIIEHWEM JBYyX MEPEMECHHBIX BEIMYUH, W3MEPSEMBIX B Pa3IUIHBIX
eIMHUIIAX U3MEPECHUSI.

Hampumep, ckopocms aBTOMOOWIIS, KaK OTHOILICHUE MPONAEHHOTO MyTH K
3aTpayeHHOMY BPEMEHHU U3MEpsieTCs B KM/4 WIW B M/C, a PacXoj TOILIMBA B
JIUMPAx/KM.

Janee, pe3yabTaTUBHOCTh OpOCKOB  OackeTOOMUCTa  OMpenesieTcs
KOJINYECTBOM HaOpAHHBIX OUKOB 32 OJIHY UTDY.

Ipumep. B yueOHO-TIPOM3BOICTBEHHOM KOMILIeKce ydeHukam 11 -kmacca
ObLIO JaHO 3ajlaHue, OLIEHMBAIOLEEe KAyeCTBO U CKOPOCTh KOMIIBIOTEPHOTO
Habopa TeKcTa.

Kapum 3a 3 munythl HaOpan 213 cioB, u mnpu 3ToM jpomyctun 6
opdorpaduuecknx ommbok, a Haprusza 3a 4 munyThl HaOpana 260 cios,

JOITYCTUB pu 3TOM 7 oporpaduueckux omubok. CpaBHUTE UX PE3YIbTATHI.

/\ COCTaBUM COOTBETCTBYIOIINE OTHOMICHHUS JIJIsl KaXKJIOTO YJaIlerocs:

Kapum:
213 ciosB
CKOPOCTh Ha00pa TEKCTa: =71 L0,
3 MHH MUH
6 . 6ouwnbok OIMO0K
Ka4eCTBO HAbOpa TeKCTa: _—_ ~ (), (282
213 caoB CJIOB
Hapeusa:
260 caos CIIOB
CKOpOCTb Habopa TeKcTa: =65 ;
4 __MHH MIH
om0k
Ka4ueCcTBO Habopa TeKCTa: _7onmbore ~ 269(ﬂ0.K
260 ci10B ’ CJIOB




3naunt, Kapum nHabmpan tekct Obictpee Haprusel. B 1o xe Bpems
oTMeTHM, 4To Haprusa crpaBuiach ¢ 3ajjanueM kauectBeHHee Kapuma. A

3aganus

1. Jlyig npoBepKU 4acTOTHI IyJbCa JABYMs MaJbllaMU CJIETKa HA/IaBIUBAOT
MECTO Ha 3aIlICThbe, IZI€ MPOXOAUT apTepHsi, MOKAa HE IMOYYBCTBYIOT
ouenne. Korna Manuna mpoBepsijia CBOM myJibc, OHa HacuuTana 67 yaapos

B MUHYTY.
a) OObsICHUTE, YTO TaKoe yacToTa nmynbca? B uém oHa usmepsiercs?
0) OuenuTe, CKOJIBKO pa3 y Maaunbl 3a yac Obércs cepaie?

2. Kapum, mpuas mpomoii, HaOpan Ha KommbioTepe 14 cTpaHHI] TEKCTa.
BrisicHMIIOCH, UTO OH Ha 3TOT pa3 qomycTuil 8§ opdorpaduueckux ommndoK.

N3BeCTHO, YTO TEKCT B OJHY CTPAHHUILY COCTOUT B cpeaHeM u3 380 cioB.

a) Ompenennure kKauecTBO Habopa Tekcta KapumoM W cpaBHHTE €ro C
pe3yabTaTOM B MpENbIAyIIeM npumepe. Yiydmuia au Kapum kadecTBo
Habopa?

0) Ckonbko ommbok B cpeaHem gomyctut Kapum, Habupas teket u3 100
CJIOB?

3. Mapyd, paboras 12 yacoB, ourcTiI apbik JynHOO 148 M 20 cM, a Mypan,
paboras 13 uacoB, ounctus apbik anuHor0 157 M 95 cm. CpaBHure

MIPOU3BOAUTEIHHOCTE TPY/Ia 00OUX.

4. I'nyOvHa mpOTEeKTOpa HOBOM aBTOMOOWJIBHOW IIMHBI COCTABISAECT 8 MM.
[Tocne mpobera 32178 kM B pesynbrare M3HOCAa IIyOMHA MPOTEKTOpa

LIMHBI CTaja paBHa 2,3 MM.

a) Kak m3mensercs miyOMHA NPOTEKTOpa IIMHBI MOCIE MPOXOKICHHS
paccTtosiHus B 1 km?

6) A mocie mocne npoGera B 10000 km?

5. Manuna Beiexana u3 ropoaa Kapmm B 11:43 u npuOsuia B ropox I'ynucran
B 15:49. C kakoii cpeiHel CKOPOCThIO IepeMelanack MainHa, €ciid OHa

npoexana 350 km yTu?

IMpumep. EMKoCTh IMIMHAPHYECKOH (OPMBI C OMHAKOBON CKOPOCTHIO
3anojaHsercs Bogou. [Ipu a3Tom B cuiry TOro, 4Tto BoAa 3amoyIHAET EMKOCTh
IPONOPLIMOHATIBHO BPEMEHH, €€ YpPOBEHb (BBICOTA HAJ JHOM EMKOCTH)
U3MEHSETCSl C TEUEHUEM BpPEMEHM KakK JIMHEeHHass (QyHKIUS BpEeMEHU
(cm. puc.1).
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BOZA
YPOBEHb

yYpOBEHb

BpeMs

Pucynox 1.
OTMeTuM, 9TO B 3TOM CJIy4ae OTHOIICHUE YPOBHS BOJBI KO BPEMCHU
(TO ecTb ckopocmb uzMeHeHus: BBICOTBI) OCTaéTcs MOCTOSIHHOM. Temepb
paccMOTpuUM EMKOCTH JIpYroi GopMbI (PUCYHOK 2):

YPOBEHB

BpeMs

Pucynox 2.
CripaBa Ha pUCYHKE ITOKa3aHO, KaK H3MEHSETCS YPOBEHB BOJIBI 11O
OTHOIICHHIO KO BPEMEHHU.
Bonpoc 1. Ha pucyHnke 3 nzo0OpaxkeHa IIUCTEpHA, MpeHAa3HAYCHHAS ISl
BOJIBI.

1,0 M

1,5Mm

1,5w™

Pucynox 3.




B nauganme mmcrepHa mycra. Ilocne 3TOro mucTepHy CTaiM 3aIoJIHATh
BOJIOW CO CKOPOCTBIO «OIMH JHUTP B CEeKyHIy». Ha kakoMm u3 rpaukoB Ha
pucyHKe 4, BepHO U300pakeHO U3MEHEHUE YPOBHS BOAbI IO OTHOUIEHUIO KO
BpemMeHu?

YPOBCHb YPOBEHb
BpeMst BpeMs
YPOBCHb YPOBEHb
BpeMst BpeMs
YPOBEHb
BpeMs
Pucynox 4.

(6]



Bonpoc 2. Ha pucynke 4 nuzo0paxeHsl rpaduku, 1300pakarolime
W3MEHEHHE YPOBHS BOJIBI IO OTHOIIICHHUIO KO BPEMEHHU.

YPOBEHb YPOBEHb

BpeMs BpeEMs

YPOBEHB YPOBEHb

BpeMs BpeMs

Pucynox 5.

Kakum éMKoCTAM pUCYHKAa 6 OHU COOTBETCTBYIOT?

Pucynox 6.



CpenHsisi CKOpOCTb U3MEHEHUS

Ecnu 3aBUCHMOCTB IByX IEPEMEHHBIX BEJTMUNH ONKUCHIBACTCS IMHEHHON
¢yHKIMEH, TO OTHOIICHWS M3MEHEHHWH JTHX BEIUYWH €CTh BEIUYHMHA
MOCTOSIHHASI.

B cirydae, korna 3aBUCUMOCTD JIByX TIEPEMEHHBIX BETMYUH HE OMUCHIBA-
eTcsl JIMHEHHON (yHKUMEH, TO Mbl MOXKEM paccMaTpuBaTh OTHOIIECHUE
U3MEHEHHI 3TUX BEJIMYMH Ha 3aJJaHHOM WHTepBajie. SICHO, YTO eCiM MbI
OyneM BbIOMpATh 3TH MHTEPBAIbl PA3IUYHBIMHM, TO COOTBETCTBYIOIUE
OTHOIIEHUS OYyIyT TOXKE Pa3IMIHBIMU.

Ilpumep 1. Ha pucynke 7 n300paxéH rpaduk 3aBUCUMOCTH MOJIOKEHUS
MaTepHaIbHOW TOYKH OT BPEMEHH £

KpuBast JTUHUA

Pucynok 7.

/A Paccmorpum Touky F Ha rpaduke, COOTBETCTBYIOLIYIO MOMEHTY
BpPEMEHU /=2 CEKYyH/Ibl, a TAK)KE OTIIMYHYIO OT TOUKHU F Touky M (Harmpumep
TOUKY, COOTBETCTBYIOIIYID MOMEHTY BpemeHu ¢=4). Haiiném cpegHioro
CKOPOCTh Ha MHTepBaje BpeMenn. 2 <7 <4

80—-20)M
(80220 _ 39 m

(4-2)c c
Bunno, uto yroBoit ko duument cekyuieit F'M pasen 30. A
Bonpoc. Cuutas Touky F HENOABHKHOM, 3aIIOJHUTE TaOIMILy YITIOBBIX
ko3 puimeHToB cexyiei F M, rae M- Touka Ha rpaduke, COOTBETCTBYIOIIAS

3aJlTaHHOMY 3HAQUCHUIO [:

t VYrnoBoit koahduueHT t VYrnoBoit koadduueHT
0 3

1,5 2,5

1,9 2,1




| 1,99 | | | 2,01 | |

Cdopmynupyiite CBOM BBIBOBI.
Ipumep 2. Yucno ocoOelt B MOMYSIUNA MBIIIIEH MEHSETCS C TCUCHUEM
BpeMEHU (M3MEPSIEMOr0 B HEZIENIAX) B COOTBETCTBUM C rpadukoM (puc.8):

YHCIIO 0CO0EH

HeIelu
Pucynok 8.

Kak MeHsieTCs KOJIMYeCTBO 0COOCH B MpPOMEXyTKE MEXay 3 u 6 —
HeneasaMu? A B TeueHuu 7 Henenb?
/\ HainéM CKOpOCTh M3MEHEHHMs MOMYJISAIUUA MBIIMICH B MPOMEXYTKE
MeXy 3 U 6 — HeJeIsIMuU
(240-110) wbImei MBIIICH .
~43 , 3HAUMT, KOJJUUIECTBO 0COOCH B B TCUCHUHU
(6-3) Henmemu )3 () (P4

B IIPOMEXKYTKE MEXAY 3 U 6 — HEIEISAMH POCIIO CO CPEHEN CKOPOCTHIO 43
0CO0M B HEZIEIIIO.

(315-50) wpImei MbIIIICH
TouyHO Takke B TeUEHUH 7/ HEOACHb ~38 .
(7-0) nHememn HeJenm
3HAYUT, KOJIMYECTBO 0COOEl B TEUEHUU 7 HEAENb POCIO CO CpeaHei
CKOpOCThIO 38 0cobeil B Hefemo. A
B o0iiem cityuae, korga BEJIMYUHA X MEHSIETCS B IPOMEXKYTKE MEKITY
au b, cpeonan ckopocmp V3MEHEHUS BETUYHHBI y=f(x) ONpenensercs
KaK OTHOLIEHUE MPUpPAICHUI

f(b)-f(a)
b—a ’
rae f(b) — f (a) — npupamienue GyHKIUU, a b—a — TpHUpaIIeHUE
apryMeHTA.

7 N\
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O6o03HauuB / = b — a, TOIYYUM, UTO CPEAHSSI CKOPOCTh paBHA

Jflath)-f(a)
h

OOmenpuHATO Ha3bIBaTh YUCIUTENL ApOOH e o) =g (@)
h

npupawjeHuem Qynkyuu y=fx), coomeemcmeayowum npupaujeHuro h

apeymernma Xx . Cama I[p06b Ha3bIBACTCA pAZHOCNIHbIM OMHOULEHUEM.

Saganuda

6. Ilycte rpadux 3aBUCUMOCTH INEpPEMELIEHHUs] TOYKH BIOJb IMPSIMON OT
BpeMeHU N300pakEéH Ha PUCYHKeE 9.

nymo (M)

epemsi (c)

Puynox 9.

Haiigure ckopocTh nepeMenieHus: TOUKHU:
a) B TEUCHHE TMEPBBIX 4 CEKYH];

0) B TEUEHHE NOCIEAHUX 4 CEKYH],

B) B TEUYEHHUE BCEX & CEKyH].

7. U3BecTHO, uTO MJisi OOpBOBI C CEThCKOXO3SMCTBEHHBIMU BPEIUTEIISIMU
noJie oOpabarpiBatOT XuMUKaramu. ['paduk, n300pakEHHBIN HA PUCYHKE
10, onMChIBaCT M3MEHEHHUE YUCIIa BPSIHBIX HACEKOMBIX Ha TUTOIIamu 1 m?
B 3aBUCHMOCTH OT COOTBETCTBYIOIIEH J03bI XUMHKATOB:



YUCI0 HA K6/M

003a (2)

Pucynox 10.

a) Onpenenure, Kak H3MEHSICTCSI YACII0 BPEIHBIX HACEKOMBIX Ha IUTOIIA !
1 »? B cimyyasix, koraa 1) go3a u3mensiercst ot 0 rpamm 10 10 rpamm; 2) mo3a
m3mensercs ot 0 1o 7 rpamu.

0) Kakoii a¢pdexr mabmromgaercs, korma no3a usMensercs or 10 rpamm 10
14 rpamm?

2) Ha puCyHKe N300pakéH rpaduk 3aKoHa ABMOKEHUS S(f) MaTepUaIbHOM
TOYKH, JBUXKYILIEHCS 10 MPSAMOM.
a) uemy paBHbl yucia s(2), s(3), s(5), s(7)?
0) Ha KaKUX WHTepBaiax (PyHKILHs BO3pacTaeT?
B) Ha KaKuX MHTepBaiax (PpyHKIus yObiBaeT?
r) Berunuciute npupatieHus s(3)—s(1), s(5)—s(4), s(7)—s(6), s(8)—s(6).
IIyTs (M)

Bpews (s)



- ==
— IHOHATHUE ITPEJAEJIA
- 3_4 - o) JIEJI

Paccmorpum  pyukuuio  fx)=x’. IIpeamonokum, YTO 3HAYCHHUS X
NPHUOIIKAIOTCS K YUCITy 2, BCE BPEMS 0CTaBasiCh MEHBIIIE €ro, U COCTaBHM
Ta0NUIly 3HAUCHUH:

X 1 1,9 1,99 1,999 1,9999
fx) 1 3,61 3,9601 =~ 3,996 00 | =3,999 60

W3 sToii Tabauubl BUAHO, YTO NPU HEOTPAHUYCHHOM MPHUOIMIKEHUH
(cmpemnenuu) 3HaueHUsT X K 2, 3Ha4eHHUs] QYHKIUHU f(X) HEOrpaHUYEHHO
CTpEMSTCS K uuciy 4.

B Takux cimywasx roBopsT, 4ro ¢ymkyus fix) cmpemumcs Kk 4 npu
cmpemneHuu apeymenma (nepemenno) x K 2 ciesa.

Tenepb NpeanonIOKUM, YTO 3HAUEHUS X NPUOTMKAIOTCS K YHCTYy 2,
OCTaBasiCh OOJIbILE €r0, U COCTAaBUM TaOIMIly 3HAYCHHIA:

X 3 2,1 2,01 2,001 2,0001
fx) 9 4,41 4,0401 ~ 4,004 00 | =4,000 40

B Takux cmywasx roBopsT, uTO ¢hynxyus f(x) cmpemumcs k 4 npu
cmpemneHuu apeymenma (nepementoll) x K 2 cnpasa.

OObenuHsis BbIlICyKa3aHHBIE /1BA CiTydasi, Oy/leM TOBOPUTH, YTO )YHKYUs
Ax) cmpemumcs k 4 npu cmpemnenuu apeymenma (nepemeHuol) x Kk 2 1

3amuChIBaTh Tak: limx’ = 4.
x—2

HaHHa}I 3allMCh YUTACTCA TaK:

Ilpeoen ¢ynxyuu f(x) npu cmpemnernuu apeymenma (nepemenuou) x k 2
paBeH 4.

B obmem citydae nmonsitue npedena (pyHKyuu ONpeesseTcs CIeyOIuM
o0pazoM:

[TycTh 3HaUeHUSI X#a CTPEMATCS K a, @ 3SHAYCHHUSI f(X) CTPEMATCS K YUCITY
A. Tornma uncno A Ha3bIBaeTCs npedenom GyHxkyuu f(x) npu cmpemienuu

apeymenma (nepemenHotl) X Kk a 1 0003Ha4aeTCs Tak: £1_13f (x)=4.

B Takux cimyuasix Taxke roBopAT, uTo yukyus fix) cmpemumcs k A npu
cmpeMIeHUuU X K a .

e N
@



Bmecro 3ammcn lim f(x)=A raxke NpUMEHSIOT 3aIUCh
X—a

fix)—A npu x—a
Hanovunanue. OTMETUM BaKHOCTH YCIIOBUS X#d TIPU CTPEMIICHHUH
XKa.

IIpumep. Haliném npenen GyHKuum £ (x)= Sx+x’ npu x—0.
X

/A TlpencraBum cebe, uTo ycioBue x#0 He BBITIOIHEHO, T.€. Xx=0 ecJii MbI
HEMOCPECTBEHHO MOMBITAEMCS MOICTABUTH 3HAUYEHUE B f(X), TO MOIyYUM
.. 0
HeonpeoenénHocmy BUA 0
. x(5+x)
C napyroil cTOpoHBI, TaKk Kak f(x)=———, TO 3Ta (QPyHKIUSI UMEEeT
X

BU/

5+x, ecu x #0
S(x)=

He onpenienero , ecm X = 0

I'paduk byHkmumn y=f(x) npeactapiseT co00il mpsAMyI0 BUAa y=x + 5 C
«BBIKO0TOMY ToukoH (0; 5) (pucynok 11):

mo4Ka paspvleda

Pucynox 11.

Touka ¢ xoopaunatamu (0; 5) Ha3bIBaeTCS moykol paspviéa HYHKIUU

y=fx).

Bunno, uto 114 Bcex Touek, OmIMUHbIX OT Touku (0; 5), mpu cTpeMieHun
x k 0 coorBercTByIOmMUE 3HaUeHUsT QYyHKIMH f{x) CTpeMATcs K 5, TO eCTb

2
cylecTyerT mpenen [im>X+t* _5. A

x—0 X
()




Ha mpaktuke 1t HaxoxaeHus npezena (pyHKIUH, OJIe3HO MPOU3BECTH
COOTBETCTBYIOIIIHME aNredpandeckue mpeoopa3oBaHus.

[Tpumep 1. Haitgure npenensr:

2
a) limxz; 0) lim> +3x B) limx2 =9,

3

x—2 x—0 X -3 x=3

/\ a) Korjia 3HaueHust X CTPEMATCS K 2, 3HAYCHUsS x° CTPEeMATCS K 4, TO

. 2
ectb limx” =4.
x—2

0) Tak kak x # 0, TO
2 +3
lim® 3% 23 323
x—0 X x—0 X x—0

B) Tak kak x # 3, TO

2 _ 3)(x-3
lim® =2 i O (r3)=6. A
x—3 x_3 x—3 x_3 x—3
Ynpaxuenue
Hatigure npenensi (8-11):
8. a) lim(x+4); 0) 1im1(5—2X); B) lim(3x-1);
x—3 X—>— X—>

r) lim(5x> =3x+2); 1) limh* (1-h) ;e) lim(x* +5).

x—2 h—0 x—0
9. a) lim5; 6) lim7; B) limc, ¢ - mocrosHHas.
x—5 h—2 x—0
10.2) jm® =3%;  6) imZ*3%; B [mX=l ;D lim¥.
x>l X h—2 h 0 X+1 x—=0 X
2
11.2) lim* —3%; 6) lim¥ 5% ; B) fim2Y X ;
x—0 X x—0 X x—0 X
2 2 3
P im0k gy 33k o) =8k,
h—0 h—0 70 h
o . XD —x . Xt =2x . X' —=x-6
€) lim ; x) lim ; 3) lim——=——.
x—l x—l x—2 x—2 x—3 x—3

——



12. Kakue u3 ¢pynkuuii umeror npenen npu x—3? Haiingure 311 nnpeaensl.



™ TPOHU3BOJHASL EE TEOMETPHYECKHI 1
- - ®U3UYECKHI CMBICJ

Ha pucynke 12 n3zo0pakeHbl KprBasi, KacaTeJIbHasi U CeKyIlasl.

Kpueas
KacamelbHaA KacameibHaA
Pucynox 12. Pucynox 13.

IIycte TOuKa B mocnegoBaTenbHO MPUHHUMAET MOJOXKEHUs B, B, ...,
CTpeMsICh K Touke 4 1o KpuBoil (pucyHok 13). Torga MUHTYUTHUBHO SICHO, UTO
COOTBETCTBYIOIIME CEKYIIHE CTPEMSTCS MPUHATH MOJOKEHUE KacaTeIbHOM
K KPUBOI1 B TOUKE A.

B stom ciywyae oueBHMAHO, uTO ymIoBoW Ko3(hduuueHt npsmont AB
CTPEMUTCS K YITIOBOMY KO3((DUIIMEHTY KacaTeabHOM.

Ilpumep 1. Haitnure yrnoBoil k03¢ dUIMEHT KacaTeabHOW K rpaduky
dynkym f{x)=x’ B Touke A(1; 1) (pucyHok 14).

B(x; x?)

Pucynox 14. Pucynox 15.



/\ PaccMOTpUM IIPOU3BOJIbHYIO TOUKY B(x, x°), MpHHAIEkKAIITY IO rpadu-
Ky GyHkimu fix)=x’ (pucyHok 15).
VYrnoBoit ko3 puieHT npsimMoit AB paBeH

S~ () oy -1

x—1 x—1

Korna Touka B crpemutcs K A 0 KpUBOii, 3HAYEHUE X CTpEMUTCH K 1
IIpU 3TOM X # 1.

3HauuT, yroBo Kod((GUIMEHT NpsMOil AB CTPeMHUTCS K YIIIOBOMY
k03¢ (HUIIMEHTY KacaTeabHOM:
2 _ +1)(x—1
k= lim® =L i DD =2,

=1 x — 1 x—l X — 1 x—l1

[TorTomy, k=2. A
[lyctes 3amana ¢ynkmus y=f(x). Paccmorpum Ttouku A(x, f(x)) Ba
B(x+h, f (x+h)) — npunaanexamue rpaguxky pyHkuuu (pucyHok 16).

VYrioBoit ko3 PuimeHT npsiMoit AB paBeH pa3HOCTHOMY OTHOILIEHUIO

S+ —f(x) _ fx+h)—f(x)
xX+h—x h

Korma Touka B ctpemurcs K A 1O KpUBOMW, 3HAYCHHE NPUPALICHUS
h ctpemutcs k0. IIpu 3ToM cekymass 4B CTpeMUTCs K KacaTeIbHOU K
rpaduky GyHKIUN y=£(x), TPOBEAEHHON B TOUKE A.

Bwmecre ¢ atum, yrmioBoi koddduimeHt cekymieii 4B cTpeMHTCS K
YIJI0BOMY KO3((UIIMEHTY KacaTeIbHOM.

WNnaue roBopsi, mpu crpemsiennn h kK 0, yrioBod KkodpuUUIUEHT

J(x+h) = F(X) acarenshoit k rpaduxy GyHKLUUH, TPOBEAESHHOMN K IPOH3-

h
y S (x+h) = f(x)
BOJILHOM TOYKE PAaBEH IIPEIEIbHOMY 3HAYCHUIO %}n& ; .




KacamenvHas

Pucynox 16. Pucynox 17.

OTtMeTuM, Y9TO I KaXKJIOTO X TaKOTO, YTO BBIMICYKA3aHHBIN Ipenes
CYIIIECTBYET, MOKHO IOCTAaBUTh B COOTBETCTBHE EAMHCTBEHHOE 3HAYCHHE
yIII0BOTO K03 dUIMEHTa KacaTeIbHOM, TPOBEAEHHON K TpaduKy QyHKIIIH
B Touke (X, f(x)) (pucyHok 17).

J(x+h)—f(x)
h

3Hauurt, popmyna lhim

: orpenieNsieT HOBYIO (DYHKIIHIO.

Ota QyHKIMS Ha3bIBACTCS MPOM3BOAHOM PyHKIHeH (KpaTKo IPOU3BO/-

HOI) QpyHKIUU y=f(X).

Omnpenenenne. IlpousBoanoi GyHkimu y=f(x) Ha3bIBACTCS MPEIEI:

'mf(x+h2_f(x) (1)

li

h—0

B ClIyyae, KOI/ia OH CyLIECTBYET.
OO6p1uHO TpoU3BOAHYI0 GyHKIINK Y=f(x) 0003HauyatoT yepe3 f'(x).
Onepanyio HaXOXKACHHs TPOU3BOJHON HA3bIBAIOT AUPPEPEHIIMPOBAHUEM.

d
WHorzna BMecTo 0603HaueHus f'(X) HCIonb3yercs 06o3HadeHne & .
dx

«/IpoOHBIID» BUJ 3TOro 0003HAUEHUSI MOKHO OOBSICHUTD CIIEAYOIIUM

o0Opazom.
Ecnu Mb1 BBeIEM HOBBIE 0003HAUCHUS JUTsI IPUPAIICHUAN
h=Ax, f{x+Ax) — f{x)=Ay, Torna BeIpaKCHHUE

S (x+h)—f(x)
h

f'(x)= %grol MOXXHO HaIllcaTh B BUC

: Ay dy
f(x)= hm—:d— (pucyHok 18).
e

Ax—0 Ax
(re)



Pucynok 18.

Hcxons 13 BhIIECKa3aHHOTO, MOKHO MPUNUTH K CIEAYIOIIEMY BBIBOIY:
3HayeHne MPOU3BOMHON (yHKIMH y=f(X) B TOYKE X, PaBHO YIIIOBOMY
K03 HUIMEHTY KacaTeabHOU K TpaduKy GyHKIIUH, TPOBEIEHHON B TOUKE C
a0CIIMCCON B DTOU TOUKE.

B sToM u 3akitouaeTcsi eeomempuyeckuii CMblci IPOU3BOTHOM.

[Ipumep 2. MarepuanbHasi TOUKA JBUKETCS MO MPSIMOM B COOTBETCTBHUU
¢ 3aKoHOM s=s(f) (31ech s U3MepsIeTCsl B METpax, a / B ceKyHaax). Haitném

CKOpPOCTbH V() MaTepuaJIbHON TOUKH B MOMEHT BPEMEHH 7.
/\ VIHTYUTHUBHO $SICHO, YTO MCKOMasi MTHOBEHHas CKOPOCTh TOYKH Ha

MajoM HHTEpBaJl€ BPEMEHHM MNPUOIU3ZUTENBLHO paBHA CpPEAHEH CKOpPOCTH

s(t+At)—s(1) .

v(t) = N Korna Az ctpeMuTcs K HYJ10, pa3HOCTh MEXTY CpEIHEI
t

CKOPOCTBIO M1 MTHOBEHHOM CKOPOCTBIO TOKE CTPEMHUTCS K HYJIIO. 3HAUMT,

MTI'HOBCHHAs CKOPOCTb MaTCpHaHBHOﬁ TOYKHW B MOMCHT BPpCMCHHA tpaBHa

V(f) _ lln}) S(t+At)_S(t) — hm& :S'(t). A
t— At A0 Af

Takum 006pa3oM, MTHOBEHHAsi CKOPOCTh MaT€pHaIbHON TOUKU B MOMEHT
BPEMEHH / paBHA TPOU3BOIHON QyHKIHH 5(7).

B stom u 3akmrouaercs guszuueckuii cmwicn npou3BoaHOU. BooOiie
TOBOPSI, MPOU3BOJIHASL OTIPEIIEINISIET CKOPOCMb UMeHeHUs (PyHKIINU.




Ipumepsl
Hcxons u3 onpenenenusi, HaluTe MPOU3BOIHbBIE (PYHKIIHH.

1. f(x)=x% 2. f(x)=5; 3. f(x)=x*~Tx+5;

4. f(x)y=x*; 5. f(x)=21; 6. F(x)="x; 7. fx)=Vx.

X
A 1. Tak xak h#0, T0
fv(x)=1imf(x+h)—f(x) =lim(x+h)2 +x2 _

h—0 h h—0 h

:Hm/+2xh+h2—/:hm}{(z;m)

h—0 h h—0

= %ing(2x +h)=2x.
2. Tak kak 7 # 0, 0 f(x+h)=5, f(x+h)—f(x)=5—-5=0,

S(x+h)—f(x) 0 Sxt+h)—f(x) _
h

P —ZZO,SHa‘{I/ITf (x):%ql_r)lg

0.

3. Tak xak h#0, TO
fxth)y=(x+h}*—=T7x+h)+5=x3+3x*h+ 3xh*+ WP—Tx—Th+ 5,
fx+h)—f(x)=3+3x°h+3xh* +h* —Ix-Th+5-x*+Tx-5=
=3x*h+3xh*th® — Th.

f(x+h2—f(x) :3x2h+3xhh2 +h =Th_3. 2030100 7

ScHo, uto npu h —0  3xhth* —0, Torma

(=g =T ()

=3x>7.

CornacHo opmysiaM COKPAIIEHHOTO YMHOKEHHSI
a*—b*=(a—b)(a + b)(a* + b?).
3HAYHT, (xt+h)* — x*=(x+h—-x)(x+th+x)((xth)*+tx?)=
=h(2x+h)(2x*+2xh+h*)=2hx(2x+h)(x+h)+h*(2x+h)=
=2hx(2x*+h(3x+h))+h*(2x+h); h—0 O,
2h*x(3x+h) — 0, K*(2x+h) — 0. Orcrona
4 4
lim (x+h) —x
h—0

= ¥1ing(4x3 +2hx(3x + h))+ I*(2x + h))=4x>.

Baaunt f'(x)=(x*)=4x>.
5. f(x):l,x;eo.
X

——



Flhy—f(n=—t 1 x=CxD

x+h x  (x+h)x  (x+h)x

fx+h)-f(x) _ -1
h (x+h)x

Hsz-3a mozo, umo h — 0 cienyer x+h—x. 3HAUUT £'(x)= _1.
2
X

6. f(x)=x, x>0, x+h>0. JEM-S()_Jx+h-x
h h

Yopoctum:

Flremy—r o (reh)(fech V)
h h(m+\/;)

(x+h)—x _ h

_ _ _ 1 .
_h(va\/;) h(\/x+_h+\/;) Jx+h+x

' 1
[Tpu h — 0 umeem Vx+h —+/x. Orcrona nonyunm S (X)= N
x

7. CocTaBMM Pa3HOCTHOE OTHOIICHHUE:
3 2 3/ 2
fx+h)=f(x) _Ahx+n-Ax =(3x+h—%/;)(\3/(X+h) 3+ h)x+3x%) )
! " h( x+h2+,3/x+h x +3x°)
x+h—x

h(\/ x+h) +,3/ x+h x+\/ ) h(\/ x+h) +13/ x+h x+\/7
\/(x+h) +.3/(x+h)x+\/x>

1 1
[Ipu h—0 umeem - . Orcrona moiaydum
\3[(x+h)2+13/(x+h)x+%/x72 3%/x72
! 1
Ix) = .
() 3¥x?
Otser: 1. 2x. 2. 0. 3.3x2 — 7. 4. 4x° . 5. _L2.6. L7

X 2\/; 33 x?

7 N\




HanmomunMm, 4To KOTJ]a BEJIMYMHA X MEHSIET CBOM 3HAUEHUS B TIpeenax
OT X 710 Xx+h, TO cpedHss ckopocmb U3MEHEHHs BEIMYMHBI y=f (X) paBHA
Pa3HOCTHOMY OTHOIIECHHIO

f(x+h)—f(x)
p :

S (x+h)—f(x)
h

[Ipy 5TOM BBIpaXKECHUE %im 03HAYAET MCHOBEHHYIO
=1

0

CKOpOCMb U3MEHEHUSI BETMYUHBI y=f (X).

YunpaxxkHenus

13. Yemy paBHBI IPOU3BOIHBIEC (DYHKIIHIA:
1

a) fx)=x; 6) fG)=x"; B f)=Xx*; 1) f)=c
14. TlepenumuTte B TeTpaab TAOIHILY U 3aMOJHUTE €€:

a)

Sx) J'(x)

—

0) Kak BbI mymaete, yeMy paBHa pOM3BOAHAs GYHKINU y=x" (3A€Ch 11 —
palroHaIbHOE YK CIIO)?

15. Tlonb3ysck onpeneneHreM, HaluTe MPOM3BOAHYI0 QYHKIUU:

a) f(x)=2x+3; 0) f (x)=3x*+5x+1; B) f(x)=2x*+4x>+6x—1.
16*. [Iepenumnre B TETpab U 3alI0JHUTE MTPOILYCKHU:

a) ecnu f(x)=ax + b, o f'(x) = ...;

0) eciu f(x)=ax* + bx +c, 10 f'(x) = ...;

B) eciu f(x)=ax® + bx*+ cx + d, To f'(x) = ...

17*. Jlokaxxute yTBEpKACHUS:
a) ecim f(x) =cg(x), T0 f'(x) = cg '(x);
0) ecmn f (x)=g(x) + h(x), T0 f'(x) = g'(x) + A'(x).

(22}



18*. CpaBHHTE 3HAUCHUS POU3BOAHBIX, OMUPASICh HA TPAUK:

a) f'(=7) u f'(=2); B)/'(=9) nf'(0);
0)/' (=4 nf'(2); 0/ EDufo).

19. 1). PaccmoTpeB BbllIE€yKa3aHHBIN rpaduK, HAWIUTE TOYKH X, X,,
YAOBJIETBOPSIIOLIUE YCIOBUAM (311€Ch X;, X, — TOYKU Ha ocu Ok,
MpUHUMAaroIIMe 3HadeHus —9, -8, ..., 5, 6):

a) f'(x)) > 0, f'(xy) > 0 6) f'(x)) <0, f(x;)) > 0;

B)/'(x) <0, /'(x) <0; r) f'(x;) >0, f'(x)) <O0.

2) PaccmoTtpeB rpaduk, OTBETHTE Ha CIEAYIOIINE BOIIPOCHI:

a) Ha KaKkoM MHTepBajie GYHKITUS Bo3pacTaeT? Ha KaKoM yObIBaeT?

0) yeMy paBHbI npupaunieHus pyHkuuu Ha npomexytkax [0; 3], [3;6],
[-9; —6]?

3) B kakux Toukax (hyHKIHMS NMPUHUMAeT HauOoJbllee 3HAUCHHUE, a B
KaKUX HauMeHblee?

4) Ha xakoM unTepBasie GyHKIUS MPUHUMAET MOJI0KHUTEIIbHbBIE 3HAUYEHUS ?

5) Ha xakom uHTepBaie PyHKIUS IPUHUMACT OTPULIATENIbHbIC 3HAYCHNUS?
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7-9 MMPABWJIA TU®®EPEHIIMPOBAHUS
‘ | J

[Tycts fix) u g(x) — dbyHKUIMM, UMEIOIIHME TTpou3BoAHBIe. Torma crpa-
BEJITUBHI CIICTYOIINE TipaBuia quddepeHIInpOBaHUS:

1. IIponsBoaHas CymMMbl paBHa CyMME ITPOU3BOAHBIX:

(Ax) + g(x))" =f"(x) + g'(x). (1)
2. [TponsBoiHas pa3HOCTH paBHA Pa3HOCTU MPOU3BOIHBIX:
() —g(x))" = 1" (x) - g'(x). 2

[Tpumep 1. Haligute mpou3BoaHy0 QyHKIIUU:

1) f() =+ —x+10; 2) f(x)=x——.
Jx
A Bocnonszyemcs nipaBusiamu 1, 2 1,3 — myHKTamM# TaOIHIIBI TTPOU3-
BOIHBIX (cm.cmp.27):
1) f'(x)= () +(x*) = (x) +10=3x" +2x —1;

2) f'(x):(x;] —(x;j =%x;+%xz.

1 =L o1 22
Omeem: 1) 3x* +2x-1; 2) 5 2 o 2 A
3. TlocTosiHHBIN MHOXKHUTEIb MOXKHO BRIHOCUTH 32 3HaK MPOU3BOIHOM:

(cfix))'=cf' (x), c—mnocrossHHAs 3)
IIpumep 2. Haiigure npou3BonHy0 QyHKINU:
D) Ax)=Tx—5x2+4;  2) f(x)=3x+2 -2,
X
A Bocnonszyemcst npaBwiamu 1, 2, 3 u 1, 3 — myHKTamMu TaOJIHIIBI

HpOI/ISBOI[HbIXZ
1) f'(x)=(7x" =5x>+4)' = (7x°)'= (5x7) '+ (4)' = 21x* —10x;

) £()=(3F -2 :3(@;5.@_@3).: EIE R

. 2 _ . i_i_3 2
Omeem: 1) 21x" —10x;; 2) i 2 x°, A

e N



4, HpOI/IBBOI[Ha}I IIPOU3BCACHUA:

(Ax)g(x))'=f"(x)g(x) +/x)g'(x). 4
[Tpumep 3. Haitnute npousBoaHyt0 GyHKIUU:
1) fx)=x+4)(3x+1); (x)=%~(x2—5x).
A Bocnonb3yemcs npaswiamu 1, 3,4 u 1, 3 — nyHKTamMu TaOIUIIBI

IIPOU3BOIHBIX:
1) f'(x)=(2x+4)Bx+1))'=2x+4)'Cx+1)+(2x+4)(3x+1)'=
=20@x+1)+32x+4)=6x+2+6x+12=12x+14;

2) £'(x)=(3x" +4x+1)(2x+6))'=(3x" +4x+1)'2x+6) +
+(3x* +4x+D)(2x+6)'= (6x+4)(2x+6)+2(3x +4x+l)—18x +52x +26.

3) f’(x)z(%/;-(xz—Sx)) :(3’/}) (x —5x)+\/7(x —SX)
\/— X —5x+3(2x—5)%/x73

1 2 3
= x“ —5x +x/;(2x—5) 2x 5) =
W2 ( ) 3\/7 N
2 —S5x+6x% —15x _ 7x* -20x _ x(7x-20) 3£(7x 2).
332 332 3332 3
3
Omeem: 1) 12x+14; 2) 18x* +52x+26; 3) %(h 20). A
5. Ilpown3BoaHas OTHOLIEHHUS:
[f(x)J’zf’(x)g(x)—f(x)g'(x), snech g(x) # 0. (5)
g(x) (g(x)’
Ilpumep 4. Haiigute npou3BoaHy0 QyHKINN:
+1 3x+7.
1) f(x)—x 2) (== a — 3) f<x>=5f7.

A BOCHOJ’IBSyeMCH npaswiamMu 1, 3, 5 u 1, 3 — myHKTaMu TaOIUIIBI
MIPOU3BOAHBIX:

e (1) (D)(@-2)-(r+D(x-2)' x=2-(x+D) _ 3
”f(x)‘(x—zj‘ (x-2)° S (x-2) (x-2)""
2 f'(x)=(3;_+57) _ (3x+7)'(x—(i)_—5(;52x+7)(x—5)' _

_3(x=5-0Cx+7-1_3x-15-3x-7 22
- (x-5) = (=5

Co(Nx ) Wy a7 (5x -7y

3) f(x)_(Sx—7] B 5x—7) N

7 N\
@



1
zm(sx—n—\/}-s

_ 5x—=T7-10x __ 7+5x
(5x—7) 2x(5x=7)  2x(5x-7)"
3 22 _ T+5x
Omeem: 1) _2)7 )—m, 3) 2\/;(5)6_7)2“

Ilpumep 5. Haiinnre:
1) f(x) = sinx; 2) f(x) = cosx; 3) f(x) = tgx.

A 1) Jns HaXOXIEHHS Pa3HOCTHOTO OTHOIIEHUS BOCHOIb3yeMCS
dbopMyIoit pa3HOCTH CUHYCOB:

2si 2x+h . h
sin(x+h)—sinx  =5M 508 SIS 2x+h
= = COS .
h h h 2

2

sin h 2
) X+
MoxHoO 1okasars, 4to npu h—0 2 41, cos

ﬁ — COSX .
2

3HauuT, (sinx)'=cosx.

2) 51 HaxOXKICHHS pa3HOCTHOTO OTHOIIEHUS BOCIIONb3yeMcs (popMy-
JIOM Pa3HOCTU KOCUHYCOB:

2sin—sin 2xth sinﬁ Sin
cos(x+h)—cosx _ 2 - ZSinz’”h:_ 2~sin(x+ﬁ)-
h h h 2 h 2
2 2

. h .
MoxHo oka3atk, uto npu h—0  sin(x + E) —>sinx.
3Ha4uT, (cosx)’ = — sinx .

3) Bocnonb3oBaBminchk mpaBwioM 5 audQepeHnupoBaHus, a TaKkKe
pe3yabTaraMu, OMyUYEeHHBIMH BBIIIE, HAWIEM MPOU3BOIHYIO:

£'(x) =(tgx) = ( sinx j _ (sinx) cosx—sinx(cosx)'

COSXx 0082 X

_ cosxcosx —sinx(-sinx)  cos?

COS2 X COS2 X COS2 X

x+sin® x 1

——



Omeem: 1) (sinx)'=cosx; 2) (cosx)’ =—sinx; 3) (tgx)' = 12 . A

COS™ X
Tabauua npon3BoAHBIX
Ne Dynxkyusn IIpouszsoonasn
1. ¢ — IIOCTOSIHHAS 0
2. kx+b, k, b — nocmosannvie k
3 X, p — IOCTOsTHHAs pxP!
4 sinx cosx
5 CoSx — sinx
1
6. t
&x cos’ x
7 t !
. C -
& sin® x
8. a, a>0 a* Ina
9. e e’
10. Inx 1/x
11 | !
’ & x-In10
12 | >() 1 1
. og x,a>0,a=
Ea x-lna

@ BOHPOCLI H 3aJaHUA

1. Pacckaxxure o npaBuiax quddepeniupoBanus. [IpuBeaure mpumepb
Ha Ka)/10€ U3 HUX.

2. JIokaxuTe CpaBeNInBOCTh 4, 5 MyHKTOB TaOIUIbI TPOU3BOIHBIX.
3. OObsicHuTE IPOU3BOIHON (DYHKIIMH B TOUKE X=X,,.



Ynpaxuenust
Haiinure npousBoanyto (20-22):

1

20. 1)y = x% 2)y= e 3)y=?
1
21 D)y =x' = 2y =_+x; By =a i
T Y
4)y =x" +x +x" —x T
x' -4
22. 1)y =(x— D(x*>-5); 2) y= S
Y
3) y=(x* —Jx)(x* +x): 5 y:\/}+11.
x_

23. Haiinure MTrHOBEHHYIO CKOPOCTh MaTepHAIbHOM TOYKHM B MOMEHT

BPEMEHU f,, €CIIU:

1) s(t) = 3-2t*+t, t,=5;

2)s(t)=5t+ +t, t,=4

24. BolYyuCAUTh TPOU3BOAHYIO B TOUKE C 3aJaHHOM abCIMCCOil:

1) f(x):x2+5x—3, xp=1;
2) f(x)=4-3x,

x0=—2;

Haitgure npousBoanyto (25-29):
25. 1) y=2x—4x*+5;

2)y: 7x? —2x+\/7;
26. 1) y=(x-2) (x+2):

2) y=(x+2)%;

27. 1)y = x%+ 7x*+ 5x;

4

-1’

3) ¥y=

6
X

5) y=xT e
X

N y=t 3

1
3) J=Her s =4
4) f(x)=x+g2, x,=1.

3 e Fi X
)y_x 4°
Hy=x'+,
X
x* =9
3) y= ;
) Y 3

4) y=x*+1g7+ sin% .

2) y=2x%+ x5,
B X +x+1
6) y =x*—4x;

8)y = (& +xH)(+x2).

——



28.1) f(x)=x"+5x"+4x" +3x> +2x+1;|2) f(x)=sin’x+cos’x;

3) S)=—; 4) flxy=tex; 5) y=8
COSX
6) y=log, x+log,3; 7) y=2"x; 8) y = xlnx;
9) y=ecosx; 10) y=2e"—lnx+l.
X
29. 1) y=2%sinx; 2) y=e*(cosx+sinx); 3)y = xtgx;
I
4) y=%; 5) y=3sin®x; 6) y=5x++/x +x;
7) y=@+D(nx+1); | 8) y=(2+x); 9) y=(3x+5)5+2019.

30. Haiiniute MIrHOBEHHYIO CKOPOCTh MATEPHUAIBHOM TOYKM B MOMEHT
BPCMCHH /.

1)s@t)=1>+5t+1, ty=1; 2)s(t)=4t3+%+1, t,=1.

31. Bel4MCIUT NPOU3BOAHYIO B 3aJaHHOM TOUKE:
1) f(x)=(x+1)°, x,=-1; 2) f(x)=sinx, x =Z.
2

32. Haitgute npou3BOAHYIO:

1) y=2sinx; 2) y=A+3-tgx; | 3) y=—3cosx;| 4) y=tgx—ctgyx;

5) y=4x—cosx;|6) y=x’sinx; |7) y= ; | 8) y=xsinx+cosx.

S x
33. BeIUHCIUTh NPOU3BOJHYIO B TOUKE X,
D fe=2210 v =2 2) ) =tgr—x+2, ="
3x-5 . 4
3) f(x)=x(gx-1), Xx,=10; 4)f(x)=tgx—51nx, xo:%.
34. HaiiguTe TOUKY, B KOTOPOIi MPOU3BOHASI 0OpaIiaeTcs B HyJIb:
) fG)=x"-4x; 2) f(x)=tgx—x;
3) f(x)=x"—2x* +3; 4) f(x)zlogzx—%.
n

—
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10-12 MMPOU3BOJHAS CJIOKHOU ®YHKIIUU
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Cnoxcnas ¢ynxkyus. Pacemorpum ¢yskmmio y = (x*+ 3x)* Ecnwm BBe-
cTH 0003HaYeHus g(x)=x*+3x, flx)=x* To Qpynkusa y=(x*+3x)* mpuMeT BH
y=f(g(x)). B nanpHeiiem mbl OyzneM Ha3biBaTh QyHKIMIO BUAa )y = f(g(x))

CIIOJHCHOLL QYyHKYUell.

[Mpumep 1. Iycth f(x) =x* 1 g(x) =§—;§. Haiinure:
1) f(g(2)); 2)[(e=H); 3) g (F(D));
4) 1((=4)); S 6) g(g(=1)).

A Bocmonb30BaBIINCH 33JaHHBIMU (DYHKIHSIMH, BBITTOTHUM TTPeoOpa3o-

BaHUA:

1) f(g(x))=f(x: j orcioma f(g(2))= f( j £(0)=0"=0;

2) f(g(-4)= f( - ij £(6)=6* =36

3) g(f()=g()= g()—ﬁ——l;

4
4) g(f(~4)=g(4)= g(16)_%:%’
5) fUf)=f0H=f1)=1"=1;
3.,
1-2 3 2 3,5 7
6 i = = ——
) eleh g( 1+ 3J g( 2) B3 L5003

14
Omeem: 1)0;  2)36; 3) —%; Y19 DL 6) —%. A

Jlna  npou3Bo0HOU  CNOXNCHOU — yHKYyuu cnpageonusa Gopmyna:.

(7 (g))=/"(g(x) g '(x) (1)



[Tpumep 2. Haiinure npou3BoaHyI0 (31€Ch k, b — IOCTOSTHHBIE):

1) f(x) = (kx + by, 2) f(x) = sin(kx + b);

3) f(x) = cos(kx + b); 4) f(x) = tg(kx + b).

1) Ilpumenum Gopmyny (1) ans dyukuuit f(¢) = " u t(x) = kx + b:

((kx+b)")' = (") - (kx+b) = nt""k = nk-(kx + b)™'.
2) llpumenum dhopmyny (1) nns byakumit  f(¢)=sint u #(x) =kx+b:
(sin(kx+b))' = (sin?)" - (kx+b)' =k - cost = k - cos(kx + D).

3) llpumenum popmyny (1) ans pyukumit f(f) = cost u Hx) = kx + b:
(cos(kx + b)) = (cost)’- (kx+b)' = —k - sint = — k - sin(kx + b).

4) Ipumenum dopmyny (1) mas pyukuwmii () = tgt u H(x) = kx+b:

(tglc + b))’ = (tgn)'- (v + bY =k =

cos’ t cos? (kx+b) '

Omeem: 1) ((kx + b)) = nk-(kx + b)"'; 2) (sin(kx + b)) = k-cos(kx+b);

3) (cos(kx+b) =—k-sin(foc+b);  4) (tg(kx+b) = %

[Ipumep 3. Haiinute nmpousBogHyto GpyHKIMH f(X) = sin8x-e®2).
A Bocnonbzyemcs npasuiioM 4 nuddepeHiupoBanus u popmyaoit (1):

[ (x) = (sin8xe®*)" = (sin8x)’ ¢*** + sin8x - (*?)'=cos8xe> 2 - (8x)' +
+ sin8xe* 2 - (3x+2)' = &**2 - (8cos8x + 3sin8x).

Omeem. >+ (8cos8x + 3sin8x). A

IMpumep 4. Haiinute 3Hauenue Gpynkuuu A(x) = (x*+ 1)° B Touke x,= 1.

A ITpumenum popmymy (1):
h'(x) = 5(x*+1)*(x3+1) = 503+1)3x%= 15x*(x>+1)%
3uauwr, A'(1) = 15(1*+1)* 12=15-16 = 240. Omeem: 240. A

[Tpumep 5. Haiigute npou3BOaHY0 QPYHKIIUHU fx) = 2°°%
A ITpumenum dopmymy (1):

f'(x)=2%*In2 (cosx)" = —sinx 2°°*In2. Omeem: —sinx 2 In2. A



IIpumep 6. Haiigute npou3Bonnyro QyHKIUU f{x) = tg’x.

A\ Tpumenum popmymy (1):

1 4
f'(x)=5tg*x(tgx) = 5tg*x—5—. OTBeT: Stgzx . A

cos” x cos” x

[Tpumep 7. Haiigute npousBoanyro GyHKIuu /A(x)=3%log,(x*+2x).

/\ BBeném o6o3HaueHus f (x)=3%, g(x)=log,(x*+2x) u npumeHum ¢op-

myay (1) :

f(x)=(3°%)'=3In3-(cosx)'=—3“*In3-sinx,
3x° +2

-(3+ [ —
)= S 2T

g'(x)=(log,(x*+2x))"= m

OyHKIUIO A(X) IPEeICTaBUM KaK MPOU3BEICHUE ABYX (PYHKIIMIA:

R(x) = (3 log,(x*+2x))’ = (3%) -log, (x*+2x) +

cosr , cost . 3cosx (3x2 + 2)
+ 3¢5 (log,(x*+2x)) = -3 -ln3-s1nx-log7(x3+2x)+m.
3% (3x% +2)

Omeem: _3cosx-1n3 -SiI])C-lOg7(X3+2X)+ (x3 + 2x) In7 ’

@ Bonpocsl u 3a1anus

1. Haiite noustue cinoxuou ¢pynkiuu. [IpuBenure npumep.

2. Kak BBI ymaete, Kak MOXKHO OTPEICIIUTh 00JIACTh OTPEICICHHUS
CIOXHOU (PyHKUIMN?

3. Hanummre dopMyity 111 MPOU3BOIHOMN CIOXKHOM (QYHKITUH.

4. IlpuBenure 1-2 mpumepa Ha HAXOXKJIEHUE MTPOU3BOJAHON CIOXKHOM

byHKINH.



Ynpaxxkuenus

35. Ilyctb f(x)=x"—1. Haiinure cienyromue QyHKINN:

1) f(%); ) f@x); 3 fGP-D; 4) fa+D-fx-l).

36. Ilycte f(x)= x—+1 Hatinute cnenyromue GyHKITUN:
x —

IGE 2) f5); DD 4 S
37.1lycts  f(x)=x>,  g(x)=x-1 . Haiigute cnenyromme GpyHKIHHN:

1) f(gx); 2) f(f(x); 3) g(g(x)); 4) g(f(x).
38. Ilyctb f(x)=x", g(x)=x>+1. Haiinure:

1) %; 2) f(x)+3g(x)+3x-2;

3)  f(g(x); 4)  g(f(x).

Bocnonbs3oBaBmucek paBeHcTBamu, Haviaute f(x) (39—42):

39, f(x+1)=x"-1. 40%, F(x)+3- f(y=1.
X x
41. f(x+3)=x>-4. 42*, 2f(x)+f(l)=x.
X
Haiingure npoussoanyto (43—44):
43.1) f(x)=(Bx-2)’; 2) f(x)=e¥""; 3) f(x)=(4-3x)";
f(x)=sin’ x. _ 1 . _ .
4) S (x X 5) f(x) 219 6) f(x)=In(4x-1);
7) f(x)=~/4x-5; 8) flx)=(2x—1)'; 9) f(x)=cos’x.
44%. 1) es™ ~tgl; | 2) 3<¢"]og cosx; |3) Incosx;
X

4) (2= 5x +4) 10 | 5) 7osr (3= 2+ 1) | 6) 320 (x2— 8x + 4)%;
7) ctgx - In(x*+x); | 8) x’cos™x +4; | 9) Slnx - ctgx.



™~ "™ ™ VYPABHEHUS KACATEJBLHON M HOPMAJIU K

W 1 3;1 4 o) I'PAOUKY ®OYHKIIUU

Ypaenenue xacamenvnoii. Haiiném ypaBHeHne KacaTelIbHOU K TpaduKy
dbynkmun y = f(x) B Touke (x,; 1 (x,)) (pucynok 19). Tak kak kacaTeibHas
SABJIACTCA TPSIMOU, TO €€ ypaBHEHME HMeeT BuI y=kx+b. Ucxons us
reOMETPUUECKOTO CMbICTa Mpou3BoAHOM k=tga=f"(x,). Orcrona
Cle[lyeT, YTO ypaBHEHHE KacaTelbHOW mmeeT BUI y=f'(x,)x+b. Tak kak
3Ta KacaTellbHas MPOXOAUT Yepe3 TOUKY (X, f(x,)), To f(x,)=f"(x,)x,+b.
Orcroma b=f(x,)—f"(x,)x, llogcraBuB HalifeHHOEe 3HaueHue b B
ypaBHEHHE KacaTeIbHOM, OKOHYATEIbHO MOTYYUM YpaBHEHHE:

y=f"(x)x+f(x,)-f"(x¢)x, uam
Y =1(x0) =" (x0)(x = x). (1)

Takum 0Opa3oM, ypaBHEHHE KacaTelIbHOU K rpaduky GyHKIHUH y = f(X)

B TOUKE (Xy; f(x,)) umeet Bug y — flx,) =f" (xo)(x — x,).

Pucynoxk 19.

IIpumep 1. Boinumure ypaBHeHHE KacaTeabHON K Tpaduky (QyHKIUH
f(x) = x’— 5x B TOUKe ¢ abCIUCCOM x;=2 .
/\ CHavana HaiiiéM 3HaYeHUE (PYHKIIUH U €€ TPOU3BOIHON B TOUKE X, =2:
flx)=f(2)=2*-52=-6, f'x)=2x-5, f'2)=22-5=-1.
[ToncraBuMm HailneHHoe B ypaBHeHHE (1), MOIyYuM ypaBHEHHE HCKOMOM
KacaTeJIbHOM:

y—(-6)=-1-(x-2) wm y=-x-4. Omeem: y=—x—4. A



Ilpumep 2. BemumuTe ypaBHEHHE KacaTeNbHON K rpaduky (yHKIHA
f(x)=x?-2x? B Touke ¢ abcruccoi x,=l.

/\ CHauana HaiEM 3HaueHHe QYHKIMH U €€ MPOU3BOIHOM B TOUKe X,=1:

Sfx)=AAD)=1"-2-1=—1,  f'(x)=3x4x, [f'(1)=3-1"4-1=-1.

[ToncraBuB HaliieHHOE B ypaBHeHue (1), moy4nM ypaBHEHHE UCKOMOM
KACaTeJIbHOMU:

yv—(-1)==1(x—-1)umwmy = —x. Omseem: y = —x. A

ScHo, uTO ecnu KacarenbHas K rpaduky GyHKUMH y=f(X) B TOUKE C
abciuccol x, napamienbHa npsimoit y=kx+b, to f'(x,) = k. 91O ycioBue
II03BOJISIET HAWTU YypaBHEHUE KacaTelIbHOM, ITapajUIeJIbHOW 3aJaHHOMN
IIPSMOM.

[Ipumep 3. Bemmumure ypaBHEHUE KacaTelbHON K rpaduKy (QyHKIHMH
f(x) =x*—3x + 4, napannensHo# npsimMort y = 2x — 1.

A W3 ycnoBus f'(x,)=2 mnapasIelIbHOCTH KacaTelIbHOW 3aJaHHOU
npsIMOM MOyyuM ypaBHeHHe 2x,—3=2. W3 sToro ypaBHeHus x,=2,5.
3HA4YNUT, UCKOMasl KacaTeabHasi IPOXOIUT Uuepe3 TOUKY ¢ abciuccon x,=2,5.
Orcrona:

flx,) =/f(2,5)=2,5-3-25+4=625-7,5+4=2,75
S ') =1(2,5) = 2.

Tenepb MOXHO HAUTH YpPaBHEHUE KAaCATEIbHOM:
y —=2,75=2(x-2,5) nnu y=2x-2,25.
Omeem:y =2x—225. A

[Ipumep 4. Beimumure ypaBHEHHE KacaTelbHON K rpaduKy (QyHKIHMH
f (x)=x*— 2x* + 3x — 2, mpoxojsdiieii uepe3 TOUKy ¢ abcuuccou x,= 4.
Haiinure cunyc yria, 00pa3oBaHHOTO 3TOM KacaTelIbHOM C MOJOXKUTEIbHBIM
HanpasieHueM ocu Ox.

/\ CHavana HaiiiéM 3HaYeHNE (PYHKITUH U € TPON3BOTHON B TOUKE X,=4:
f(x)=f(4)=3-4°-2-42+3-4-2=170, f(x)=3x*-4x+3,
f'(4)=3-42—-4-4+3= 35.

[ToncraBuB HaiiieHHOE B ypaBHeHHE (1) , HOTyYnUM ypaBHEHHE HCKOMOM
KacaTebHOM:
y — 170 =35(x —4) unmu y = 35x + 30.

CornacHo reoMeTpUYECcKOMY CMBICITY Ipou3BoaAHOM tga=35. OTcrona



. 1 1 tga 35 35
sinoL = =

\/l+ctg2a 1_,.# \/1+tg20c \/1+352 V1226
tgz(x

35
J1226°

Ipumep 5% JlokaxuTe, 4YTO KacareibHas K mapabone fx)=x?

Omeem: y=35x+30; sina =

. 1
MIPOBEJICHHAsI B TOUKE A ¢ abcuuccoil x,, nepecekaer ocb Ox B TOUKE — X, .

A Vmeer f'(x)=2x, flxg)=x2,f (x)=2x,.
Bocnons3yemcs (1): y=2x, - x— xé . SlcHO, 4TO naHHas TpsMas

X,
nepecekaer ocb Ox B TOUKE (—O;Oj . A

OTtcrona ciegyeT NOpaBUIO TOCTPOEHHUS KacaTelbHOM K mapabose
flx) = x?. NImeHHO, 9Ta KacaTelbHas IIPOXOIUT Yepe3 TOUKY A ¢ abCImccoit

X, A TOYKY (%;Oj .

Ypasenenue nopmanu. 1lycte 3agana kacarenabHas K rpaduky QyHKIUN
y=f(x), npoBen&HHas K TOUke ¢ abcuuccoit x = x, . [Ipsmas

1
Y=o ). @

NpOoXOoAsias 4epe3 TOUKy ¢ abcumccod x = X, MEePHEeHIUKYISIPHO STOU

KacareJabHOM, Ha3bIBACTCS HOpMAibio K TpaduKy PyHKIHH y = f{X) B TOUKe
¢ abcruccoi x, (pucyHok 19).

[Ipumep. CocTaBUTh ypaBHCHHE HOPMadM K TpaduKy QGyHKIHHA
f(x) =x°B TOukKe ¢ abcuuccoi x, =l.

/\ Haitném npousBoanyio: f'(x) = 5x*. Beraucium 3HaueHue GyHKIIMHA U
e€ MPOU3BOJHON B TOUKE X,=I:
f(H)=1=1wu f'(1) = 5-1*= 5. [loacTaBuB 3TH 3HAYCHHUS B YpaBHCHHE
1 1 6
HOpMaJH, NoayyuM y—1= —g(x—l) WM ) =——X -|-g .

Omeem: y=—lx+§- A

5 5

(36



Ipumeuanue: KacarenbHas k rpaduky ¢yHkoumu f(x)=x>, B

Touke ¢ abcmuccoir x,=l1 mmeer ypaBHeHue y=5x—4 (mokaxurte!).
OOparure BHUMaHUE, YTO JUI POU3BEICHUS YIIIOBBIX KOA(PPHUIIEHTOB

. 1
KacaTelbHOW U HOpMAJIM CIIPaBEAJIMBO PABEHCTBO 5-(—g): —1.

@ Bonpocs! u 3aganus

1. Bemmuiure ypaBHEeHUE KacareabHOU K rpa@uky GyHKIUU y =f(x),
TIPOXOJIAIIEH Yepe3 TOUKY ¢ aOCIIUCCOM X,,.

2. Beimmumure ypaBHeHHE HOpMaiu K rpaduky ¢yHkmum y=f(x) B
TOYKE ¢ aOCLUCCOH X,

3. Kak HaxomuTcs KacaTenbHasi, MapajijielibHasi 3aJaHHOM MpsiMOii?

OObscHUTE HA TPUMeEpE.
YunpaxkHeHus

45. Beinuiure ypaBHeHHE KacaTelbHOU K rpaduky GyHKINU, TPOXOsIIeH

yepes TOuKy ¢ adcuuccoit x,=1; x,=—2; x,=0:

D) () =20-5x+ 1 |2) f(x)=3x-4; | 3) f()=6:
D) f)=rdx|5) fx)=en | 6) f(x)=2"

7) f(x)=2*+In2; | 8) f(x)=sinx; | 9) f(x)=cosx;
10) f(x)=cosx—sinx; 11) f(x)=e"x; | 12) f(x)=x-sinx.

46. BoimuinuTe ypaBHEHUE KacaTenbHOM K rpaduKy (pyHKINH, TapaieIbHON
npsimont y="7Tx—1:

1) f(x)=x>-2x>+6; 2) f(x)=4x*-5x+3; 3) f(x)=8x—4 .

47. HalimuTe TOYKM TaKue, 4YTO COOTBETCTBYIOIIME KacaTelIbHbIE K TpaduKkam
dbyskmii f{x) u g(x) OyayT napaniesnbHbl:

1) f(x):3x2—5x+4, g(x)=4x-5;
2) f(x)=8x+9, g(x)=-5x+8;
3) f(x)=7x+11, g(x)=7x—9,
4) f(x)=x3—8, g(x):x2+5;
5) f(x)=x3+x2, g(x)=5x-17,
6) f(x)=x*+11, g(x)=x>+10



48. Bpinuimre ypaBHCHHE HOpPMald K rpaduky (YHKIMA B TOUYKE C
abcmmccoit a) x, = 1; 6) x,= —2; B) x,= 0:

1) f(x)=3x*-5x+1; 2) f(x)=3x-40; 3) f(x)=T7;
4) f(x)=x*-10x; 5) flx)=e"; 6) f(x)=12%
7) f(x)= sinx; 8) f(x)=cosx; 9) f(x)=cosx — sinx;
10) f(x)=e™; 11) f(x)=x-cosx; 12) f(x)=x - sinx.
@ TumnoBoe 3agaHue A1 KOHTPOJIS
Bapuant I

1) Haiinure otHomenue npupamieaus GyHkiuun [ (x)=x3+2x>-5x+3
B TOUKE X,=2, K IpUpameHuto aprymenta Ax=0,1.

2) Haiinure nponsBonHyto GyHKIuu f (x)=—8x*+4x+1 B Touke x=—3.

3) BemmummTe ypaBHeHHE KacaTelbHOW K rpaduky QyHKIuu f (x)=
=x?-7x?+8x—5, mpoxojsieii yepes TOUKy ¢ abCIccoi x,= —4.

4) MarepuanbHas TOYKa JBMXKETCA IO MPSAMOM COIVIACHO 3aKOHY
nBrokeHus s(1)=8—5t+6. [lycTh f u3MepsieTcs B CEKyH/IaX, a s — B METPax.
Haiinute MrHOBEHHYIO CKOPOCTh TOUKH B MOMEHT BPEMEHHU 7 ,=8.

5) HaiiguTe npousBoanyto npousseaeHus: (3x>—5x+4) - e~

X’ —5x+6
x+1

6) Haiinute npon3BOJHYO OTHOILLICHHUS:

7) Haitnute mpou3BOAHYIO CIOKHOM pyHKIMH: ctg'>x.

Bapuanr 11

x*=5x+6
x+1

1) Haiigute npon3BOIHYIO0 OTHOLIEHMUS:

2) Halinure npou3BOIHYIO CIOKHON QyHKIIMU: ctg' x.

3) Beruncioure 3HayeHue NPou3BOAHOM GyHKuMHM f(x)=[ (x+1)
1

16

4) Beimummure ypaBHeHUE KacarenbHOW QyHkuMm f(x)=/ (x+1) B

B TOUKE X, =

To4ke ¢ abcuuccoi x < 0.

5) Haiinure MrHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHMU f = | 6 cex. Mare-
pPHATBHON TOYKH, ABIKYIICHCS MO MpsiMoil 1o 3akony s(1)=0,5 #-5¢+1.
31ech ¢ u3MepsieTcs B CEKyHAaxX, § — B METpax.

(38]
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— PEHIEHUE 3AJ1AY
<517, )

49. I1yctb 3agana pyukuus y=f(x ). Haligure nis x, ux COOTBETCTBYIOIINE

3HaueHust h u Ay:
1) f(x)=4x*-3x+2, x,=1, x=1,01; 2) f(x)=(x+1)*, x,=0, x=0,1.
50. Iycts x,= 3 u Ax = 0,03. Jlna 3amaHHbIX (QYHKOUE Haiaure:
a) mpupaieHue (QyHKUuU; 0) OTHOLICHHE MpHUpANICHUS (QYHKIUU K

NpUPAILICHUIO apTyMEHTA:
D) f(x)=7x=5; | 2) flx)=2x*=3x; | 3) flx)=x’+2;
51.10yctb x,=2 nAx=0,01. {151 3araHHbIX (HYHKIMIA HAIUTE: ) TpUpaIleHue
dbyHKMM;, ©) OTHOIIEHHWE NpHpamleHus (QYHKIUU K MPUPAIICHUIO

4) f(x)=x’+4x.

aprymeHra:

1) flx)==4x+3; | 2) flix)==8;
52. K uemy crpemurcs ¢yHkuus mpu x—0:

1) f(x)=x3-2x2+3x+4; 2) f(x)=x—-6x*+8x-7,

3) f(x)=(x>-5x+1)(x*~-7x*-11x+6);

4) f(x)=x’-10.

3) f(x)=x’+10x;

x*—x—19 x —8x
4 fix)y=——>"—; 5) f(x)= ?
) /) X +7x-28 )) ¥ Hxt+x+1
53. Haiinute npou3BogHy 0 QyHKIINH:
1) y=17x; 2) y=29x-3; 3) y=-15; 4) y=16x"-3x;
5) y=—5x+40; 6) y=18x—x?% 7) y=x>+15x;

8) y=16x’+5x>-2x+14; 9) y=3x*+2x*+x.

54. Briuucnuth 3HaUY€HUE MPOM3BOMHOM B Touke: a) x = —3; 6) x = 1,1;

B)x =0,4; r)x =-0,2:

) y=15x; | 2)y=9x+3; | 3)y==20; |4) y=5x+x;
5) y=—8x+4; | 6) y=8x—x?;, | 7)y=x>+25x; | 8) y=x>+5x>-2x+4.
55. Haiinure npou3BogHyo GyHKIMH y=f( X ), UCIIONB3Ys ONPEACICHHE:
1) f(x)=2+"+3x+5; 3%) f(x)="L,
X
2) flx)=(+2); 4% f=XL
X

()



56. Haiinure 3Hauenue npoussonHoit Gynkuun y = f(x) B Touke X,:

1) f(x)=4x>+3x*+2x+1, x,=1; 2) f(x):%x3+sin22°, x,=—1;
Ol

3) S(x)=@er)(x-l)ox=d 4 /()= 5 xS,
x°+

57. MaTepI/IaJIBHaﬂ TOYKa ABMIXKCTCA I10 HpHMOﬁ, COINIACHO 3aKOHY ABUKCHUA

45
s(t)=§t —t+5. Ilycts ¢ m3mepsieTcs B CEKyHIax, a § — B MeETpax.

Haiinure MTrHOBEHHYIO CKOPOCTh TOYKH B MOMEHT BPEMEHHU [ (=2.

58. Haiinute mpon3BoaHY0 QYHKIIUN:

1) y=%+2\/;; 2)y=%/;+2x3;
X
3%) y=3x +x-tgx—logx; 4) y=02x+3);
5%) p = x-Inx- (e 1) 6) y=(x+x)Wx-2);
7) y:x'+2; 8) y=10"+log,5+cos15°;
S x
9) y=3""-sinx; 10*) y=tgx-cosx+7*x’;
1) f(x)z%x4—8x2+3; 12) f(x)z@x—sinx+5;
13) f(x):x10—80x; 14) f(x)=8x—12x

—
59. Haiinure 3HaueHune Mporu3BOAHON QPyHKIUHN Y = f(X) B TOUKE X,:

1

1) fx)= . X=0;5 2) flx)=(*+3x)Inx,  x,=1;
COS X
3) f(x)= El‘rftff Cx=1; 4) fo=e(-n2),  x,~In2.

60*. Pemute HEpaBeHCTBO f'(x)>0:

1) f(x) =x'In27-3%; 2) f(x)=sinx—2x.
61. MarepuanpHasi TOUKa JBUKETCS MO MPSMOM COITIACHO 3aKOHY JIBHXKCHHUS
s(t)= %13 —%tz +2¢ . B Kakoil MOMEHT BPEMEHH MTHOBEHHAsI CKOPOCTH TOYKH

Oynet paBHa HYIt0? OOBICHUTE CMBICI ATOTO SIBJICHUSI.

——



62. Haiinute mnpomsBopHyto: 1) y=x"—x*+x; 2) y= ——x;
X

3)y=x +5\/;'

63. Haiinure cKOpOCTh MaTEpUAIIBHOM TOUKM B MOMEHT BPEMEHH £;:
) x(t)=1* =26 +1,1,=-5; 2) x(t)==5t+1> =+t , 1= 4.

Haiinure npousBoanyto (64—66):

64. 1)y = (05205 2y =T | 3) =0t e -5 ¢

X+
4) y = 2x*+4x*+5x; | S5y :&—%; | 6) y=7x"+12x+~2019 |
X
x* X +x+l
65%.1) » RTRRE 2) y="———; 3) y=(x""+x"1)(x¥+x7").
x’+7
66*. 1) y:3 .Smx; 2) y=e>(cosx—sinx);
COS X
3) y=xctgx; 4) y= 1n_2x
X

67*. Haiinure 3Ha4eHUE IPOU3BOIHOM B TOUKE X, :

1) f(x)= Sx+l , Xo=—2; 2) fix)=ctgx—2x+2, x, =z,
13x-5 4
3 f@=x'lgx-D), x =1 4) f()=etgr-o I xol
68*. HalimuTe mpou3BOAHYIO CIIOKHOU (PYHKITUU:
1) x?-sinx; 2) log,scosx; 3) Inctgx;
4) tg*x; 5) e, 6) 2308,
7) 35sinx; 8) (x>~10x+7)Incosx;
5 —
9) ¢§ 10) e (x*-3x%+2); 11) Intgx;
e
X+ 7x+1 Seros
12) ————; 13) e¥(x*+8x+11); 14) Incos2x.
e

——



~ 1 8-21 "  MCCJIAEIOBAHME ®YHKIHAHA C IIOMOIIbIO
% == o [POM3BOJIHOH U MMOCTPOEHME EE T'PA®UKA

Bospacmanue u yovieanue gyynkyuu. Mpl 3HAKOMBI C BO3PACTAIOIIUMHU
1 yObIBaromuMu GyHKIUsAMU. Janee Mbl OyieM HCIIOIb30BaTh TPOU3BOIHYIO
JUTS. HAXOXKJICHUSI TIPOMEKYTKOB BO3pacTaHusl U yObIBaHUS (DYHKIIHH.

Teopema 1. Ilycts ¢yHKIUS y = f(X) onpeaesieHa U UMEET MPOU3BO/I-
HYI0 Ha uHTepBajie (a, b). Ecnim nns Bcex xe(a, b) BBHIMOIHEHO Hepa-
BeHCTBO f'(x) > 0, To pyHKIMsA y = f(X) Bo3pacTacT HAa IpOMEKyTKe (a, b)
(pucynok 20).

Teopema 2. Ilycts Qynkuus y = f(x) onpeaeneHa U UMEET MPOU3BOJI-
HYI0 Ha uHTepBaie (a, b). Ecmm mns Bcex xe (a, b) BHINOIHEHO Hepa-
BeHCTBO f'(x) < 0, To dynkums y = f(x) yObiBaeT Ha mpomMexyTke (a; b)
(pucyHok 21).

Pucynox 20. Pucynox 21.
Teopemsl 1, 2 mpumem 6€3 TOKa3aTenbCTBa.
[Ipumep 1. Haligute npoMexyTKH yObIBaHUS U BO3pACTaHUs PYHKIIMU:

f(x) =2x° =3x% - 12x+3.

/A DOrta QyHKUUSA ompenereHa Ha HHTepBase (—o;+00). Haiiném
npou3BoAHyl0. Pemas HepaBeHcTBa f'(x) = 6x> —6x—12= 6(x—=2)(x+1).
f'(x)>0, f'(x) <0 METoAOM HHTEPBAJIOB HAMIEM, UTO (DYHKIIHS BO3pacTaeT
Ha UHTepBanax (—oo;—1) u (2; + o), a Ha uaTepBane (—1; 2) — yobiBaer.

Omeem: Ha unrepBanax (—oo; —1) u (2; +oo0) hyHKIHSA BO3pacTaeT, a Ha
unTepBaie (—1; 2) pynkuus yopiBaeT. A

IIpumep 2. Haiinure npoMexyTKu yObIBaHUS U BO3pacTaHusl (yHKIIHH:

FO) =
X

e N



/A DOra QyHkuus omnpeneneHa Ha uHTepBaie  (—o0;0) U (0;+00).

Haiiném npousBoanyro: f '(x):l—iz. Pemas nepasenctBo f'(x) > 0, To
X

1
CCTb HCPABCHCTBO 1——2>0 MCTOAOM HHTCPBAJIOB, IIOJYYHUM, YTO Ha
X

npoMexyTkax (—oo; —1) u (1; +oo) ¢ynkuus BospactaeT. TouHo Takxe,

pemas HepaBeHCTBO f'(x) <0, TO €CTh HEPABEHCTBO l—i2 <0, noiyuum,
x
yT0 (PyHKIUs yObIBaeT Ha npoMexyTkax (—1; 0) u (0; 1).
Omeem: OyHKIMS BO3pacTaeT Ha mpomexyTkax (—o; —1) u (1; +o0) ;
¢dbyHKk1Ms yobiBaeT Ha mpoMexyTkax (—1; 0) u (0; 1). A

Cmayuonapnsie (kpumuyeckue) mouku @yukyuu. Ilycts QyHKIHA
vy = f(x) ompenenena Ha unrepsaine (a; b) .
Onpenenenne 1. Touku, B KOTOpoil npousBoaHas GyHKIuu y = f(x)
obparaercs B 0, Ha3bIBAIOTCS CIMAYUOHAPHBIMU WA KPUMUYECKUMU.

[Ipumep 3. Haiinure craninoHapHbie Touku QyHkmun: f(x) =2x0 = 3x% ~12x+3

/\ Haitném npousBoaHyr (YHKIUU f(X) ¥ TpHpaBHIEM e& K HYJIIO:
f'(x)=6x-6x—-12=0.
Pemas monmyuyeHHOe ypaBHEHHE, 3aKIII0YaeM, 4TO TOUKH Xx,= —I, x,=2 —
CTalMOHAPHBIE.
Omeem: x,= —1,x,= 2. A
JloxkanvHvle maxcumymvl u MuHuMymvl @yHkyuu. Jns HaxoxKIeHUS
JIOKQJIBHBIX MAKCUMYMOB 1 MUHIMYMOB MOKHO BOCITOJTb30BaThCsI TOHSATHEM

IIPOU3BOAHOM.
a 0

Pucynox 22.
Teopema 3. Ilycte dyHKIMS f(X) onmpeneneHa U UMEET MPOU3BOIHYIO

Ha uHTepBaie (a; b). IlycTh mist HEKOTOPOU TOUKH X, €(a; b) Ha UHTEpBAIC




(a,x,) BeIIOTHEHO HEpaBEeHCTBO f'(x) > 0, a Ha uHTEpBaie (x, b) f'(x) <O.
Torma Touka x,, SIBISETCS TOUYKOH JIOKaJTbHOTO MakcUMyMa QyHKIUH f (x).

Teopema 4. ITycts pyHkIms y = f(x) onpeneneHa 1 UMeeT IMPOU3BOIHYIO
Ha uHTepBaiie (a, b). Ilyctb nns HEKOTOPOM TOUKHU X, € (a, b) Ha UHTEpBae
(a;x,) f'(x) < 0, a Ha unTepBane (x,, b) f(x) > 0 ( 3aech x,€(a, b)). Torna x,
SIBJISICTCS] TOYKOM JIOKAJIbHOTO MUHUMYMa (PYHKITUH [ (X).

Teopemsr 3, 4 mpumem Oe3 JOKa3aTEIbCTBA.

Omnpenenenne 2. Touky JOKAJIBHOIO MAKCUMyMa U MUHUMYyMa Haj3bl-
BAIOTCS TOUKAMHU JOKATbHO20 S9KCIMPEMyMda.

IIpumep 4. Haiiaute TOUYKH JOKAJIBHOTO SKCTpeMyMa (QYHKIUN

flx)=x*-3x+3.

A Haiiném mnpoussonnyio ¢dyskuum:  f'(x)=3x" -3 =3(x—1)x+1).
[IpousBogHas ompeneneHa BCIOAy M oOpaliaercs B Hy/lIb B TOYKax
x ==+1. IlosToMy TOUuKHU X =+ | ABASAIOTCA CTALIMOHAPHBIMU (KPUTUYECKUMH).
Bocnonbs3oBaBIrce METOI0M HHTEPBAJIOB, OIPEEIINM, UTO HAa IPOMEKYTKaxX
(—o0; —=1) u (1; +0) f'(x) >0, a Ha npomexyTke (—1;1) f'(x) <0. 3Hauur
x =—1 — Touka TOKaJIbHOrO0 MAKCUMYMa, & TOYKa X = | — TOYKa JIOKaJIbHOTO
MUHUMYyMa (PUCYHOK 23).

Slx)=x-3x+3

Pucynox 23.

Omeem: x = — 1 — TOUKa JIOKAJIBHOTO MaKCUMyMa, a TOYka x = | — Touka
JIOKaJbHOTO MUHUMYMa. A

Hauobonvwee u naumenvuiee 3nauenun @ynkyuu. C 5TUMA TIOHATHUSA-
MU MbI TO3HaKOMUIUCH B 10 Kkiacce.

[Tycte dynkmus f(x) onpeaeneHa Ha oTpeske [a, b] 1 ©UMeeT TPOU3BOIHYIO
Ha wuHtepBane (a; b). CdopmynupyeMm airoputM HAXOXKIEHHUS €ro
HauOOJIBIIETO U HAUMEHBIIIETO 3HAYEHUI:

1) HaxonuMm Bce cTanimoHapHbIe TOUKH;

——



2) Berumcnstorcss 3HadeHHS (YHKIWM B HANIEHHBIX CTAI[MOHAPHBIX
TOYKaxX M Ha HAa TPAHUYHBIX TOYKAX a U b;

3) HauGonbiee cpeau HalIGHHBIX B MPEIbIYIIEM MYHKTE 3HAYCHUH U
OyneT HanOoJbIINM 3HAUeHHEeM (YHKIIUUA Ha OTpe3ke [a; b].

Haumenbinee 3HaueHne (yHKUMM Ha OTpe3ke [a; b| HaxoauTcs aHa-
JIOTUYHO.

[Ipumep 5. Haiinute HanGombliee 1 HAaUMEHbIIEE 3HAYCHUS (YHKLIMU
f(x)= x*+ 4,5x>— 9 na orpeske [~4; 2] . HaiinéM npon3BoaHyo GyHKIMH:
£'(x)=3x2+9x. TIpupaBHAB IPOU3BOIHYIO K HY/TIO, HAHIEM CTAIIMOHAPHEIE
touku: f'(x)=3x(x+3)=0,x,=0, x,=-3.

Boruncnum 3HaueHus (GYHKIMU B HaMJIGHHBIX CTAIMOHAPHBIX TOUKAX
x,=0, x,=—3 u Ha rpaHUYHBIX TOYKax a =—4, b=2:
f(0)=0°+4,5-0>-9=-9, f(=3)=(3)*+4,5-(-3)*-9=4,5,
f(—4)=(-4)*+4,5-4>-9=—1, f(2)=2%+4,5 -22-9=17.

3HayuT, HaubOonbllee 3HayeHUue (YyHKIUU paBHO 17, a HauMeHblIee
3HA4€HUE paBHO — 9.

Omeem. Hambonblee 3HaYeHHWE (PYHKUMU paBHO 17, a HauMeHbIee
3HaUYCHHUE PaBHO — 9. A

Hccneoosanue u nocmpoenue zpagpuka ynkuyuu ¢ nomouspio npo-
u3600Hou. Jlns storo OyaeM NpUIEPKUBATHCSA CIEAYIONIEH MOCIen0Ba-
TEIILHOCTH JICUCTBUM:

1. HaxoauTCs 00IaCTh OINPEIeICHNUS;

2. HAXOISATCSI CTAIMOHAPHBIE TOUKH;

3. ompenensroTcs MPOMEXYTKH YObIBAaHUS M BO3PACTAHUS;

4. HAXOJATCA TOYKH JIOKAJIBHOTO MaKCUMyMa U JIOKaJIbHOTO MUHUMYMa,
a TaKoKe 3HaUYeHUs PYHKIUU B ITUX TOUKAX;

5. Ha OCHOBAaHUH TMOJy4eHHON MHPOPMAIIUU CTPOUTCS ICKU3 rpaduka.

[lpu mocTpoeHnn rpaduka TMONE3HO HAXOAUTH TOYKU MEPECEUCHHS
rpauka GyHKIMU C OCIMU KOOPJMHAT, a TAK)KE HEKOTOpPbIE IPyTUe TOUKH.

[Tpumep 6. Uccnenyiite dynkmuio f(x)=x°-3x ¢ MOMOIIbIO MPOU3-
BOJIHOM M MOCTpoiiTe rpaduk.

1. ®yHKIMS onpesiesieHa Ha (—oo; +00).

2. Haliném crtauiMoHapHbI€ TOYKH:

f '(x)=(x*-3x)"=3x>-3=0. x,=1 u Touku x,=—1 CTalMOHAPHBIC.

3. Haiiném npomexyTku yObIBaHUS M BO3PACTAHUS.

Tak kak Ha mHTepBanax (—oo; —1) U (1; +o0) f'(x) > 0, To dyHKIUSA

——




BO3pacTaeT Ha ATUX MHTepBanax. Jlanee, Tak kak Ha uHTepBane (— 1; 1)
f'(x) <0, To pyHKLIMS yOBIBAET HA 3TOM MUHTEPBAJIE.

4. Touka x=—1 — TOYKa JOKaJIPHOTO MaKCUMyMa. BpruncinmM 3HaueHUE
¢Gynkuu B 310 Touke: f(—1)=(—1)’-3-(—1)=2. AHanorn4so, Touka x=1
— TOYKa JIOKaJIbHOrO MUHUMYyMa. Haliném 3HaueHne QyHKIHMHU B 3TOW TOUKE
f(1H)=1-3-1=-2.

5. Haiiném touku nepeceuenus rpapuka QyHKIuU ¢ ochio Ox:

x3-3x=x(x*-3)=0. Orciona noayuum x=0 wiu x*-3=0. Pemas
NOCJIEIHEE ypaBHEHME, 3aKJIIO4aeM, 4To To4ku x,= 0, x2=x/§ , x3=—x/§
ABJISIFOTCS adcuuccaMy ToUYeK rnepecedeHus rpaguka GyHKIuu ¢ ocbio OX.

B pesynbrare noiayuum cxemaruueckuil Buj rpaduka (pucyHok 24).

Slx)=x>-3x

Pucynox 24.

@ Bonpocsl u 3ax1aHus

1. Kak MOXHO HalTM NpPOMEXYTKH BO3pacTaHus U YyObIBaHUS
dyHKIUN?

2. TaiiTe onpeneiaeHne CTAllMOHAPHON TOYKU (DYyHKIUU.

3. Kak MOXHO HaTH TOYKH JIOKAJIBHOIO MAaKCUMyMa U JIOKAJIbHOTO
MUHUMYyMa QyHKIANA?

4. Kak MOXXHO HailTH HauOOoJIbIlIEe U HAUMEHbBIIIEE 3HAYEHUE (PYHKLIMU
Ha 33JITaHHOM OTpe3Ke?

5. IlpuBenure cxemy MOCTPOECHUs rpaduKa QyHKIMH 151 KOHKPETHOTO
npumepa.

6. O06s13aTeNbHO JIM CTAllMOHApHAs TOYKA (DYHKUUU SIBISETCS TaKXKe
Toukoi skcTpemyma? [IpuBeanre npumepsl.

7. Uccnenyiite pyHkiuto f(x) = %x“— Loy MoCTpoiTe e€ rpaduk.

2
(46 ]



Ynpaxxkuenus
69. Haiinure npomexyTku B03paCTaHI/I$I Y yObIBaHUS (PYHKITHH:

1) f(x)=2-9x; | 2)/) =—x 8, | 3) f(x)=2=27x;

4) f( ): xl | 5) f(x)=x>-2x+4; (x)zx(x2—6);

7) f(x)==x*+2x-3; |8) Flx =L2; |9) f(x)=x*—2x%;

10) £(x)=3x* ~8x3 +16; (x):1+1 — | 12) f(x)=sinx;

13) f(x)=cosx; | 14) f(x)=tgx; | 15%) £(x)=sin2x + cos2x.
70. Haiigute cTanroHapHbIe TOYKU (YHKINU:

1

1) f(x)=2x"-3x+1; (x)=9x—§x; | 3%) flx)=

4) f(x)=x7 |5) f(x)=8x+5x; | 6) f(x)=3x—4;

7*) f(x)=|x | 8) f(x)=2x"+3x>-6; | 9) f(x)=3+8x> —x*.

71. Haiigute TOYKHM JIOKAJBbHOTO MAaKCMMyMa U JIOKaJIBHOIO MUHUMyMa
byHKIMU:

2) f(x):(x—4)8; | 3)f(x):4—3x2—2x3;

4) f(x )=—+§ |5) Flx)=x*—2x* +x* =3;

7) f(x) = 2sinx + 3; = —5cosx—7; |9) f(x)=x*-x>+4.

72. Haiigute mpoMeXyTKH BO3pacTaHUs U yObIBaHUS (QYHKIIUU:

3x .
X241’

1) f(x):x3—27x; 2%) flx)= 3%) f(x)=X+xi2;

4) f(x)=5sinx+13; 5) f (x)=15cosx—7, 6) f(x)=-3tgx.
73. HauGonbiiee u HauMeHbIIee 3HaYeHNe (GyHKIIMHM Ha 3aJaHHOM OTpE3Ke:
1) flx)=x*-8x*+3, xe[-4;1]; |2) f(x)=3x"-5x"+1,xe [-2;2];

( ) 3x’ —6x7 —5x+8, xe [ 1;4].

3) flx)=* weli2)




74. Vccnenyiite GyHKIUIO U IOCTPOUTE €€ rpaduk:
1) y=x"-6x"+9x-2; | 2)y:§x5—§x3+l; | 3) y=xt—4x3+15.
75%. Wcnonwe3ys rpaduku mpou3BoaHOW GyHKIHH (puUcyHOK 24, 25),
HaUIuTe:
1) cTanimoHapHbIE TOUKH; 2) MpOMEXKYTKHU BO3pACTAHMUS;

3) mpoMeXYTKH YObIBAaHUS; 4) TOUYKH JIOKAJIBHOTO MAKCUMYMa;
5) TOYKH JIOKaJIbHOTO MUHUMYMa.

Pucynok 25.

Pucynox 26.

——



@ TunoBasi KOHTpoJIbHAsA padoTa
Bapuant I

1. Haiigure mpousBoanyio: f(x) = 20x* + 6x*— 7x + 3.
2. Mycts f(x) = x>~ 5x+4u g(x) =;C—:L; . Haitnure 1(g(3)).

3.Mycrs f(x)=x"—5x* +7x+1 . Haiinure:
1) cranimoHapHbIE TOYKH;
2) NIpOMEKYTKH BO3pacTaHUS;
3) IpOMEXYTKH yObIBaHUS;
4) TOYKHU JTOKATBHOTO MAaKCUMYMa;
5) TOUKM JTOKaJTBLHOTO MUHUMYMA.
4. Haiinure npousBogaayto: (3x + 5)° + sin’x.

5. Ilycres f(x)=+/1-3x . Beruucuure 1’ (%)

Bapuanr I1

1. Haiigute mpousBoanyo: f(x)=10x>+16x*+7x-3.
2. Ilyctb f(x)=x*+6x—3 1 g(x)= % Haiimure f(g(3)).
X

3. ITycts f(x)=x*+2x>—x+3. Haliaure:
1) cranimoHapHbIE TOYKH;
2) NIpOMEKYTKU BO3pacTaHUs;
3) IpOMeXYyTKH yObIBaHUS;
4) TOYKH JTIOKAIIEHOTO MAaKCUMYMa;
5) TOUKH JTOKaTFHOTO MUHIMYMA.
4. Haiinure npousBoaHyto: (2x — 6)° + cos?x.

5. Ilyctb f(x)=+1-2x . Beruucoure f' (%)



HNPUMEHEHUWE METO10OB IU®PEPEH-
s == HNUAJIBHOI'O NICYUCJIEHUSA K PELHEHUIO

22-25 YKCTPEMAJBHBIX 3AJIAY C TEOMETPH-
@ = 7 ypckuM, PU3MYECKUM U SKOHOMUYEC-
KUM COAEPKAHUEM

3aoauu c zeomempuuecKuUmM co0epIHcanuem

3anaua 1. Haiiaute HamOONBIIYIO IUIOMIAAb 3€MEJIBHOTO YyYacTKa
MPSMOYTOJBLHOM (hOPMBI, KOTOPBIM MOXKHO OTOPOAUTE 3a00poM muHOo# 100
METpOB.

A Tlycte nnvHa M BbICOTA MPSMOYTOJBHHUKA PaBHBI X M U ) M
COOTBETCTBEHHO (PUCYHOK 27).

[lepumeTp MpsIMOYTOJILHUKA paBEH
2x +2y=100. Orcroga y = 50—x. Haii-
JEM IUIOIIAJb 3TOIO IIPSAMOYTOJIBHUKA xMm
S(x)=xy=x(50-x)= 50x—x2.

TpeOyetcst HaliTH X Takoe, 9YTO (QYyHK-
1us S(x) 10CTUraeT CBOETO0 MaKCUMyMa.

Haitném CTallMOHApHBIE TOYKHU
byHKIUN

S(x): §'(x)=50-2x=0, orcrona x = 25.
Tak kak Ha mpoMexyTke (—o0; 25) S'(x) > 0, a Ha mpoMexyTke (25; +0o0)
S'(x) <0, To pynkuus S(x) ToOCTHTaeT CBOETO MAKCHMYyMa B TOUKE X=25,
npuuéM S(25)=625. 3naunt, HauboNbIIAs IOAAb 3eMEJILHOTO YYacTKa
OPSIMOYTOJIBHOM (DOPMBI, KOTOPBI MOYKHO OTOpO-
auTh 3a00poM anrHoM 100 MeTpoB, paBHa 625 M?.
Omeem: 625 M>. A

BooOmie rosopsi, cpean NpsMOYTOJIBHUKOB C
3aJJaHHBIM TIEPUMETPOM, HAUOOJIBIIYIO IJIOLIAIb
UMEEeT KBaJIpar. a x

3apaua 2. U3 xaproHa Qopmbl KBagpara co
CTOPOHOM @ cM HEOOXOIUMO M3TOTOBUTH KOPOOKY
06e3 Bepxa. Jlns 3TOro OTpe3ar0T OAMHAKOBBIE
MEHBIIINE KBaJpaTHbIE Yrojku. B kakoMm ciyuae
MBIl MOXXEM IOJy4YUTh KOpPOOKY HauOoJblIeH Pucynox 28.
BMECTUMOCTHU?

/A Tlycth X cM — CTOpOHAa OCHOBaHHUSI IOJyYUBLICHCS KOPOOKHU

(pucyHoK 28).

ym
Pucynok 27.

a

X



a—Xx
CropoHa  OTpe3aHHOT0  KBaJApaTHOTO  yrojika  paBHa -

a—Xx X3 CDC2 3
X X=—"—+— CM.
2 2

3HaYMT, 3a/1a4a CBEJACh K HAXOKJIEHUIO HAaMOOJIbIIEr0 3HAYEHUS] (PYHKIIMH

OObEéM MONydYHBIICHCS KOPOOKH paBeH V(x)=

x3 ax2

V(x)=-— T Ha otpeske [0; a]. Haiiném cranmoHnapHbie TOUKH (YHKIIMH

3
V(x): V'(x)=— Exz +ax=0,
2
B wrore momyuum, yrox, =0, x, =39~ CTallMOHAPHBIE TOYKHU. SICHO,

4TO V(%aj =2 pu V(%aj >V (0)=V(a)=0. Takum 06pa3om, HaKGObILIEE

3nauenue V(x) Ha [O; a] paBHO 2—27a3.

. 2
Omeem. kOpoOKa ¢ ITUHON CTOPOHBI OCHOBAHUS x = 34 CM. A

3adauu c puzuueckum cooeprcanuem
3anaua 3. MarepuanbHas TOUKa JBHKETCS IO IPSIMOU COITIACHO 3aKOHY

4
IBIOKEHUS s(1)= L [TycTh t u3MmepsieTcs B CeKyHIaX, a § — B METpax.
Hannure: 12
1) MoMeHT BpeMEHH £, IpU KOTOPOM YCKOPEHNE MAaKCUMAJIbHO;
2) MrHOBEeHHYIO CKOPOCTb B MOMEHT BPEMEHH f;
3) ITyTb, npoOiiIEHHBII 3a BpeMms .
/\ Haiiném cKopocTh MaTepraabHONU TOUKH:
4 3
v(t)=5'(1) =]~ | ==L4 32
12 3

W13 kypca Gpu3mky n3BECTHO, YTO MPOU3BOIHAS CKOPOCTH paBHA yCKOpe-
Huto, T.¢: a(t) = v' (t)= — *+6L1.

1) Haiiném MOMEHT BpeMEHH £,, IPH KOTOPOM YCKOPEHHE MAaKCUMAJIBHO.
Pemnm ypaBuenue a(t)= v' (t) = — t*+6t¢. Tak kak Ha untepsaiue (0; 3)
a'(t)>0, a na uatepBaiue (3;+w) a'(f)< 0, To 3aKa04acM, YTO B MOMEHT
BpEeMEHH 7,=3 QyHKUUS a(f) TOCTUTaeT CBOETO MaKCUMyMa.

2) BeruncinuM MrHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHH f,);

3} M
v(3)=——+3-3* =18—.
3 c



3) Husg HaxoxAeHUs IyTH, MPOUIEHHOIO 3a BpeMs f,, IOJICTaBUM

4 4
BBIPAKEHHUE s(t):—i—2+t3 t,=3: s(3):—‘:)—2+33 :—27f7+27:%:20,25 M.
Omeem: 1) 3 c; 2) 181, 3)20,25 M. A
C

3anaua 4. MarepuanbHasi TOYKA JBUKETCS IO MPSAMOU COIIACHO 3aKOHY
3
t
JBUKCHUS s(1)= — 1> +4¢+50 Ilycth ¢ u3MepseTcs B CEKyHIAX, a S — B
Merpax. Hangure:
1) MoMeHT BpeMeHH £, IpH KOTOPOM CKOPOCTh MUHUMAJIbHA;
2) YckopeHue B MOMEHT BPEMEHH {;
3) ITyTb, NpoOIEHHBI 3a BpeMs .
/\ Haiiném CKOpOCTh M YCKOPEHHE MaTepUaTbHON TOYKU:

3 Al
v(t)zs'(t)z(%—tz +4t+50J =12 -21+4,

a(t)=v'(1) :<t2 —2t+4) =2t-2
1) Haiiném MOMEHT BpEMEHH £, TP KOTOPOM CKOPOCTh MUHUMAJIbHA!
v (t)=(-2t+4)' =2t-2=0, orcrona t,=1.
Tak kak Ha uaTepsaie (0; 1) V' (¢) <0, a va uaTepsane (1; + ) v' (¢) >0,
TO B MOMEHT BpeMeHH #,= 1 v (f) TOCTUTraeT CBOEr0o MUHUMYMa.
2) Berumcnum yckopenue mpu £, a(1)=2-1-2=0 m/c?.
3) Jlyig HaxoXACHUS yTH, TPOUJIEHHOTO 3a BpeMs 1,

3
t
TIOJICTABUM B BBIpKEHHE s (1) = ?—12 +4¢+50 3HaueHue £,=1:

P, 1
s(l):?—l +4:1+50 =53,

Omeem: 1) 1¢: 2)0m/c:  3) 53§M.A

3agaua 5. B TeueHue BpemeHu f€[0;8] MMHYT B BO3IYIIHBIA Iap
nofaércs Bo3ayx oovéma V(t) =2-32+10¢+2 (m®). Haiigure:

1) O0BEM BO3yXa, ITO1aBAEMBII B HaUale;

2) O6BEM BO3IyXa, MOaBAEMbIIl B MOMEHT BPEMEHHU ¢ = 8 MUH;

3) CxopocTh 1ofayu BO3lyXa B MOMEHT BPEMEHHU / = 4 MUH.

/\ 1) [nst Toro, 9toObl HAalTH 00BEM BO3IyXa, MOJABAEMbIl B Havdaje,

(52]



noacraBuM B Gopmyny V(1)=2£-3£+10t+2 m* 3nauenue =0, TO eCTh
(0)=2 »°.
2) O0BbEM BO3yXa, MOAaBAEMbIil B MOMEHT BPEMEHHU ¢ = § MUH TOJICTa-
BuUM B popmyny V(£)=2£-3£+10+2 m* 3HaueHue =8, T0 €CTh:
V(8)=2-8-3-82+10-8+2 =1024-192+80+2 =914 »’;
3) Haiiném ckopocTh mojauu Bo3ayxa:

Al M3
v/(1)=(20 =31 +10r+2) =667 61+10) — |.

3
3uaunt, v'(4) = 6-4° —6-4+10:96—24+10:82(M—].
MMHWH

3

3HAuUT, a(3)=12-3—6:30( M 2}_
MUH

M3

MUH

Omeem: 1)2 \*; 2) 9147 3) 82 A

3aoaua IKOHOMUUECKO20 cooepofcauu}l

3anaua 6. Kapuma nosryumsia 3aka3 Ha OMIMUB IUIaTheB. [ycTh OHA IBET
B TEUCHHUE MECSIa X IJIaTheB, MOdydasi MpU 3ToM aoxon p(x)= — x*+/00x
ThIC. cyM. Haiinure:

1) CKOJIBKO TJIaTheB IOJIKHO OBITh CIIUTO, YTOOBI MOJIYYUTh HAUOOIBITUI
noxoxn?

2) Uemy paBeH 3TOT HAauOOJIBIITUN JOXOA?

/A 1) Haiiném makucmym QyHkimn p(x)= — x?+100x:

p'(x)=(~x* +100x)"' = —2x+100 = 0, oTctonax,=50. Tak Kak Ha UHTEpBAJIE
(0;50) p'(x)>0, a na unrepnae (50; +oo) p'(x) <0, To GYHKIUS TOCTUTACT
cBOEro Makcumyma npu x,=50. 3HAYUT, JUIsI MOJYYEHHUs] HaUOOJBIIETO
n0X0/1a Heo0xoMuMo ciuTh S50 MmIaTheB.

3) st HaxoKaeHUsT HauOOobILIero 10X0/1a MOACTaBUM 3HaueHue x;=50 B
BeIpakeHHe p(x)=—x2+100x:

p(50)=—50°+100-50=—2500+5000=2500 (TBIC. cCyM)=2500000 Cy™m.
Omeem: 1) 50 mnarees; 2) 2 500 000 cym. A
Bonpocs! 1 3a1aHus

[IpuBenuTe mpuMep 3a1a4u C
1) reomeTpudeckum; 2) GU3NIECKUM; 3) IKOHOMUYECKUM COICPIKAHUEM.



3ananus

76. Haitnute HanOOBIIYIO TUIOMIAh 3€MEJILHOTO YYacTKa MPSIMOYTOIbHOM
(hOpMBI, KOTOPBIH MOYXKHO OrOpOAHUTH 3a060poM arHO# 300 MeTpoB?

77. Haiinute HanOOBIIYIO MJIOUIA/(b 36MEJIBHOTO Y4acTKa MPSIMOYTOJIbHOM
(dbOopMBI, KOTOPBI MOXKHO OTOPOIUTH 3a00poM ainuHOM 480 MeTpoB?
78.% N3 kaproHa (opmbl KBajapara co cTopoHoil 120 cMm Heobxoaumo
U3rOTOBUTH KOpOOKY 0e3 Bepxa. i 3TOro OTpe3aroT OAMHAKOBBIE
KBaJIpaTHbIE YroJKU. B KakoMm ciyyae Mbl MOXEM IMOJYYHTh KOPOOKY

HauOOJIbIIIEH BMECTUMOCTH?

79.* KoncepBHast OaHKa IIMJIMHAPUYECKOH (QOPMBI HMEET MOJIHYIO
HOBEpXHOCTh Tutomanu 216 m cm?. Ilpu Kakux paauyce OCHOBaHUS M
BBICOTE JIOCTUTAETCSI HAMOOJIbIIasi BMECTUMOCTh?

80. Haiinute HameHbLIyIO JJIMHY 3a00pa, KOTOPBIM MOXHO OTOpPOJUTH
3eMeJIbHBIN YYacTOK MPSIMOYTOIbHOM (hopMbI TutoIau 6400 m>?

81.* Haiinure BBICOTY KOHyca HauMEHbIIEro 00bEMa, BIMCAHHOIO B ILIAp
paguyca SM.

82.* Ilnanupyercss U3rOTOBUTh METAJUIMUECKYI0 EMKOCTh B (hopme mpsi-
MOYTOJIBHOTO TNapaJijiesieNnuIesa ¢ KBaJpaTHbIM OCHOBAHMEM M BMEC-
tuMocThio 13,5 /. Halinure ero u3mepeHus npu yCIOBHH, YTO 3aTPAThl
MeTaJjlla Ha €r0 U3rOTOBJICHHUE JI0OJKHBI ObITh MUHUMAJIbHBIMU?

83. MaTepI/IaJ'IBHa}I TOYKa IBHKCTCA I10 HpHMOﬁ COITIACHO 3aKOHY OABUXKCHUA

4
t 3
s(t):—Z+51 . Ilycte ¢ u3MepseTcs B CEKyHAaX, a § — B MeTpax.

Haiiqure:
1) MoMeHT BpeMeHH {,, PU KOTOPOM YCKOPEHHE MaKCUMAJIbHO;
2) MrHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHH fy;
3) [lyTb, npoiiIeHHbIH 3a BpeMms .
4

4 .
84. MarepuasnbHas Touka s(7)=— > +127° BEKETCS IO PSMOiA
4

t
COIVIACHO 3aKOHY JBMIKCHHS ()= I +5¢ . TIycTh ¢ M3MepsieTcs B

CeKyHJax, a s(f) — B meTpax. Haiinure:

1) MoMeHT BpeMeHH £, IpU KOTOPOM YCKOPEHHE MaKCUMAJIbHO;
2) MrHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHH fy;
3) IlyTb, npoiiIeHHBIH 3a BpeMms .

——



85. MarepuanbHasi TOUKa JBHYKETCS 110 TIPAMOM COITACHO 3aKOHY JBHIKEHHS
3
t
s(1)= s 2t +40¢ +50 . TIycTh 7 M3MepseTCs B CEKYH/aXx, a s — B METpaXx.

Hannure:
1) MoMeHT BpeMeHH £, IpU KOTOPOM YCKOPEHHE MAaKCUMAJIbHO;
2) MrHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHU /) ;
3) IlyTb, npoiiIeHHBI 3a BpeMms £,
86. MarepuanbHasgs TOYKa JBHXKETCS IO MPSAMOM COIVIACHO 3aKOHY

3
t
neuwkenus  s(t)= > ~32 +81+5. Ilycts ¢ wn3MmepsieTcd B CEKyHAax,

a s — B meTpax. Haitgure:

1) MoMeHT BpeMeHH {,, IpU KOTOPOM YCKOPEHHNE MAaKCUMAJIbHO;
2) MrHOBEeHHYIO CKOPOCTh B MOMEHT BPEMEHH /,y;

3) IlyTb, npoiiIeHHBIH 3a BpeMms .

87. B teuenne Bpemenu fe[0; 10] MUHYT B BO3AYILIHBIN IIap MOJAETCA

BO31yX 00béMa V(1)=5¢3+3¢*+2¢t+4 (m?). Haitnure:

1) O0BEM BO3yXa, MTO1aBAEMBIil B HAUale;

2) O6BEM Bo3IyXa, IMOaBaEMbIii B MOMEHT BpeMeHH ¢ =10 MuH;
3) CxopocCTh Moaayu BO3yXa B MOMEHT BPEMEHHU =5 MHUH.

88. B teuenue Bpemenu 7€ [0; 15] MUHYT B BO3AYLIHBIN IIap MOAAETCS

BO31yx 00béMa V(1)=1>+13¢*+1+20 (m?) Haiigure:

1) O6BEM BO3IyXa, TTOIaBAEMBbIi B HaUalse;

2) O0BEM BO3IIyXa, MO1aBAEMbIl B MOMEHT BpeMeHHU ¢ = 15 MuH;
3) CkopocTh mojiauu BO3ayXa B MOMEHT BpeMeHH ¢ = 10 MuH.

89. Mycnuma nonyuunsa 3aka3 Ha MOIIMB MYKCKUX Oprok. [IycTh oHa MIBET
B TEUCHHE MecsIa X OPIOK, Moydas mpu 3ToM 10xo1 p(x)=—2x*+120x
ThIC. cyM. Haiinure:

1) CkosbKO OPIOK JIOJDKHO OBITH CIIIUTO, YTOOBI MOTYYUTh HAUOOJIBIIHIMA
noxon?
2) UYemy paBeH 3TOT HaUOOJBIINI 10X01?

90. MycnuMa noiy4uia 3aka3 Ha MOIIMB XKEHCKUX F000K. [IycTh oHa MIBET
B TCUCHHME MecsIa X 000K, Mojydast mpu 3ToM aoxon p(x)=—3x*+96x
ThIC. cyM. Haiinure:

1) CkosbKo 100K IOJDKHO OBITH CIIIUTO, YTOOBI MOTYYUTh HAUOOJIBIIHIMA
noxon?
2) UYemy paBeH 3TOT HaUOOJBIIHNI 10X0?
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26-28 HPUBJINKEHHBIE BBIYUCJIEHUSA

@ - = I
[Tyctb pynkumst y =f(x) UMEeT B TOUKE X,, OTPAHUUYECHHYIO TPOU3BOTHYIO
I (x).

MpI 3HaeM, YTO ypaBHEHUE KacaTeIbHOW B TOUKE C aOCIUCCOM X, UMEET

Bl Y—f(x)=/""(xo) (x—x,).
3ameTuM, uTo rpadux GyHKIUHN y = f(x ) BOIU3H X, MOXKHO MPUOIMKEHHO
3aMEHUTH COOTBETCTBYIOIIUM OTPE3KOM KacaTeabHOU (pUCyHOK 29):

f(‘x O+Ax ) /"5‘Q
N
W3
A
A
o y=Ax)
Sxo)

X, X, +Ax
Pucynox 29.

OG6o3HauuB mpupaiieHue x—x, udepes Ax (To ectb x=Xx, +Ax),
MOJTYYHUM CJIeyolee NpuOImKeHHOE PAaBEHCTBO:

FO) = f )+ () (2=, ), wm

f(x0+Ax)zf(x0)+f'(x0)-Ax (1)
[Tpubnmwxkennyto Gopmyny (1) Oyaem HazpiBaTh HOPMYION Manvlx npu-
pawjeHuil.

3ameuanue. PexomeHmyem BbIOMpaThb X, TakK, 4YTOOBl 3HAYCHUs

f (xo ), f '(xo ) BBIYHCIISTUCH HETOCPEACTBEHHO. OTMETHM TaKKe, YTO TPU
JTy41ieM NpuOIMKeHUN TOUKH X K TOUKe X, hopmyna (1) naét 6onee TOUHbIN

pe3yabTar.
Jllanee MbI OymeM NpUMEHATH (HOpMYyNTy MajbIX MPUPAIICHUNA K TPU-

OMMKEHHBIM BBIYUCIICHUSIM.
IIpumep 1. Haiigure npubnuxenHoe 3Ha4eHne QYHKIIUN

f(x) = x"-2x4+3x*>-x+3 B Touke x = 2,02.

e N



A Bribepem 6mu3kyto k Touke x=2,02 Touky x,=2. 3HaueHHe QyHKIHH

B DTOM TOYKE BbIUMCIAETCA O€3 3aTpyaqHenuit: 1 (x, )= f(2)=13.

Haiiném npousBoanyto GyHkimu: f'(X) = 7x0 — 12x° + 6x — 1.

HNmeem

f'(x)=/"'(2)=75,Ax=x—x=2,02-2=0,02.

3unauurt, no popmyne (1) £ (2,02)=f(2+0,02)=13+75-0,02=14,5.

C moMOIIBI0 KaNbKyIATOpa WJIM WHOTO BBIYMCIUTENIHHOTO yCTpOiicTBa
MOKHO TOTY4YUTh 3HaueHue f(2,02)=14,57995... A

IIpumep 2. Haiinute npubmmkeHHoe 3HadeHne KopHs /1,02 . Haitném
ee MPOU3BO/IHYIO.

/\ PaccMoTpuM QyHKIIHIO f ( X ) = \/; :

' ' 1
A (x)=(\/;) - Wx Haiinure npon3BoaHyto.
[Monoxum x, = 1. Torz[anonquM f(xo):f(l):\/rzl
Fx)=r()=1 L=l Av=x-x =1,02-1=0,02 ,

2{2

N3 popmymst (1):

\/1,02=\/1+0,02z1+%.o,02=1,01.

C NMOMOIIBIO KAJIBKYJIAITOpAa WJIWM HWHOTO BBIYHUCIUTCIIBHOIO YCTpOﬁCTBa

MOYKHO TIOJY4YHTh 3HaUeHHE /1,02 = 1,0099504938.... A
[Tpumep 3. Haiiqute npubirmkeHHOE 3HaUeHHe 1/7.997 .

A Pacemorpum dyukumo f(x) = 3/; Haiiiém e€ npon3BoIHYIO:
1 -2

=g

Honoxum x, =8 . Torna nomyunm f (X, )= f(8) =38 = 2,

f'(xo)=f'(8>:§8‘3 . ﬂlg? =é=

=7,997-8=-0,003 .

Torna u3 popmysl (1) nonyuum




C MOMOIIBIO KAJIBKYJIAATOpAa WJIWM WHOI'O BBIYHUCIUTCIIBHOIO YCTPOUCTBA

MOYKHO TIOJyYHTh 3HaueHue 7.997 ~1,9997499687.... A

Ilpumvep 4. Haligute npubauxeHHOE 3HaYeHUE sin 29°
/N Paccmorpum QyHkmuto f(x)=sinx. Haliném e& mpou3BOAHYIO

f'(x)=cosx.

=2 S )= (E)=sinZ =2,

TIOJIOKHM X, = o’
T z 3 7 _7n__ &«

' =f'(=)=cos—=—, Ax=———-"—=—"—.
F )= 10 =cos = 180 6 180
Toraa u3 dopmyssr (1) momydnm

3 1 3
S RCIL S R S

sin 29° = s1n(—+ (——)) ~ SN "
180 6 2180 2 2 180

C NMOMOIINBIO KAJIBKYJIIATOPpA WJIXM WHOTO BBIYHUCIUTCIIBHOTO YCTPOUCTBA

MO’KHO MOJTY4YUTh 3HaueHuesin29° ~ 0,4848096202... A

[Tpumep 5. Tlpuectn Gpopmyny ManbIX MpUpaIIeHUi ajs Jorapudma
A fix)=lnx;  f'(x)=—. Orcrona noixy4um MpUOIMKEHHYIO (GOpMyITy
X
In(x, +Ax)~Inx, + - Ax.
xO
Ecmm x,=1 1 Ax=t, T0 cnpaseumBa popmyna, In(1+7) = ¢
Hcnonb3yss €€, MOXHO TIOJYy4dUTh, Hampumep, 3HadeHue Inl,3907=

= In(1+0,3907) = 0,3907.
B obmem cmydae, ecmu x,=0, To Ax=x-—x, =x. Torma ¢opmyna

MaJibIX npuparieHui (1) mpumMer BUa
(2) A

J)=f(0)+/"(0)x
3aoanue, evinonrnsemoe 6 knacce. Vcnonb3ys Gopmyny (2), BeIBeauTe

npuOIMKEeHHbBIE (HOPMYJIBI, CIIPABEIIMBBIC IS MAJIbIX X
sinx=x, tgx=x, e~]+x,

(1+x)" = 1+mx, B uactHOCTH A1+ x ~1+—x, Y1+ x zl+%x.
2

——



IIpumep 6. Haiinure npuOnnxeHHOE 3HAUEHUE BBIPAKEHUS

0,997
A Bocnonbszyemest popmynoit: (1+x)” = 1+mx
;_ 30~ — —
0.997% (1-0,003)3%=1+(-30)(-0,003)=1+0,09=1,09.
C NOMOIIBI0 KAIBKYJISATOPA WM UHOTO BBIYHCIMTEIBLHOTO YCTPOMCTBA
MOYKHO MOJIYYHUTh HaueHme 1 ~1,0943223033... - A
0,997%°

OTmeTnM, 4TO HCTIONB3YS MpuOmmKeHHy0 Gopmyny (1+x)” = 1+mx,
MOYKHO BBIUUCIIATH U 3HAYEHUS KOpPHEH.

JleHCTBUTENBHO, yCTh /7 — HATYPaJIbHOE YHCIIO0, @ YUCIIO |B| 1ocTaTouHO
MaJio M0 CpaBHEHUIO ¢ |4"| .

Torma
1

/A" + B :A(HEJ" zA(H B J
A" nA"

UIIn
B
n—1

VA" +B ~ A+
nA

Hanpumep, /131 =3/125+6 =5+ 3 ® _s.08.

52

C noMouip0 KajabKyJasTOpa UM MHOIO BBIYMCIMTEIBHOIO YCTPOMCTBA
MO>KHO IOJIyYMTb 3HaUeHUe /125 = 5,0788... .

Onupasice Ha Gopmyny (2), BEIYUCIUM MPU JOCTATOYHO MAJBIX X TPU-
ONMV>KeHHBIE 3HAYCHUS COSX.
Tak xak (cos x)'=—sinx, To dopmyna f(x) = f(0)+f'(0)x

npumeT Buj cosx~cos0—(sin0)x=1, o ectb cosx=1.
OueBuaHO, YTO Takas «HIpUOMIDKCHHAs» (opmyna He TOIUTCS Ui

MIPUOSTIKEHUH.
[TosTomy nmoiaém apyrum nmytéM. M3 OCHOBHOTO TPUTOHOMETPUYECKOTO

- 2
TOXIeCTBa UMeeM cosx = \1—sin” x .

OueBHIHO, YTO KOTIA X JOCTATOYHO Majo, x’° ToKe OyaeT JOCTATOYHO

MalBIM, cosx =1 —sin’ x ~ /1 — x> .
Bolmie 65110 CKa3aHO, YTO MPH JOCTATOYHO MAJBIX X SINX=X.



1
[Toatomy u3 dopmynsr 1+ x z1+5x HEMOCPEACTBEHHO MOJIYyYUM

2 2

bopmyny \J1—x* ~1— x?’ T.€. crpaBeyinBa Gopmyna cosx ~ 1 — x? .
[Ipumep 7. Halimute npubnmxeHHOE 3HaYeHUE cOS44°.

A Tak kak cos(x—y)=cosxcosy+sinxsiny, To

cos44” = cos(Z - L) =cosEcosZ—+sinEsinL— =
4 180 477180 47180
zﬁ( 0sZ+sin). cos—nl-L(Z_Y =0,9998476..
2 180 180 180 2180
in—— =0,0174532... 3uauut, cos44” ~0,7193403...
180 180

C noMoIIBI0 KAJIBKYIJIATOPA UM MHOTO BEIYUCIUTENIBHOIO YCTPOICTBA
MOXKHO MOJIy4uTh 3HaueHue cos44°=0,7193339... . A

@ BOHPOCI)I H 3aJaHUusA

1. BpmwumuTe GpopMmyny MaibIX MPUPAIICHUN.
2. IlpuBemute mpUMEpHl HA HCIOJIb30BaHUE (HOPMYIBI MaJbIX MpHUpa-
LICHUM.

YunpaxkHenus

91. Haiinure npubnmkeHHbIe 3HaUueHUS QyHKIMHA [ (X ) B TOYKAxX X, U X, :

a) f(x)=x*+2x, x,=2,016, x,=0,97;
0) f(x)=x>—x2, x,=1,995, x,=0,96;
B) f(x)=x’-x, x,=3,02, x,=0,92;
r) f(x)=x*+3x, x,=5,04, x,=1,98.

Halinute npubnukeHHbIE 3HAYEHHUS YUCIOBBIX BBIPAXKEHUN, HCIOJIb3YS
npubamkeHnyto gopmyny (1+x)"=1+mx (92-93):
92. a) 1,002'%; 0) 0,995¢; B) 1,032%; r) 0,998%.

93. a)4/1,004: 6)4/25,012; B)+/0,997; r)+/4,0016.

——



Hailinute npubnvkeHHble 3HAYEHUS] YUCTOBBIX BBIPAXKEHUH, UCIIONb3Ys
npubnmkeHnsie Gopmyisl (94-97):

94. a) tg 44°; 6) cos 61°; B) sin 31°; r) ctg 47°.

95. a) cos(%+0, 04); 6) sin(%—o, ozj;
B) sin| Z£+0,03 |; e)tg(£+0,05j.
6 4
%. Vi O mot o]
© 71,003 0,996*° 2,0016"° 0,994°
1
. 0,015 ,
97. a) In0,9; 0) e, B) Xk

Haiigure npubamkeHHble 3HaueHus1 GYHKIUH B 3a1aHHbIX TouKax (98-106):
y=s(x).
98. y:\3/x3+7x, x=1,012.

99, y=~/x"+x+3, x=197.

100. y = x’, x=1,021.
101. 5, — x*, x=0,998.
102. y =3/, x=1,03.

103. y=x°, x=2,01.
104%, y =1+ x+sinx, x=0,01.
105%. y =3/3x+cosx, x=0,01.

106%. y = 42x —sin(nx/2), x=1,02.
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29-32 JUOOEPEHIUAJIBHBIE MOJEJIN
‘ | J

B 10 kmacce mMbl U3y4anu MpoOLECChl U3MEHEHHsI MOMYJIALNN OaKTepHil
(Tembr 79-81). Jlasmee MbI TPOJOIIKUM 3TO U3YyUCHHE C IPYTUX TO3ULIUM.

3agaua 1. Ilyctp OakTepus B KOHIIE OIpPENEIEHHOTO MPOMEKYTKa
BpeMeHU (HECKOJIbKO YacOB MJIM MUHYT) JEIUTCS Ha JBe OakTepuu. B utore
nomyJisius (T.e. KOJM4eCTBO OaKTepHil B HEell) yBenuunBaeTcs BiBoe. B cBoro
ouepe/ib, uepes onpeeIEHHOE BpeMs JABE BbILICYKa3aHHbIE OAKTEPUH OTISITh
JENSITCSL Ha JIBe OaKTepuH KaKhash W TIOMYJSUs YBEIWYUBACTCS BIIBOE.
[Ipenmnonoxxum, 4To Ipu OIATONPUATHBIX YCIOBHUSAX (JOCTOUHBIE PECYPCHI,
IIPOCTPAHCTBO, TUTATENIbHBIE BEILIECTBA, BOJA, SHEPTHUS U T.J.) 3TOT IIPOLIECC
YBEJIMYEHUS MOMYIISILIUK MPOIOJIKACTCS.

Taxoke MpennoaokKIM, 4TO CKOPOCHb Y8enudeHus Konuvecmea 6akmepuil
8 NonyNAYUY TPOTIOPLUUOHATIBHO 3TOMY KOJIUYECTBY.

Kak u3mensercs koauuecTBo OaKTepHii B MOMYNIALUN B 3aBUCUMOCTH OT
BpEMEHHU 17

A O6Go3HaunM uepe3 b(f) KoTu4ecTBO OAKTEPUl B MOMYJIAIMH B MOMEHT
BPEMCHU /.

CornacHo CMBICITY MPOU3BOIHOM, CKOPOCTh HM3MEHEHHUS KOJIMYEeCTBa
OakTepuil B MOMYJSAIIUA B MOMEHT BpeMEHHU ¢ paBHa b'(7).

CornacHo HamuM MPEANOIIOKEHUSIM, B KaXIbli MOMEHT BPEMCHH f
BenM4MHA b'(f) mponopiimoHaibHa Benu4uHe b(f), To ecTh

b'(1)=kb(¥). (1)
3nech k — KO3 PUIHEHT TPONOPIMOHAIBHOCTH.

[Tyctb by= b(0) — konmuuecTBO OaKTEpU B HAYAJIbHBIII MOMEHT BpEMEHU
t=0.

OueBuaHO, uto QyHKIWMS Buaa b(1)=bye" ynoBIETBOPSET COOTHOMICHUIO
(D.

JeiictButenbHo, b'(1)=(b e*)'=kb e*"=kb(t).

Jomyctum, 4TO B HaYaJI€ MOMYJISIIus cocTosiia u3 10 MUIMOHOB OaKTepuit
(b,=10 muH.) 1 B KOHIIe TepBoro 4yaca ux crajigo b(1)=10e*=20 (mn).
Orcrona nonyunm e'=2. 3uaunrt, k=1n2.

Haiiném konmuectBo OakTepuii B MOIMYJISIIMA B MOMEHT BPEMEHU £

b(t)=10e'=10-2" (M1H).

DTOT pe3yabTaT COBMAAACT C aHATOTMYHBIM PE3yJIbTOM, TIOJTYUYCHHBIM B
10 kimacce. A

——



Hcmopuueckue ceedenusn. 1IpoBoas aHamOrnYHbIe paccyKAeHus B 18

BEKE aHNIMUCKUM y4€HbIN Tomac MasibTyC MOMYy4HII COOTHOLIEHHE
N'(O)y=kN(7) 2)
JUIs pOCTa YKMCIICHHOCTH HaceJeHusi 3eMiu, 37ech N(?7) — YUCICHHOCTh
HaceJeHUs 3eMJIM B MOMEHT BpeMeHHU £, N,=N(t,) — 4ucIeHHOCTh HACEJICHUS
B HaYaJIbHBII MOMEHT BPEMECHH f,,.
JevictBurenpao, N'(1)= N, (e """)'=kN e "-"=kN(t).
Uccnenys 3akoHoMepHOCTh N (7)=N,e*""), ONUCBHIBAIOIIYIO IKCHO-
HEHYUANbHbIY, TO €CTh HEKOHTPOJHMPYEMBI pOCT HaceneHus, Tomac

Manbryc npumién K mporHo3y, 4To Koraa-To Ha 3emiie OyleT OurymiaThes
HEXBaTKa PECypcoOB U MUIIHU (CM. pUCYHOK 30).

Pucynox 30.
3agaua 2. DKkojorus M3ydyaeT B3aMMOOTHOIICHHE YeJIOBEKa M BOOOILIE
’KMBBIX OPIaHU3MOB C OKpy»Karouiei cpeaoi. OCHOBHBIM OOBEKTOM IKOJIO-
TUU SBIISIETCS DBOIIOLMS NONyauuil. M3yduM BOIpOC O CKOPOCTHU HU3Me-
HEHHUs MOIYJISILUU OPraHU3MOB C Y4ETOM PAa3MHOKECHMS U BBIMUPAHUS B

CUJIy OIPEACIEHHBIX IPUYHH.

/A Ilyctb N(f) — ancio ocobell B MOMyJIsILMK B MOMEHT BpeMeHu £. Torna
ecnu A — unucio ocobOeid B OMYJISIITUH, POKIAIONINXCS B €IUHUIY BPEMEHH,
a B — 4ucno ocoOeil, yMUparonmx B eAMHHUIY BPEMEHHU, TO C JOCTATOYHBIM
OCHOBAaHHMEM MOXHO YTBEpXKJaTh, YTO CKOPOCTh H3MeHeHus N(f) co
BpeMeHeM 3a1aéTcsi hopMyIIoi

N'(t)=A-B 3)

HccnenoBarenu paccMaTpuBalOT CIEAYIONIUE CIydad 3aBUCUMOCTH A U
B ot N.

(53]



a) Ilpocretimmii cinyvait: A=aN(t), B=bN(t). 3necs a u b xor3pdu-
[IUEHTHI POXKIACHUS U CMEPTU 0COOEi B €MHUIY BPEMEHU COOTBETCTBEHHO.
Torga cootHomeHue (3) MOXKHO 3amucaTh B BUJIC

N'(1) =(a=b)N(1). 4)

[Tomarasi, 470 B MOMEHT BPEMEHHU f, YUCJIO OCOOCH B MOMYIISIIUN PABHO
N,=N(t,), 3amerum, uro QyHKIus N(t)=N,e'“ ") ynopnerBopsiet (4)
(mpoBepkTe).

B) Yacto BcTpeuaercs ciyuaii A=aN(f), B=bN?*(f). Torma mnoiaydum
COOTHOIIICHUE

N '(t)y=aN(t) — bN *(¢). (5)
Nyalb

N, +[a/b—N, e ™)

MoxHO npoBepuTh, uto dyHKImMs N (1) =

YAOBJIETBOPSIET ’TOMY COOTHOIICHHUIO. A

Cootnomienue (4) momyuni B 1845 romy 6enbruiickuit yueHslit-nemorpad
®epxronbCT. [ OTydYeHHs 3TOTO COOTHOMICHUSI OH MCIIONIE30Ba (PaKTop
00pbOBI MEX 1Yy 0COOSIMU BHYTPHU MOMYJSALUN. DTOT pe3yibraT 00jee TOUHO
OIMCBIBACT MPOIIECC M3MEHEHUS TOMYIISIIIANA, YeM aHATOTHYHBIA pe3yabTaT
(2), nomyuyeHHsblii ManabTyCcOM.

Bo3HukaeT ecTecTBEHHBII BOMPOC O TOM, KaK 3aBUCUT POCT MOMYJISIIUU
OT uKcen a u b.

Ha cnenyromem pucynke uzo0paxensl rpaduku GyHKInAN

N(;): Noalb - 7»HpI/I£>NOI/IHpI/I £<N0

N, +[a/b=N,]e ™ b b

v

Pucynox 31.

——



BuaHo, 4to mpu BO3pacTaHMM BPEMEHM YHUCIO OCOOEH B MOMYJISLUU
JOCTaTOYHO OBICTPO CTPEMHUTCS K YHCITY b JlaHHbI QakT XapakTepusyer

TaK Ha3bIBAEMOE sG/leHuUe HAcblujeHuss B TOmMynsiuu. VIMeHHO, HaumHas
C OMpEeAeIEHHOTO BPEMEHHM, M3MEHEHUE MOMYJNAIUA CTAHOBUTCS HE3Ha-
YUTEIILHBIM.

Coomnowenus euda y'(x)=F(x; y)ceasvleaowue apeymenm, QyHK-
Yuro u e€é npou3BoOHYI0, HA3bLIBAIOMCS OUphepeHyuanbHbIMU YPaGHeHUs-
Mu.

Brrmenpusenénnsie cootHomenus (1) — (5) cmyxar npumepamu nudde-
PEHLMANBHBIX YPaBHECHUH.

B kypce BbiciIel MaTeMaTHKU NpU ONpeNeIEHHbIX YCIOBUSIX Ha ypaB-
HeHue y'(x)=F(x, y) HOOKa3pIBaeTCs,, YTO CYIIECTBYET EIUHCTBEHHOE

petienue y(x), yaoBIETBOPSIOIIEEe HAYaTIbHOMY YCIOBHIO V(X ,)=YV,.

3anaua 3. [Ipenrnonokum, 4T0 TOPTOBBIMH YUPSKICHUSIME PEATU3YCTCSI
NPOIYKITUS, 11 YCKOPEHUS CObITa KOTOPOH OBUTH JTaHBI PEKIIAMHBIC 00b-
SIBJICHHSI TIO PAIo U TeneBueHuto. [Tocenyromas nHGopMaIus o mpoayk-
UM PACTIPOCTPAHSETCS CPEIH MOKYyTaTeIel MOCPEACTBOM OOIIEHUS APYT C
JPYTOM.

/A H3yuum, KaK U3MEHSETCS BEJIMIMHA X(7), XapaKTepHU3YIOIIasi YUCIIO
3HAIOIIUX O MPOAYKIIUU B MOMCHT BPEMCHH .

Torma 4nciio HE 3HAIOMIUX O MPOMYKIIUU TOTCHIIMATBTHBIX OKYTIATeIICH
paBHO N—x(1).

ComnacHo HaleMy MPEANOIOKCHHIO, IPUXOTUM K TrpdhepeHIInaTbHOMY

YPaBHEHHUIO:
x'(O)=kx()(N-x(2)),

3nech k>0 — kod(pPUIHEeHT MPONOPIIMOHATIBEHOCTH.

N
Penrenvie 1aHHOrO ypaBHEHUS umeeT Bua X(7) = 5 o o e po_L

NC
C — 1OCTOSIHHASA BEJIIMYWHA. €

—Nkt

OueBusIHO, YTO MpHU BO3pacTaHuU ¢ BenuuuHa Pe ™ ymeHblaercs

U, TOSTOMY BbIpaxkeHUe Xx(f)=
(pucyHnox 32). A

N
1-1—13—le" HCOTPAHUYCHHO CTPEMUTCA K N
e



Pucynox 32.

3axaua 4. [lycTe Teso Maccoi 7, TOCTOSSHHOM TEMJIOEMKOCTH ¢ UMEET B
HavyaJIbHBI MOMEHT BpeMeHHU TeMriepatypy 7. Temneparypa okpy»xkaroiero
BO3/lyXa MOCTOSIHHA U paBHa 7 (7> t). Cuuras, 4TO TEIUIOOTAaYa Tejia B
TEYEHHE MaJoro BPEMEHM IPOINOPLMOHAIbHA PAa3HOCTH TEMIEPATyp Tela
Y OKPY’KAIOILIEro BO3yXa, HAUAUTE 3aKOH, [0 KOTOPOMY OCTBIBAET JTAHHOE
TEJO.

/\ Bo Bpems ocThIBaHMA Temreparypa Tena najgaet ¢ 7, no t. Ilycts B
MOMEHT BPEMEHHU f TemIieparypa Teisa paBHa (7). Tak kak KoJIM4ecTBO TeIIa,
OTIaBa€MOr0 B TEYEHHE MAJIOIO BPEMEHHM, NPONOPLHMOHAIBHO Pa3HOCTH
TEeMIIeparyp Tejaa U OKPYKaIOILIEro BO31yXa, TO

Q'(t)=—k(T—)
371eCh k — KO3 PUIMEHT TPONOPIIHOHATBHOCTH.
C nmpyroit CTOpoHbI, U3 Kypca (U3UKH U3BECTHO, UTO KOJIMYECTBO TeIla,
OTJ]JaBa€MOT0 B Te€UEHHE MaJIoro BpeMeHu, paBHO Q=mc(T(¢)—r). Beruncium
MIPOU3BOIHYIO:

Q'(t)=mcT'(¢). (6)

CpaBHuBasg o0a mony4deHHbIX BblpakeHus ans Q'(f), momyuum nudde-
pennmanbHoe ypaBaenue mc T '(t)=—k(T—1). OyHKIMSA
k

T(t)=t+Ce "™

1

yAOBJIETBOpPsieT AuddepeHnanibHoMy ypaBHeHuo (6) (mposepbTe!), 31ech
C — npon3BONIbHAS TOCTOSTHHASL.

——



Havansnoe ycnoBue (7= T,npu ¢ = 0) C no3BossieT HaiiTu C:
C: TO - T.
[ToaTOMy 3aKOH, IO KOTOPOMY OCTBIBAET JJAHHOE TEJIO, MOYKHO 3aITUCaTh

TaK: _k
T(H)=1+(T,—1)e ™.
k

Omeem: T(t)= t+(T, — 1) em™ A

3anpaua 5. Jlenéumka, BeIHyTasd U3 neuu, 3a 20 MuHyT ocTthiBaeT co 100°
no 60°. Temneparypa OKpyXx)arlero Bo3ayxa paBHa 25°. 3a Kakoe BpeMsi
jenémka octeiHeT 10 30° ?
/\ Wcnonb3ysl pelieHre mpeablaymei 3aaaum, Mbl 3aluiieM 3aKoH, 110
KOTOPOMY OCTBIBAeT JIeNENIKa:
k

T(H)=1H(T,~ 1) e ™ =25+(100-25)e" =25+75¢",

31ech @ — HEU3BECTHBIN KOA(PDUIIMCHT.
Haiiném a, ucnonesys ycnosue 7(20)=60 npu =20:
T(20) =25+75¢* = 60,

1

756200 :35, (ea)zo :E:l’ ea = l 20 .
75 15 15

t
- \ag
3HAYUT, OCThIBAHUE JICIEUIKY MTPOXOJIUT 10 3aKoHy 1 =25+ 75(—5j

Haiiném Bpemsi, 3a kotopoe senémka ocTeHeT 10 30°:
t

30=25+ 75[lj2° (lj” _s_1
15 > 15 75 15
720 ot
Takkak In| — | =—(In(7)-1In(15
2 - -

-20In15 _-20-2,7081 _
In7-Inl5  —0,762

Jlenemika octeiHeT 10 30° 3a 1 yac 11 MmuHyT. A

HallgéM t*= 71.

3apaua 6. MotopHas 101Ka ABUKETCS B CTOSTYEN BOZIE CO CKOPOCThIO 20
KM/4ac. YUepes HEKOTOpOE BpeMsl IBUTATENh BBIIIEN U3 CTPOs. B pesynbrare
yepe3 40 cekyHJ CKOPOCTh JIONKH OKasalach paBHOW 8 km/gac. Cuuras,
YTO COINPOTHBIICHUE BOJIBI MPOIMOPIIMOHATBLHO CKOPOCTH JIOJIKH, HAHIWUTE

CKOPOCTD JIOAKH YCPC3 2 MHWUHYTBI ITOCJIC OCTAHOBKHW JIBUTATCJIA.



A
‘ 4, 44
VO Vl szr)
] o o
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Pucynox 33.

/\ Ha nmoaxy medcTByeT cuiia cConpoTuBiIeHus Boabl F'= — kv. CormacHo

3akoHy Herotona F=mv'(f). Otcroma mv'(t) = — kv.
k

JlaHHOMY YpaBHEHHIO YIOBIETBOPSAET QYHKIIUS ()= Ce_zt . YUuTHI-
Bast, uto npu t =0 v =20, Haiipgém C = 20.

-t
Otrcroma v(t)=20e ™, t=40, s YuuTteiBas T0, uTo yepes 40

ro1

m 90

1
90
CEKYHJI CKOPOCTh JIOJIKH OKa3aiach paBHOU 8 km/dac, monyuum 8 = 20e

. 90
58] 0% e; = (_ . TOFI[a uepes 2 MHHYTBI CKOPOCTD JIOAKH OKaXXCTCA paBHOﬁ
1
907 30 3
f=2am=— y=20|[2 —20( 2] =32 21,28 (o).
30 2 2) T2s

Omeem: CKOPOCTb JOJKH Ye€pe3 2 MUHYTHI [TOCIE€ OCTAHOBKHU JIBUTATENs
OyneT npubIu3uTeabLHO paBHOM 1,28 kM/uac. A

3amaua 7. Haiigute 3akoH, MO KOTOpOMYy u3MeHseTcsi macca m(f)
pPaJIMaKTUBHOTO BEIIECTBA B pe3yJibTaTe Mpollecca paJuakTUBHOTO pacmaa.
3neck m(f) u3mepsieTcst B TpaMmax, a f — B ToJiax.

/N TlpenmnonoxkuM, 4TO CKOPOCTh PaJAMAKTUBHOTO pacnaja Mporop-
uoHasibHa Macce. Torna monyunm quddepeHaibHOe ypaBHEHHE

m'(£)=—a m(t) (7

MoxxHO mpoBepuTh, 4T0 GyHKIUS m(f)=Ce ™ SIBASETCA pEIICHUEM JaHHOTO
ypaBHEHUS.

——



N3 wavanpHOro ycimoBusi m(Z,)=m, TOIYYdM 3aKOHOMEPHOCTh
_ -a (t-ty) _ —a (1—-1y)
m(t) = mye *". Omeem: m(t) =mye . A

Ixonomuueckue moodenu. Kak H3BECTHO, COPOC M NPEUIOKEHHE —
HYKOHOMUYECKHE KATErOPUM TOBAPHOTO IPOM3BOACTBA, BO3HHUKAIOIINE U
GyHKIMOHMpYIOIIME HA pBIHKE, B cdepe ToBapHOro obmeHna. Ilpm stom
CHpOC — MpeCTaBICHHAs Ha PhIHKE TOTPEOHOCTH B TOBapax, a MpeyiokeHne
— MPOAYKT, KOTOPHIH €CTh Ha PHIHKE MM MOXKET OBITh TIOCTABIICH HA TIETO.
OmHUM W3 SKOHOMHYECKHX 3aKOHOB TOBapHOTO MPOU3BOJICTBA SBIISETCS
3aKOH CIPOCa U MPeIOKEHUs, KOTOPBIH 3aK/II04aeTcs B €IMHCTBE CIIPOCca U
NPEIOKEHUS U UX OOBEKTHBHOM CTPEMJICHUHU K COOTBETCTBHIO.

PaccmoTpum crenyromyto 3agauy. [lycTe B TeueHue HEKOTOpOro (aoc-
TaTOYHO MPOJOKUTENILHOT0) BpeMeH! (hepMep NpoaaéT Ha PhIHKE PPYKTHI
(Hampumep, AOJIOKH), TPUYEM MPOAaET WX Mociie yOOpKH ypoxkas, ¢
HENIeTbHBIMU TTePEPhIBAMH.

Torma, nmpu wumeromuxcs y ¢depmepa 3amacax (QpPyKTOB HEIEIbHOE
npeUIoKeHHe OyleT 3aBUCETh KaK OT OKHMIAEMOM IICHBI B HACTYMAOIIEH
Henesne, TaKk W OT TPEATNONaraéMor0 M3MEHEHHs IEHBI B IOCIETYIOIINE
Henenu. Ecnu B HacTymaromiei Heiesne rnpeanojaraercs, YTo IeHa ymajerT, a
B TOCJICIYIOIINE HEJICNIN TIOBBICUTCS, TO MPEIOKEHUE OYIET CACPKUBATHCS
NIPY yCIIOBHH TIPEBBIIICHUS 0’KHMIaEMOTO TIOBBIICHHUS IIeH HaJ U3JIEPIKKaMHU
xpanenus. [Ipu sTom mpennoxkenue ToBapa B Ommkaiiiryro Henmento Oyner
TEM MCHBIIIUM, YeM OOJIBIITUM MPEATIOIaraeTcs B JaIbHEHIIIEM MTOBBIIIICHHUE
neHsl. I HaobopoT, ecnu B HAcCTymnarouel Heaese 1eHa Oy/ieT BBICOKOH, a
3aTeM OXXUAaeTcs e€ MajeHue, TO MPEATI0KEHUE YBETUUUTCS TeM OoJblle,
yeM OOJIBIIUM TIPEAIoIaracTCs MOHMKCHHE IIEHBI B TalIbHEHIIEM.

Ecnu 00603HaunTh uepe3 p 1eHy Ha QpyKThl B HACTYIAIOUICH Hemee,
a 4yepe3 p' — TaKk Ha3blBAEMYIO TEHACHIUIO (HOPMUPOBAHUS IICHBI
(MTPOU3BOAHYIO IIEHBI TI0 BPEMEHH ), TO KaK CIIPOC, TaK U MPEIIOKEHHUE OyIyT
GYHKIMAMU YKa3aHHBIX BenwdyuH. [Ipw 3TOM, Kak MOKa3bIBaeT MPAKTHKA,
B 3aBHCHMOCTH OT Pa3HbIX ()aKTOPOB CHPOC M MPEIJIOKEHHE MOTYT OBITh
pa3nuyHbIMU (YHKLUUSMU II€Hbl M TEHACHUUU (OPMHPOBAHUSA LEHBL. B
YACTHOCTH, OfHA M3 TakuX (DYHKIHMH 3a1aéTCs JTUHEWMHOW 3aBUCUMOCTBHIO,
MaTeMaTU4YeCKH OMUCHIBAEMOM COOTHOIIEHUEM y=ap'+bp+c, rtne
a, b, ¢ — HeKkoTopble [EHCTBUTENbHBIE 4YMCIa. A eciu, Harmpumep, B
paccMaTrpuBaeMoil 3aaue 0003HaYMM TIPEJIOKEHHE 3a ¢, a CIIPOC 3a S, TO
MOYXHO CUYUTATh, YTO BHIIIICYKAa3aHHBIE CBSA3M MOTYT, HAIIPUMEP, OTTUCHIBATHCS



ypaBHeHusiMu g=4p'-2p+39, s=44p’+2p—1. Jlnga Toro, 4roObl CIpoc
COOTBETCTBOBAJI TMPEUIOKEHUI0, HEOOXOAMMO BBIMOJIHEHUE pPaBEHCTBA
4p'-2p+39=44p'+2p—1 .

p—10

Otcrona nomyunm audQepeHmanbHoe ypaBHEHNUE p' = TR

O06o03HauuM nepBoHavaibHyo0 LeHy Kak p(0)=p,, Torna nomyunm, 4to
!

LieHa MeHAETCs 110 3aKoHy p=(p, —10)e 1© +10. A

Hneecmuynu. Ilpeanonoxxum, 4YTO €IMHMIIA TOoBapa Mpomaércs ¢

npubbLTBEI0 p. O603HaUMM depe3 O(7) GpyHKINIO, OTPAKAIOIIYIO0 H3MECHEHHE
KOJTMYECTBa ToBapa 3a Bpemsi ¢ . Torma 10Xo/, MoTy4YeHHBIH 3a BpeMs £/, paBeH
pO(f). lommycTuM, 4TO 4YacTh J0XOJa MHBECTHUPYETCS B MPOU3BOJCTBO, TO
eCTh
I(t) =mpQ(1) , 8)

3neck m — HOpMa UHBECTHUIUH, TOCTOSTHHAS, iprudeM 0<m<l.

Ecnu MBI mipeicTaBuM, 4TO PHIHOK JOCTAaTOYHO OOECIIEUEH TOBAapOM,
a caMm TOBap MOJIHOCTHIO MPOJAH, TO B pe3yJibTaTe TEMIIbl MPOU3BOICTBA
TTOBBIIIAIOTCHA.

Temribl TPOU3BOACTBA MPOMOPIIMOHAILHBI TOBHIIIIEHUIO HHBECTUIUH, TO

CCThb

Q'=1-1), )

3nechk [ — xoaddunuent nponopuroHanbHocTH. [logcTaBus (8) B (9),
nostyuuM auddepeHnmranbHoe ypaBHEHHE

0'=kQ, k=Imp. (10)
kit
I[ycts C — npousBoibHas nocTosHuast, Toraa ¢ynxmus suga O = Ce
yAOBJIeTBOpsieT AuddepenipanibHoMy ypaBHenuto (10).
[TpennonoxxuM, 4To B Ha4yaJdbHBIH MOMEHT /=f, OOBEM NPOU3BOICTBA
paBeH ,. Torna u3 3TOro ycioBusi MOXKHO HaWTH MOCTOSHHYIO C:

kt, —kt,
Q0 =(Ce", oTCroaa C:Qoe L

B pesynbrare noayunm, 4To 00bEM MPOM3BOICTBA U3MEHSETCS M0 3aKOHY

Q — Q ek(l‘*l‘o)
0 .

@ Bonpocs! u 3aganust

1. [IpuBeanTe MaTeMaTHUECKYIO MOJIENb MpoLecca IeIeHUs OaKTepuid
Ha JIBE.
2. O6bsicuuTe BBHIBO/IBI ToMaca MamnbsTyca 0 pocTe HaceIeHusI.

(70]



107.

108.

3. [losicHuTe moBeicHUE JIOTUCTUYECKON KpuBOi Masnbryca.
4. IlpuBenute MaTeMaTUUYECKYO MOJEND IIPOLECCAa PACTIPOCTPAHEHUS
pekiiaMHOM uHpOpMaIIHH.

3aganusa

Hcnons3ys pesynsrar 4-ro npumepa pewmute 3aaa4u (107-108):
Meramnnueckas 3aroToBka, umeronias temmneparypy 25°C, nomenieHa
B Ileuyb. lemmeparypa B Me€4d PaBHOMEPHO moBbimaercsa ¢ 25°C
co ckopoctbto 20°C B munyty. Korma pa3zHocTe Temmeparyp mneyu
U Mertayia craja paBHa 71°C, MeTajulMyecKas 3aroToBKa cTaja
Harpesatbcs co ckopoctbio 10-7°C B munyTy. Haiinure Temneparypy
3aroToBku yepe3 30 MHHYT.

B nauase teno umeno temneparypy 5°C. 3a N MUHYT TE€JI0 Harpeyioch
1o 10°C. Temneparypa okpysxatomieit cpennsl paBHa 25°C. Korna Temno
Harpeetcs 10 20 °C?

Hcnone3ys pesynabsrar 7-0M 3aa4d peLInTe 3a1a4dy:

109. 9KCHepI/IMeHTaHLHO YCTAHOBJICHO, YTO B TCUCHHC 1 roga U3 Kaxaoro

110.

111.

rpamma paaus pacnanaercs 0,44 mr.

a) Uepes kakoe BpeMs pacnaaetcs 20 mpoLeHTOB UMEIOIIETOCs paausi?
0) CkoibKo MPOLEHTOB paaus octaHercs uepes 400 net?

Wcnonb3ys paccyxaenus 6-ro npumepa pemnre 3agadn (110-111):

B pesynbrare conpoTUBIEHHMS BOIBI JIOIKA CTajlla 3aMeIsuTh
nBuxkeHre. CoOnpoTUBIEHHE BOJbI IMPOMOPIHOHAIBHO CKOPOCTH
noaxku. HauanbHast ckopocTh J1oakH paBHa 1,5 M/c, a yepes 4 cekyHa
CKOpOCTh cTaja paBHOM 1 M/c. Uepes kakoe BpeMsi CKOPOCTh JIOAKHU
ynanér BaBoe?

bannon BmectumocThio 10 7 HamomHeH aTMOC(hEpPHBIM BO3AYXOM
(80% a3zota, 20% kucnopoaa). B EMkoCTh Mo JaBiIeHUEM MOAAETCS
a30T co CKOpocThio | TuTp B cekyHy. [lomaBaemblii a30T, HEMIPEPHIBHO
CMENIMBAsICh CO CMEChI0 B OallJIOHE, BBIXOJUT M3 HEro C TOW Ke
ckopocThio. Uepe3 kakoe BpeMs B OamioHe oOpaszyeTrcsi cMech C

95% a3ota?



Vkazanue: O603HauuB yepe3 y(f) — MPOIEHTHOE COIEPKAHUE a30Ta B
MOMEHT BPEMEHHU £, MPEANOI0KUTE, YTO QYHKIUS )(f) YIOBIETBOPSIET
cootHomieHuto y' - V=a(l-y) (mouemy?). 3nmech V' — BMeCTUMOCThH Oai-
JIOHA, a- CKOPOCTH TIOJ]auy a30Ta.

@ Tumnonoe KOHTPOJILHOC 3a/ITaHUE

1. [Inanupyercss U3roTOBUTh METAJUIMYECKYI0 EMKOCTh B (popme mpsiMo-
YTOJIBHOTO NapaJijiesIeNuIea ¢ KBaJpaTHbIM OCHOBAaHUEM, OTKPBITHIM
BEpXOM U BMecTUMOCThIO 270 1. Haiinure ero usmepeHus: mpu yclo-
BUM, 4YTO 3aTparbl MeTajyla Ha €ro W3rOTOBJIEHUE JOJKHBI OBITh
MUHHUMAJIbHBIMH.

4
t
2. MaTepuanbHas TOYKa ABMXKETCS 110 3aKOHY s(7)= —?+7213.

Haiinure:

1) MOMEHT BpeMeHH £, IP1 KOTOPOM YCKOPEHNE MaKCUMAaJIbHO;
2) MTHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHH f;

3) myTb, IPOWAECHHBIN 3a BpeM f,.

3. Haitnute npubmmkénnoe 3uauenue 1n0,92.
4. Haitnute npubmmxénnoe 3nadenue sin (—1, 2).

5. JIHeBHOI 10X0I MPEANPUHUMATEIS ONPEAETSeTCs POPMYIIOi:
P(x)=-3x>+ 42x — 6 (TBIC.CyM), 3[1€Ch X — KOJTUYECTBO M3/ICIIHIA.

Onpenenure:

1) Kakoe KOIM4ecTBO M3ICIHN JOKHO OBITH M3TOTOBJCHO IS JOCTH-
JKEHHUS HanOOJIBIIIEro 1oxXxoaa?

2) YUemy paBeH 3TOT HAaUOOJBIIHHA T0X0A?
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112. MarepuasibHas TOUKa JBUKETCS 10 MPSMOM COITIACHO 3aKOHY JIBHKEHUS
s=s(f). Ilyctb ¢t u3mepsieTcss B CeKyHIaxX, a § — B MeTpax. Haiinure
HauOOJIBIIYIO0 U HAMMEHBIIYIO CKOPOCTh TOUKHU:

1)s=138; |2)s=17t-5; | 3) s=2+5t+18; | 4) s=r+2£2+51+8;
5) s=23+5+61+3; 6) s=13£+2¢% | 7) s=£+1>+3.

113. BemuiuTe ypaBHeHUE KacaTeabHOM B Touke ¢ adciuccoi: 1) x,=—1;
2) x,=2,2; 3) x,=0 k rpaduky QpyHKIIH:

1) f(x)=12x>+5x+1; | 2) f(x)=13x+4; | 3) f(x)=60; | 4) f(x)=x>+4x.

114. BeimmummuTte ypaBHEHHE KacaTelbHOW K rpaduky (QyHKIHH, Mapa-
JIEJIBHOM NpSIMON y=—7x+2:

1) f(x)=5x3-2x*+16; | 2) f(x)=—4x>+5x+3; | 3) f(x)=—8x+5.

115. B xakux Toukax KacarejabHble K rpadukam QyHkuuid f(x) u g(x) OyayT

napasuieIbHBIMU:
1) f(x)=2x-3x+4, g(x)=12x-8;
2) f(x) = 18x+19, g(x)=—15x+18;
3) f(x)=2x+13, g(x)=4x-19;
4) fx) =2x, glx)=4x*;
5) f(x) = 2x*+3x7%, g(x)=15x-17,
0) f(x) = 2x*%, 2(x)=4x?

116. 1) Ilycts y:l. CocraBbTe ypaBHEHHE KacaTellbHOM K rpaduky
X

. . 1
(GyHKLINU, TPOXOASIIEH Yepe3 TOUKY ¢ aOCIHCcCoi X=-c. 2) Touku ¢
abcuuccamMu x=1 u x=3 Ha mapabojie y = x° COCIUHCHBI OTPE3KOM.

Uepes Kakyro TOYKY NMPOXOAMUT KacaTeslbHas K nmapabolie, mapajuiesbHas
JTAHHOMY OTpE3KY?
3) MarepuanbpHas TOYKa JBMIKETCS 10 NPSIMOM COINIACHO 3aKOHY

2 .t
IBWXEHUS s(t) = 5 . smT +3. IlycTh ¢ u3mepsieTcst B CEKyHIax, a s — B
MeTpax. HaliguTe HanGobIIy0 1 HAUMEHBIITYH CKOPOCTh TOUKH.

117. HalinuTe 3HaYyeHue MPOU3BOAHON B 3aJaHHON TOUYKE:



1) £ (x)=x-15, x, :—%-

3) £ =2, 5, =2

5) f(x)=x" -4, x,=5;

D fe) =5 =2

9) f(x)=-cos2x, X, =—%.

2) f(x)=3cosx, x,=-7;
4) f(x)=-sinx, xoz—%;
6) f(x)=sinx, x0=%;

8) f(x)=cos5x, x, :%;

118. HailiguTe cKOpOCTh U YCKOPEHHUE B 3aJJaHHBI MOMEHT BPEMEHU:

1) s(t)=52=1+50 1, =2;

3)s(t)y=2t+1t, t,=5;

2)s(t) = +122 +1, 1, =1;

4) 5(¢) =8sint, t, =%.

119. HaiinuTe 3HaueHre MPOU3BOAHON B 3aJaHHON TOUYKE:

1) f(x):x2—15, xozé;
) =2 x=2;
X

5) f(x)=x"—-4, X, =-5;

1
3

X

7) f(x)=

) )COZZ;

9) f(x)=-cos2x, x, =%;

2) f(x)=3cosx, x,=7;
4) f(x)=—sinx, xozgg
6) f(x)=sinx, x0=—%;
8) f(x)=cos5x, xoz—%;

T

10) f(x)=sin2x, x,= 7

120. HalinnuTe CKOPOCTh M YCKOPEHHUE B 3aJaHHBI MOMEHT BPEMEHU:

1) s(£)=3£-2t+10, 1,=2;

3) s(£)=5t2F, t=5;

2) s(ty=r—6r+1, t~1,

4) s(r)=8cost, t, = %

Haiinute npousognyro dhynkmmu (121-122):
121. 1) f(x)=—x>+x+30; | 2) f(x)=sinx—cosx; |3) f(x)zf—l;
X
4) f(x)=4"—sinx; | 5) f(x)=8cosx; | 6) f(x)=Inx—10x>+x—-1.



x—1

1220 y=x | 2 y=""L 13)3=x-22. | 4 y=Pnx;
x+2 X
5) y=x’sinx; | 6) y=e*sinx; | 7) y:);—tl; 8) y=2(10x-1)sinx.
X

123. BBIUKMCIUTE 3HAYEHUS [ '(—g),f '(%) .

1) f(x)=e"cosx; | 2) f(x)=3x+1; | 3) f(x)=2x" +x+3;
4) f(x)=sinx+x’; | 5) f(x)=sinx+cosx; | 6) f(x)=sinx;
7) f(x)=cosx+x"; | 8) f(x)=sin3x+cos3x.

124. MarepuanbHas TOUKa IBHXKETCS O MPSMON COITIACHO 3aKOHY JIB)KECHUS
3
t
x(t)=——+ 61 +15. IIycTe ¢ u3mepseTcs B CEKyHAaxX, a § — B METpax.

Hannure:
1) MOMEHT BpeMeHHU £, TPU KOTOPOM yCKOpeHHe paBHO 0;

2) MTHOBEHHYIO CKOPOCTh B MOMEHT BPEMEHH f,,.
125%, [Tox kaknM yrioM rpaduk GyHKIEE £ (x) = x> —13x +2 Tmepecekaercs

C OCBIO x?

2) f(x)=(x+10)°.
2) y(x):coszx;

126. Haiigute 3nauenue '(0): 1) f(x)=x° —4x’ +4;

127. Haiinure 3Hauenme y'(x): 1) y(x)=sin’x;
3)y(x)=tg’x
128. HaiimuTe mpoMeXyTKH BO3pacTaHUsI U yOBIBAHUS:

D f(x)=3+7x; | 2) f(x)=x+17x; | 3) f(x):%x+18;
9 7()="20 15 pm=Paseia; 1) r()=a +8);
7) f(x)=—x>—4x+6; 8) f(x):_iz;

9) f(x)=x>-12x% ~17x-23; 10) f(x)=§x4+18x3—6;
11) f(x)=x>—-5x2 +19x+22; 12) f(x)=x*+7x2.

129. Hailinute craiinoHapHbIE TOYKHU:

1) f(x)=3x>=7x+9;| 2) f(x):19x—%x3; | 3) flx)=5x3%
4) f(x)=8x; |5) f(x)=7x-14; | 6) f(x)=27-x%
7) f(x)=12x+13x% -16; | 8) f(x)=x*—6x2+9.



130.

131.

132.

133.

134.

135.

Haiinute nokaibHbIC MAKCUMYMbI U MUHUMYMbBI (DY HKITUU:
Fl)=x* -1t —14+13x% —12%° -
1) 47 2) f(x)=14+13x"-12x";

3) fx)=x*=3x> +x> +9> 4) flx)=2x*-x"+7.

Haiinure npomMexyTKi Bo3pacTaHus U yObIBaHUSA, a TAKXKE JIOKAIb-
Hbl€ MAKCHUMYMbl 1 MUHUMYMBbI (DYHKIIMU:

1) f(x)=x—64x; 2) f(x)=2x°-24; 3) f(x)=4x*-108x.
Haiinure HanbosbIliee 1 HAUMEHbBIIIEE 3HAYCHUE (PYHKIIUU:
D) flx)=x*-3x"+2,xe[41]; | 2) f(x)=x"+6x>+1,xe[-1;2];

3) f(¥)=—"— xe[1;5]; | 4) f(x)=x +6x> +5x+8, xe[-3:4].

x+4

[Toctpoiite rpaduk pyHKINU:
1) y=x’-2x"+3x-2; | 2)y=§x5+§x3; |3)y=x4+4x3 .

Haiinure HanOOIbIIYIO TJI0MIAb 3€MEIBHOTO y4acTKa MPSMOYTOJIb-
HOW (POPMBI, KOTOPBIH MOXHO OTOpoauTh 3abopom mimHOM 1000
METPOB.

W3 xaprona ¢opmbl KBajgpara cO CTOpOHOH 16 AM HeoOXoauMo
U3TOTOBUTH KOpOOKYy 0e3 Bepxa. [[ist 3Toro orpesaroT OAMHAKOBHIE
KBaJIpaTHbIE YTOJIKK. B KakoM cirydyae Mbl MOXKEM HOJYyYUTh KOPOOKY
HauOOJIbIlIe BMECTUMOCTH?

136*. KonceppHass 0OaHka WIMHAPUYCCKOW (OPMBI HMEET TOJHYIO

noBepxHOCTh Twiomaan 512 cm? Ilpu kakux pamuyce OCHOBaHHS H
BBICOTE JOCTUraeTCsl HANOOJIbIIAsi BMECTUMOCTh?

137. Haiigute u3MepeHusi 3eMEIbHOTO ydacTKa MPsIMOYTOJbHON (hopmbl

wiomaad 3600 M2, KOTOPBIH MOXHO OTOPOJUTH 3a00pOM ¢
MHUHUMAJILHON JUTMHOM.

138*. Oxono mapa paguyca 8 M OmHcaH KOHYC HaWMEHbIIEro o0béMa.

Haiinure BpIcOTY 3TOTO KOHYyCA.

139*.Ilmanupyercs W3TOTOBUTh METAUIMYECKYyI0 EMKOCTH B (popme

MPSIMOYTOJILHOTO TapajuielieluIe/la ¢ KBaJpaTHbIM OCHOBAHUEM U
BMecTUMOCThIO 32 . Haiiaute ero m3aMepeHus mpHU yCIOBUU, YTO

3aTparbl MCTAJJIa HA €T'0 U3TOTOBJICHUC TOJI’KHBI OBITH MUHUMAJILHBIMU.

(6]



140. MarepuasnbHas TOUKa ABUKETCS MO IPSIMOI COMIIACHO 3aKOHY
4

t
ABUKEHUS s (1) = 7t 107° . TIycTh ¢ m3MepsieTcsl B CEKyH/aX, a s — B
MeTpax.
Haiinnre:

1) MOMEHT BpeMEHHU £, TPU KOTOPOM yCKOPEHHE MAKCHUMAJIBHO;
2) CKOPOCTh B MOMEHT BPEMEHH 7;
3) nyTb, IPOWICHHBIN 3a BpeM4 f,.
141. B Teuenue Bpemenu t€[0;10] MUHYT B BO3QyLIHBIM MIap MOAAETCS
BO31yX 00béMa V(t) = t*+3¢*+2¢+4 m’. Halinure:
1) 06bEM BO3yXa, MOJaBaeMblii B HAYAJIE;
2) 00bEM BO3/yXa, MOJaBaeMblii B MOMEHT BpeMeHH /= 10 muH;
3) CKOpOCTh MOAAYH BO3/lyXa B MOMEHT BPEMEHHU /= 5 MUH.
142. Axpom mony4usi 3aKa3 Ha MOIIMB MYXKCKuX Oprok. [lycTh OH HIBET B
TEUCHHUE MecsIa X OPIOK, MoTydasi Ipu 3ToM J0X0xa p(x)=—2x?+240x

ThIC. cyM. Haiinure:
1) Cxonbko OpIOK OJKHO OBITH CHIUTO, YTOOBI TIOTYYUTh HAUOOIBITUI

noxon”?
2) Uemy paBeH 3TOT HaUOOJBIITHI 10X0?
143. Haiiqute npon3BoaHy0 QyHKIINU:

) y=e; | 2) y=¢e%: [3) y=sin(x+2); [4) y=(x+1);
5) y= x2—2 ;| 6) y:ln—x; | 7)y = arctg2x; |8) y=x?-cosx.
x”+1 X

er

144. TIlycts 3amanbl Qynxiuu  f(x) u g(x)=4x+2. CocraBsTe

CIIOXKHYI0 (DYHKITHIO:

1) F(x)=1(glx)); 2) Flx)=f(x)";
3) Flx)=g(f(x)); 4) F(x)=1/g(g(x)).

145. HaiiguTe Mpon3BOAHYIO CIOKHOU (DYHKIMU:

1) y:(x2+1)5; 2) y = Incosx;

3) y=+5x-7; 4) y=\Jte(2x-3);

5) y=arctg(3x—4); 6*) y=sin(arctg2x);
7) y =sin> x +cos >x; 8%) y=esm(cosx>,



146. Haiinute npoMexyTKu BO3pacTaHMs U YObIBAaHUS:

\x

1) y=2+x—x"; 2) y= >0);
) y=2+x-x T
3) y=3x—x; 4) y=2x-sinx;

2x x
5) o2 6) =2,
) v 1+ x? )y 2%
7 y=(x-1); 8) y=(x-1)".

147. HaiiguTe cTalluoHapHbIE TOYKH, a TAKKE JIOKAJIbHbIE MAKCUMYMBbI
1 MUHUMYMBbI (DYHKITAH:

. 2x
1+ x?

3) yoxto; 4) y=+2x-x>.
X

1) y=x’-6x>+9x-4; 2) y

9

148. Haiinute Hanbobiiee 1 HauMEHbIIIee 3HaUeHHE (QYHKIIUU B 33JJaHHOM
OTpPE3KE:

D flx)=2", [-1;5]; 2) flx)=x*-4x+6,[-3;10];

3) f(x)=x+2,[0,01;100],  4) f(x)=+5—4x, [-11];

X

5) f(x)=cosx, [-%;n} 6) f(x)=|x"—3x+2|, [-10; 10];
7) f(x)=sinx, [%4 8) f(x)=|x?+3x+2], [-15; 10].
149. Nccnenyiite GpyHKINIO U TOCTpOMTE TpaduK:
1) y=3x-x’; 2) y=l+x2—§; 3) y=(x+1)x-2);

4) y:x+l; 5) y=416-x"; 6) y=+x"-9;
X

1 1
2 . _ o4~ 2
7) y=x —5|x|+6, 8) yEgr oo

(78]



IJTABA II. UHTET'PAJI U EI'O IPUMEHEHUA

3o MOHSATHSI IEPBOOBPA3HOI U
W o o HEONPEJEJEHHOI'O UHTEIPAJIA

A BBI 3HaeTe, YTO €CJIM TOYKA JIBUTAsICh MO MPSIMOM, 3a BpeMs ¢ Mociie
Hauaja JBIKEHUS MPOXOIAUT MyTh §(f), TO €€ MrHOBEHHAs] CKOPOCTh paBHA
npou3BoaHON pyHKINY s (7): v(¢)=s'(¢). Ha mpakTuke BcTpeyaeTcs oOparHas
3a/1a4a. HaWTU MPOUJIEHHBIN Ty Th (%), €CJIH 3aJ1aHa CKOPOCTh JIBMXKCHUS V(7).

DTy 3amady MOXHO mnepe@opMyaupoBaTh Tak: HAaWTH (yHKIHIO S(f),
ecyu 3a/1aHa e¢ nmpousBoaHas V(7).

Ecmu s'(#)=v(t), To pyHkus s(f) Ha3pIBACTCS nep8ooOpas3Hol QyHK-
yueti pyakun v(7). B o0mem cirydae MOKHO BBECTH TaKO€ OIpeIeTICHUE:

Oyukius F(x) Ha3wpiBaeTcst nepgoobpaznou g GyHkuuu f (x) Ha

3aJJaHHOM MIPOMEXYTKE (a; b), ecau A BCeX X U3 MpoMexyTKa (a; b)

BbITONTHEHO F'(x)=f(xX).

IIpumep 1. Ilycte a — 3aganHoe uucno, a v(¢)=at. Torna QyHKIUS

s(f) = Lar sensercs mepsooGpasmoil mis GyHKimu w(f), Tak Kak
2
s’ () = (%atz)'= at = v(1).

[Tpumep 2. Iycts f(x)=x?, xe(— oo; ©). Torna ¢pyHkus F(x)= lx3
ABJIIETCA MIEPBOOOPA3HON JU1st PyHKIMHU f(X) Ha (— 00; 00), TAK KaK

F'(x)z(%)f)'z%&x2 =x" = f(x).

IIpumep 3. ITycte f(x)=

2

, IpA x # Z v kr, keZ Torma byHKIMS
cos” x 2

1

COS2 X

F(x)=tgx sBnsercs nepBooOpazHoi it GyHKINHU f{x), Tak Kak (tgx)'=
[Mpumep 4. Ilycts f(x)= 1 , x>0, Torga ¢ynkums F(x)=Inx sBrusercs
X

nepBooOpazHoOM s QyHKITMH ! , Tak Kak F '(x)=(Inx)" = 1,
X

X



4 4
X

3anaua 1. lokaxwure, yro pyHkimn [ (x) = XT, F,(x)= T+17,

4
F,(x)= %— 25 SIBJISIOTCS MEPBOOOpa3HBIMU st GyHKIUHU f{x)=x>.

A I/ICHOJ'II)SYH Ta6n1/1uy IMPpOU3BOJAHBIX, Mbl MOXCM HAIIUCATb:

1) Fi(x) = (—) 47—36 =f();

3 3

2) Fy (x) = (%+17)'= (%)'+(17)' =4-%+0+x3 — = £(x);

3) F5'(x) = (%4—25)2 (%4)'—(25)' = 4-%3— 0=2x’ =f(x).4
N3 »TOoM 3amauM MOXKHO CcAelaTh BbIBOM: F (x)=x7+ C (rne C —
NIOCTOSIHHASL SIBJISIETCS TEpBOOOpaszHoi GyHKImer o GyHkuun fx)= x° .
o x4 X4 x3
JleticTBuTEnbHO, F'(X)= (T+ C) = (T)' +C'=4 Y 0=x"=f(x).A
s 3amanHON QyHKIEHM f(x) €€ mepBooOpa3Has OJHO3HAYHO HE

OTIPEICIISCTCS.

Nmenno, mobas nepBooOpasHas misg (QyHKIMU f(X) Ha HEKOTOPOM
MPOMEXKYTKE MOXET ObITh 3amucaHa B Buiae F(x)+C, rne F(x)- ogHa
U3 NepBooOpa3HbIX Anig GYHKIUH f(x) Ha 3ToM mpomexyTtke, (C —
MPOU3BOJIbHAS TTOCTOSTHHAS ).

CoBokynHOCTh Bcex GyHKIMI Buma F(x)+C Ha3bIBaeTCs Heonpe-

Oenénuvim unmezpanom GyHKUUH f(x) 1 0003HAUAETCS TaK: _[ f(x)dx .
Taxum o6pasom, [ f(x)dx = F(x)+C.

B stom o6o3HaueHun | — 3HaK MHTErpana, f(x) — MmoabIHTErpabHAs
GbyHKIMSI, a BIpaxeHue f (X)dx — MOIbIHTErPaIbHOE BhIPAXKEHHUE.

X

IIpumep 5. J.axa'x= a

I + (C, TaK KakKk COIJIaCHO Ta6J'II/II_Ie IMIPOU3BOJHBIX,
na

X

a
(lna

FOY =(@) ——tC =" na——t0=a".
Ina Ina

——



k+1

IMpumep 6. jxkdx: X C k-,
k+1
k+1
Tak Kak (= +C)’:L-(xk“)’+C’:ﬂ-xk+0:x". [Iycte  k=—1
k+1 k+1 k+1

CornacHo npumepy 4. x>0, J ax_ Inx+C.
X

I'paduk pynkiuu y=F(x)+C MOXKHO MOTYYUTh U3 rpaduka GyHKIUN
y=F(x) ¢ NIOMOLIbIO NapalIeIbHOIO IEpeHoca B1oib ocu Oy (pUCyHOK 1).
3a cuer BbIOOpa mocTtosiHHOM C MOXHO JOOUTHCS, 4YTOOBI Tpadux
NepBOOOPA3HOM MPOXOAUI Yepe3 3aaHHYIO TOUKY.

Pucynox 1.
3anaua 2. Haiigure mepBooOpasHyto mist GyHKuu f(x)=x’, rpadux
KOTOPOM MpoxoauT yepe3 Touky A(3, 10).

X3

A\ Jlrobas mepBooOpa3Hast GyHKIUU f(x)=x’ UMeeT BUI F(x)= ?-f- C,

3
TaK Kak F’(x):(x?+C)’=%-3x2 +C'=x"+0=x".

[Tonbepém mnoctossHuyto C  Takyro, 4ToObl Tpaduk QyHKIUH

3
F(x):%+c npoxomamn yepe3 Touky (3; 10): Jlns storo Heobxommmo,

——



33
yTo0bl mpu x=3 BeIMoONHsIOCh F (3)=10. Orcroma 10=?+C, C=1.

x3
CrnenoBarenibHO, HCKOMas TIepBOOOpa3Hasi UMeeT BUI F(x) = ?+1 .
3

Omeem: x? +1. A

3anaua 3. Haiinure nepBoo6pasHyo uis QyHKIUHN f(x)=vx , rpaduk
KOTOPOM MPOXOIUT depe3 Touky A(5; 15).

3
A\ Jlobas nepBooOpa3Hast GyHKIUH [ (x)=3/x umeer Bun F (X)=Z-
4

x3 +C, Tak KaK

4

F'(x)= (%-;ﬁ +c] (x3) +C' =

1

x3 C'—x3+0 \/_

wl-b

3.
4

[TonGepém mnoctostHHyto C Takyro, 4TOObl Tpaduk QyHKIHUH
4
F(x)=%x3 +C mpoxomun uepe3 Touky (5; 15). [nst sToro Heobxonumo,

4
= 3
9TOOBI BRIMONHSIOCH F(8)=15. 3nauut, x° = xx 15=2-8-38+C, orcrona

3 %/*
C=3. CrneoBaren»Ho, KICKOMas epBooOpasHas umeet Bug F'(x) = RAGE 3.

3
Omeem: in/;+3. A

d
3anaua 4%, JlokaxxuTe, 4TO J'—x =In[x|+C.
X

1 1
A Tlpux>0 jﬁz Inx+C, Tak kak (Inx+C)'=—+0= . :
X X
-1 1
() o1,

IIpu x <0 jﬂ =In(-x)+C, Tak KaK (In(—x)+C)'= (=) +0—; :
S _

@ Bonpocel 1 3aganus

1. Uto Ha3wIBaeTcs nepBoobpazHoit? [IpuBeauTe mpumMepsl.
2. OHO3HAYHO JIM HaXOIUTCS TepBOOOpa3Has JJid 3aJaHHON (QyHKIIUH

f(x)? ITouemy?
3. Kak MoxHO 10OUTKCS, uT0OBI rpaduk mepBoodpazHoit hyHKIUH F(x)
MPOXOJNI uepes 3a/1aHHyto QyHKIuo? OObSICHUTE HA TPUMEpE.

——



YnpaxHeHus

. Jokaxwute, uro QyHkius F(x) sBiasercs nepBooOpa3Hoi A QYHKINA
f(x) Ha Bceil uncnoBOi NpsiMOil R = (—0,0)

1) F(x)=x?-sin2x+2018, f(x)=2x-2cos2x;
2) F(x):—cosg—x3+28, f(x):%Sing—%z;
3) F(x)=2x*tcos*x+3x, f(x)=8x*-sin2x+3;
4) F(x)=3x>+sin’x—7x, f(x)=15x**sin2x—7.

Hcnonb3yss Tabnuily TPOW3BOAHBIX, HAWIUTE TMEPBOOOPA3HBIC IS
caenyromux GyHKIui (2—6):

21) foe Ve [ D@65 | D= [4) fe-a

5) f(x)=sinx; | 6) f(x)=cosx; | 7) f(x)=sin2x; | 8) f(x)=cos2x.
D f@=4s | D= | 3 fm=es | 4) f()=a5
5)f@)=a>; | 6)f)=e™; | ) f(x)=10% | 8)f(x)=e>",

) 0= 2) f) = 3 f0=5
470 =— 5) f)=—— 6) f()=——

1) f(x)=sin3x; 2) f(x)=sin(2x+5); 3) f(x)=sin(4x+7);
4) f (x)=cos5x; 5)/()=cos(3¥-2);  6) /(x)=cos(2x+7)

)@= | D@ =5 |30 =Gra2 [ 4)700= D"

. Jlns 3amaHHON (YHKIIMM HaWaWTE MEpBOOOpa3HyI0, TpaduK KOTOPOI
MPOXOAUT Yepe3 YKa3aHHYIO TOUKY:

1) £ (x)=2x+3,  A(1:5); 2) £ (x)=—x>+2x+5, A(0; 2);

3) f(x)=sinx, A(0; 3); 4) fix)=cosx, A(%;S).



Jns 3amanHoil GyHKIMH HalianTe IEpBOOOpa3Hyo, rpaduK KOTOPOil HMeeT
C TIPSIMOM ) €IMHCTBEHHYIO 00111yI0 TOUKY (8-9):

8. 1)f(x)=4x+8, y=3; 2) f(x)=3—x, y=17,
3) f(x)=4,5x+9, y=6,8; 4) f(x)=2x-6, y=1.

9%, f(x)=ax+b, y=k.
Vkazanue: 3 yClnoBus 3a71a4M U KBaJIpaTHOTO YPaBHCHHUSI
g ax’ 2ak + b b’

F(x):ﬂ+bx+c, —+bx+C =k naigure C. C = =k+— .
2 2 2a 2a

10*. Jlmst 3amanHOoi QyHKIMHM fx) Haiaute mepBooOpasHyro, rpadux
KOTOPOH MPOXOIUT Yepe3 YKa3aHHYIO TOUKY:

D f@=2, A(1;10) u B (4-2);
2) fi)="2, AC-134) u B (3;4);
3) f'(x)=6x, A(1;6) m B(3;30);
4) f'(x)=20x% A(1;9) m B(-1;7).

Vkazanue: U3 3amannoit f'(x) Haiiném f(x)+C,. Hanee ansa GyHKIUU

f(x)+C, Haiiném nepBoodpazHyro F(x)= I f(x)dx+Cx+C, . IloncraBuss
KOOPJIMHATBI YKa3aHHBIX TOYEK B IOCJICHEE PaBEHCTBO, TOIYUYUTE

cuctemy ypaBHeHui otHocuTenbHo C, u C,.
11*. s 3apanHod ¢yHKUMHM f (x) HalauTe nepBooOpasHylo, rpadux
KOTOpO mepecekaer rpaduk MpPOU3BOAHON f (X) B TOUKE C 3aJaHHOU

a0CIHCCOM:

1) f(x)=(3x—2)%, X =1 2)f(x)z(4x+5)i, x,=—1;
3)f(x)=(7x—5)%,xo =1 4)f(x)=(/cx+b)%, ) :%

12. Jlns 3aganHoi (yHkumu f(x) HaiiauTe mnepBooOpasHyo, rpadux
KOTOPOU MIPOXOANT Yepe3 yKa3aHHYIO TOUKY:

——



Df@=—00 AGTE D) S =—, AQ: 1)
3) f(x)=cosx, A(%;S); 4) f(x) =sin x, A(x;10).

13. Jloxaxure, uro (yHKIus F(x) sBISETCS MEPBOOOPA3HON st
3a1aHHOM (QYHKIMH f(X) HA BCEUM YMCIIOBOM OCHU:

1) F(x)=k-e*, f(x)=e*, k=0,
2) F(x)=C+sinkx,  f(x)=k-coskx, C—mpousBoyibHas MOCTOSHAS;
3) F(x)=C+coskx, fx)=—k-sinkx, C — npou3BoJIbHAS MOCTOSHAS,

4) F(x)= %sin(Sx +12),  f(x)=cos(5x+12).

14. [Ins 3amanHOoi (yHKIMU f(x) Haiautre mnepBooOpasHyro, Trpaduk
KOTOPOW IPOXOANT Yepe3 yKa3aHHYIO TOUKY:

1) f(x)=sin3x, A(%;%); 2) f(x) = cos 5x, A(%;%);
3) f(x)=cos§, A(%;l); 4) f(x)=sin§, A(ﬂ;%).

15. Ilyctb (x,; y,) — pellIeHue 3aJaHHOM CUCTEMBbI ypaBHEHUM. [lis
3aJlaHHON (QyHKIMU f(x) HalauTe mepBOOOpasHyro, rpaduK KOTOpOit
IPOXOJUT Yepe3 TOUKY:

D) =32 {10& ©rlog; y =3

4log, x—log, y =2.
5" +5" =30,

2) f(x)=4x>;
)f() 3.5 -2.5" =15.

3) f(x)=cosx; {x Ty=
4) f(x)= {

Sx+e 3.2 3" =
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TABJIMIIA UHTETPAJIOB. IPOCTEHIIHUE
ITPABUJIA UHTEI'PUPOBAHUSA

Omnwupasice Ha TaOIUIYy TPOU3BOIHBIX MOKHO COCTABUTh
maobauyy uHmezpanos.

Ne dyukuus f(x) IepBoodpasuas pyuxuus F(x)+C
xp+1

1 X, p#l il +C

2 M Inix|+C

3 e e+C

4 sin x —cos x+C
5 cos x sin x+C

P — p+l
6 (kx+b)’, p#-1, k#0 (kx+b) LC
k(p+1)
7 L ! Inlkx+b1+C
I+ b > k=0 Z nl |
8 lek‘)ﬁ—b +C
etk #£0 k
1

9 sin(kx +b), k#0 ~cos(kr+b)+C
10 cos(kx+b), k#0 %sin(kx +b)+C
11 1/cos’x tgx +C

12 1/sin’x —ctgx+C

13 a* ? ic

Ina
1

14 14+ 2 arctgx +C
16 Sflg(x))g'(x) F(g(x))+C




Jist Toro, 4to0b! pyHKIMS F(X) ObLTa IEpBOOOPA3HOM st PyHKITHH f(x)
Ha HEKOTOPOM MPOMEXKYTKe X, He0OXoauMo, 4ToObl 00e hyHKIMH F(x) u

f(x) ObLIN ompeseNieHbl Ha STOM MTPOMEXKYTKe X.

Hanpuwmep, npu 5x—8>0, 1o ecth ipu x >1,6, cormmacHo Tadnuiie

WHTErPaJioB, HG;I;COO%}DEBH&H paBHa gln(Sx -8)+C.

Hcnonp3ys mpaBuna auddepeHInpoBaHus, MOXKHO C(HOpMyTHUpoBaTh
HEKOTOPBIE NPasua UHMEeZPUPOBAHUSL.

[Tycts dynkuuu F(x) u G(x) Ha HEKOTOPOM IMPOMEKYTKE SIBIISIOTCS
nepBooOpa3HbIMU 115t PyHKIHMA f(X) 1 g(X) cooTBeTcTBeHHO. CIIpaBeIJTNBEI
npaBHja;

IlpaBuao 1: ®yHkusa a-F(x) sBiseTcs mepBoodpa3sHO miist QyHKIIMH
a+f(x), To ecTh
Ia-f(x)dx:a-F(x)+C.

[paBuiao 2: ®yskmusa F(x):xG(x) sBasercs mepBooOpa3HOW ISt
byskuuu f(x)£g(x), TO ecThb:
[(f(x) £ g(e))dx=] f (x)dx + [g(x)dx=F(x) £ G(x)+C.
IIpumep 1. Ilpounterpupyiite pynkuuto f (x)=5sin(3x+2).
A CormacHo npaBuity 1 1 9 myHKTY TaOIUIIBI HHTETPAJIOB:
j F(x)dx = j S5sin(3x+2)dx =5 j sin(3x +2)dix =

=5 (—%cos@x +2)+C = —%cos(?ax +2)+C,
Tak kak corsiacHO Ta0IHIIe UHTETPaJIOB Isin(3x +2)dx = —%cos(3x +2)+C.
5
Omeem: —gcos(3x +2)+C. A
[Tpumep 2. IIpounrterpupyiite pyakmuo f (x)=8x’+2cos2x.

A Haitném wunTerpan 5Tod QyHKIMH, HWCHOAb3ys TpaBwia 1, 2
MHTErMPOBaHUs, a TakKe MyHKTHI 1 1 10 TaGnuilbl HHTErpasoB:

_[ f(x)dx = I(8x7 + 2¢082x)dx= 8J. x d+ 2.|. cos2xdx



:8-§x8+2-%sin2x+C:x8+sin2x+C.

Omeem: x* +sin2x+C. A

xdx
2 +8

Ilpumep 3. Boruncnuts MHTErpa I

/A Tlpu pelieHMH TaKUX HPUMEPOB YAOOHO HCIIOJIB30BATh 3AMEHY
nepeMeHHbIX.

1
HNmenno, o0o3HauuM x>+8=wu Torma, du=2xdx, xdx= Edu. Orcrona

xdx 1¢edu 1
]

== —:—lnIuI+C=lln(x2+8)+C.
x+8 29 u 2 2

IIposepka: Haliném npou3BOHYIO OT NOTYyYECHHON (DYHKIIUU U IOy YHM

MOJIBIHTErPaJIbHYI0 (QYHKIIHIO

X o
. JIericTBUTEINBHO,
2
x +8

1 " 11 1 2x X
—In(x* +8)+C | ==(In(x* +8))' +C' = — (x*48)'== = :
(2 n@ +8) j 5 (G +8)) s ) TR T s

Omeem: %oln(x2 +8)+C. A

IIpumep 4. BeruucanuTe HHTETpAI J.es“” cos xdx .

/A Cpemaem 3ameny sinx=¢. Torga dt=cosxdx u 3aJaHHBIA UHTETPAI

TTOJTYIHT BT j e'dr . CornmacHO IMyHKTY 3 TaOJIMIIBI MHTETPATIOB Ie’dt = +C,
Iesm cos xdx = es™+C.

IIposepka. (e5+C)' = (e™)'+C'=e*™(sinx)'+0=e™ cosx.

Omeem: e™+C. A

[Ipumep 5. Beruucauts uHTETpa Isin 5x-cos3xdx .

/N Tlpu BBIYHCIEHHWH OTOrO  HHTErpajia  IOMOraer

TOXKIECTBO
2sin5x - cos3x=sin8x+sin2x.



Torna
) 1, . 1.
J. sinSxcos3xdx = — J. sin 8xdx + —I sin 2xdx =
2 2

cos8x cos2x

16 4

+C.

1 1
=—(—cos8x)+—(—cos2x)+C =—
16( ) 4( )

cos 8x _ cos 2x
16 4

Omeem.: —

+C. A

IIpumep 6*. BeruucauTe nHTErpa J.cosmx cosnxdx.

/N CormacHo TOXKIECTBY COSHIX cosnxzé (cos(m+n)x+cos(m—n)x) wu
nyHKTY 10 TaOnuibl HHTErpaioB:
1 1
Icos mx cos nxdx = EJ.cos(m + n)xdx+ 5 I cos(m —n)xdx =

_ 1 sin(m+n)x +l. sin(m —n)x LC

2 m+n 2 m-—n

Omeem- 1 sin(m+n)x N 1 sin(m—n)x

+C. A

m+n 2 m-—n

[Ipumep 7. BeluucanuTh HHTETpA I z—x
x =5x+6
/\ J1ns MombIHTETpadbHON (DYHKIIMU CIIPaBEJINBa PaBEHCTRA!
1 1 C(x=2)-(x-3) 1 1

x2—5x+6:(x—2)(x—3)_ (x—=2)(x-3) -3 x-2
Torma

dx 1 1 dx dx
= _ de= 22— _
J.)62—5x+6 J-(x—3 x—2) * J.)6—3 x—2
-3
—Inix=3-Inix—2|+C=In|"
x=3 |+C. a
-2

X

+C,

xX—

Omeem: In |

dx

ITpumep 8. Beruucnuts uHTETpa J. .
I+cosx

7 N\



X
/\ JInst BBIYUCIICHHS ATOTO MHTETpasia BOCIIOIb3YeMCS 1+cosx=2cos25

u .[ df =tgx+C. Toraa

cos” x
[ dx = | I P I )
I+cosx 2cos2 X 2 2
2
X [ X ’ ’ X ] 1 1 1
IIposepxa: (tg—+C)'=(tg=)' +C' = (2 +0=—- = .
2 2 Coszg 2 2 cos? X I+cosx

Omeem: tgg +C. A

IMpumep 9. Berauciauts HHTErpaT J'sin2 2xdx .

/\ JInst BBIYUCIICHUS 3TOTO UHTETPajia BOCIIOIb3yeMCS
2sin?2x=1—-cos4x.

. 1 . .
Ismz 2xdx = I—(l—cos4x)dx =ljdx—ljcos4xdx:f—l-lsm4x+C:£—lsm4x+C.
2 2 2 2 24 2 8

Omeem: %—ésin4x+ C. A

@ Bonpocs! u 3axanus

1. Bribepure ar00bIe MyHKTHI U3 TAOIMIIBI HHTETPAJIOB M JIOKAKHUTE UX
CIIPaBEIJTUBOCTD.

2. llpuBenute mpocTeiiue npaBuia UHTErpupoBaHus. OObSICHUTE Ha
puMepax.

3. B uém 3akirouaeTcsi METO/I 3aMEHbI epeMeHHbIX? [IpuMeHnTe ero K
HaxOoXXJICHHUIO HHTeTpaia [eos2x sin 2xdbx .



YnpaxaeHus
Haiinure xoTs Obl ofHY TIepBOOOpa3Hyro i 3adaHHbIX GyHKuni (16-
18):

4 4 5 3

5 3. T _ g4, - __. .

16.1) 3x°—4x’;  2) 8x" —5x%; 3) 4) S+

5) Yx +3Yx; 6) 73/x — 5x; 7)5x* +4x* —2x7.
17.1) 5cosx—3sinx; 2)7sin x + 4 cosx; 3)2cosx—a’;
. — 1 . 6 4 —X
4) 5¢*+2cosx+1; 5) 4+2-¢*Tsinx; 6)—=+——e".

Iz x

18. 1) (x—2)%; 2) (x+5)% 3)ﬁ? 4) ‘y:Tf

. 4
5) 4cos(x+5)+i;|6) 2sin(x—3)———;7) Bx+7)* +L.
x—7 x—2 X

Haiimure Bce mepBooOpasnbie aist 3amanubix GyHknuii (19-20):

19. 1) cos(5x+3); 2) sin(7x—6); 3) cos(z?x+1);
2x+3
4) sin(57x—2); 5) e ; 6) &%
4 3 5
7 ; 8 ; 9 :
) cos’ x ) cos” 4x ) sin” 5x
4 3 4 1 2
20. 1) ——-(1-2x)"; 2) Bx+2)' ——; 3) x+———-1;
x x cos’ x
4) 2x——=—+6; 5) (1+3x)(x—1); 6) l-\3/x2 +2sin(3x—1).
sin” x 2

21. lns 3amaHHOM (PYHKUIMHM HalIuTe TaKylo MEepBOOOpa3Hylo, rpaduk
KOTOPOU MPOXOAUT Yepe3 yKazaHHYIO TOUKy (22-28):

1) f(x)=sin4x, A(%ﬂ); 2) /' (x) = cos5x, A(%;4);

3) f(x)=3x"+

2 3 1
~1;0); 4 = 4x’ - , A(2;0);
Tz AR VSO = e A0

5) f(x)=cos*3x+sin’3x+ %sin 4x, A(%;%);

—



6) f(x)=tgx-ctgx — 2005%, AQ2r;2r);
1

2
x)= +4x, CA)- —Fy2 9.
7) (%) N A(2;6); 8) f(x)=6x ot A(=2; 4).
Haiinure (22-28):
22.1) J‘(x3 —sin2x—3)dx; 2) J.(x“ +cos3x +4)dx;
3)J‘(x2 —sin%+cos§)dx; 4)."(4x3 - cos§+sin§)dx.
23%. 1) I( +6c0s” x+2)dx; 2 I —8sin” x +3)dx;
sin’ x cos” x
3)jsin 2x cos 2xdx; 4) J- (sin3x cos x + cos 3xsinx)dx;
S)I(sin 2x-sin4x + cos 2x cos x)dx; 6) Icosz Sxdx.
24%*, I)J.sin5xcos3xdx; 2) Icos 2x cos 3xdkx; 3) Isin 7 x sin 3xdXx.
(x—3)dx (x+4)dx
25%.1 —d ; ; _
s ol ety 7x+12 e Vi
-1
26. D[ 20 g 3) [————;
)J. g )x2+1 g J‘l+cos2x
dx . L -2
m, 5) 14(x2 _4) . 6) J.(l—len 5x)dx.
dx t
27. ) [(F -1 Py, 2) [—— 3) [—&
)J.(x ) xdx )J-(1+x2)3 )J.cos X
t
4 J- X 5) J-sin3 xd; 6) J-cos3 xdx.
sin’ x
dx (x—1)dx
28*%. 1 i : 2) | x-vx—4dx; 3 ;
)Ix/x—l )'[ )'[ Vx+1
4) ftg2x+tghe)dy; 5) I(ctg2x+ctg4x)dx.

Just 3ananHoi pyHKIuu f (x) HailauTe Takyo nepBooOpasHyto, rpadux
KOTOPOH MPOXOIUT Uepe3 yKazaHHyto Touky A(x; y) (29-30):

——



29. 1) f(x)zg-cosf, A(m; 4);

3
_3 AE;3).

2) f(x)—g-sme, (29 ):

3) f(x)=2sin5x+2cos§, A(%;O).
30. 1) f(x)=3x>-2x+8, A(1;9);

2) f(x)=4x"-3x>+2x+1, A(-1;4);

3) f(x)=5x"+3x>+2, A(=2; 1).
31. Beluucnuth UHTETpAN:

D [ =D(x+2)dy; | 2) [(r+2)(x* = 9)elx; X —1)dx;

4) Jl 4x* +\/1 2x dx: | 5) ng 34 \/3x+2

x+2
6) j(&‘”—?)dx; |7 @ +10%)ax.

32. BeluucnuTh UHTETpal:

d dx dx
) | —; 2) | —; ) | —.
)Jx2+6x+10 )Jx2—4x+5 )Jx2+10x+26

dx

O 0 p a3 ey :Bprancants uHTETpaAN I = I Z a5
X" +4x+

[Tycth x+2=u, Torma 1+(x+2)>=1+u?,

A= Jx +4x+5 _-f1+(x+2)2’

x=u". I3 mynkToB 14—15 Tabnuupl HHTETPAJIOB, UMEEM

1 =Jlfl;2 =arctgu + C = arctg(x + 2) + C.

IlIposepka:
1
n n r— + "+ (= + 0=
(arctgfx 2) C)1 (arctg(x+2))'+C 1+(x+2)2+
Tlr(x+2)? X +dx+s

Omeem: arctg(x+2)+C. A




[IpuBeaém Taxxe NpaBUIIO UHMESPUPOBAHUS NO YACHISM.
IMpasuio 3*. Ecnu Ha HekoTopoMm mHTEpBajie X pyHkuuu f (x) u g(x)
MMEIOT HEMPEePhIBHBIC MPOU3BOJHBIE [ '(x) 1 g'(x), To cripaBenBa hopmyna

[ /(g )= f()g(x) ~ [ g(x) / (x)elx 0
Orta dopmyra HazeiBaeTCsl (POPMYIION HHTETPUPOBAHUS 110 YACTSIM.
JlokazarenbcTBO (OpMYIIBI ClieayeT U3 mpaBuia nuddepeHupoBaHus
npousBeeHust GyHKIUN f(x) 1 g(x)

(f(0)g@))'=f (0)g(x)+/()g'x) u [ f)de=flx)+C.
[Ipumeuanue. [{ns ucnonszoBanus 3toro npaswia: 1) [logpunTerpans-
Has (pyHKIMS TpeacTaBiseTcs B Buae npoussenaeHus f(x) u g'(x); 2) svipa-
acernust g' (x) m g(x)f" (x) momOuparoTcsi TaKUM 00pa3oM, YTOObI MHTETPAN B
paBoil 4acTH (POPMYIIbI BEIUMCIISIICS HETIOCPEICTBEHHO.

[Ipumep 1. Beruucauth uHTErpal Ix-e"dx.

A\ Tlombepém flx)=x, g'(x)=e". [loaTomy

g0 =[g'(xdx=[edx=e¢*, f'(x)=1. Cornacno (1),
Ixexdx=x-e" —Iexdx=x-ex —-e' +C.

TMostomy [ xe'dx=e*-(x—1)+C.

Omeem. e'(x—1)+C. A

[Ipumep 2. BbIUUCIUTH UHTETPAT Iln xdx .

/A TlpencraBuM mombIHTErpaidbHyl0 (QyHKIMIO Inx B BHIE MpoM3Be-
nenus Gyskiui f(x)=Inx u g'(x)=1. Iloatomy: Inx=f(x) * g'(x).

Torma f '(x)=l

, g(x)= [l-dx:x+C.
X

Cormnacuo dopmyie (1),

J.lnxdx:xlnx—J‘x-%dx:xlnx—jdx:xlnx—x+C:

—x(lnx-1)+C=x-(Inx—Ine)+C=x-In>+C.
e

3HaqHT,Ilnxdx —xhiic
e

——



Ilposepka:
(xInZ+C) =(xIn2y+C =x" InZ+x(In2y +0=
e e e e

:1n£+x-£-l=1nx—lne+ I=lnx—1+1=Inx.
e X e

Omeem: x-In>+C. A
e

Ilpumep 3. JIn1g HaxoKI€HUSI HHTErpaja y100HO MOJ0KUTh JXCOS xdx
/\ BoartoMm ciiydae f(x)=x, g'(x)=cosx f'(x)=1, g(x)= Icos xdx =sin x

(3aech MbI B3suH TiepBooOpasHyto 6e3 moctossHHOM C). CormacHo dopmyrie
WHTETPUPOBAHHUS 10 YACTSM,

J- xcosxdx:x-sinx—jsinxdx:xsinx+cosx+C.

Omeem: x sinx+cosx+C. A

Brruucnute unrerpansi (33-35):

33, l)jxsinxdx; | 2) Ixzcosxdx; | 3) lenxdx; |4 Ilenxdx.

34*, l)jxcos2xdx; 2) Ixsin3xdx; | 3) J‘xsingdx; 4) J‘xcos%dx.

355 1) [2xdv; | 2) [3wdx; | 3) [S'wdx; | 4) [tgnxay;
2x+l _5x—l ' eSx +1 . . . )
5 [T 6) [T 7) [ +4) dx;
—x 2x . e4x_1 . exdx .
8) I(e +e )dx; 9) Iez"—ldx’ lo)jn+ex’
2 dx lnzx
1) [x-e ™ dx; 12) [—5—; 13) [——=dx.
e +e X



i 6‘ ONPEJEJEHHDBII UHTEIPAJL. ®OPMY.JIA
| S HbIOTOHA-JEABHULIA

®urypa, u3o0pax€HHass Ha PUCYHKE 2, HA3bIBAECTCS KPUBOAUHEUHOL
mpaneyueti. KpuBonuHeitHas Tpanenus — urypa, orpaHudeHHast CBEPXY
rpadukom yHknmuu y = f(x), cHU3y — oTpe3koMm [a; b], a mo OGokam —
OoTpe3KaMH MpsMbIX X =a, x=>b. OTpe3ok [a; b] Ha3bIBaETCS OCHOBAHUEM
KPUBOJIMHEWHOW TPANELUH.

Bo3uukaer Bompoc: «Kak BBIYMCIWTH IUIONIAAb KPUBOJIUHEHHOU
Tpaneuuun?»

O6o3Haunm 31y miomaas yepe3 S. OkazpiBaeTcs, MWIOMAAL S MOXKHO
BBIUMCIINTH, OMHUPASCh HAa MepBooOpasHyro s GyHkiuu f(x). [IpuBeném
COOTBETCTBYIOIINE PACCYKACHHUS.

Pucynox 2. Pucynox 3.

O0603HaYNM TUIONIAh KPUBOJIMHEHHON Tpareiuyu ¢ OCHOBaHUEM [a; X]
yepes S (x) (pucyHok 3) . Touka x — mpou3BoJIbHASI TOUKA U3 OTpe3Ka [a; b].
B cnydae x=a otpe3ok [a; x| mpeBpaiaercss B TOUKy, mo3tomy S(a)=0, a
npux=>b S(b) = S.

[Toxaxxem, uTo QyHKIUSA S (X) SBIsSETCS MEPBOOOPA3HOM U QYHKIIMA

f(x), Toectb S'(x) =f(x).



Pucynox 4.

/A Paccmorpum pasHocth S(x+h) — S(x), tae h>0 (cmywait h<0
paccMaTpuBaeTcs aHAJIOTMYHO). JTa Pa3HOCTh paBHA IUIOIIAIA KPUBOIU-
HEWHOM Tpameuuu ¢ ocHoBaHueM [x; x+h] (pucyHok 4). OTMeTHM, 4TO
IpU JOCTATOYHO MaJIbIX /4 3Ta IUIOMIANh MPUOIU3UTEIBHO paBHa f(X)-A,

S(x+h)-S(x)
g ~

TO ecTh S(x+h)—S(x) = f(x) - h. 3nauur, f(x).

[To ompeneneHuio MPOU3BOAHOMN, JieBas YacTh 3TOTO MPUOIMKEHHOTO
paBerctBa npu h—0 crpemurcs xk S’ (x). [loatomy npu ~A—0 nmomyuum
paBeHcTBO S '(x)=f(x). [ToaTomy S(x) siBisieTCss mepBooOpa3zHOM 1l QyHKITMH
f(x).A

[lepBooOpa3nast S(x) omiMyaeTcst OT MPOU3BOIBHON MEpBOOOpa3HON
F(x) Ha MOCTOSIHHYIO BEIMYUHY, TO €CTh

F(x)=S(x)+C.

[Tonoxum B 3TOM paBeHcTBe x=a noiayuuM F(a) = S(a)+C u S(a) = 0.
Orcrona cnenyetr, uto C=F(a). Tornga paBenctBo (1) MOXHO 3amucarb
B Buae: S(x)=F(x)—F(a). Ilomoxxum B 3TOM paBEHCTBE X=bh, MOIYyUUM
S(b)=F(b)-F(a).

3HAYUT, MIoWaddb KpusonuuelHou mpaneyuu (PUCYHOK 2) MOMKHO
BBIYUCIIUTH IO popMyJie:

S=F(b)-F(a), (2)

rae F(x) — mobas nepBooOpaszHast 1yst GyHKIUH [ (X).

()



Takum 00pa3oM, BBIUHCICHUE IUIOMATN KPUBOJUHEHHOW Tparenuu
CBOJIUTCS K HAXOXKACHHIO TIepBo0OpazHo pyHkumu F(x) mis hyHkmu f(x),
TO €CTh K HHTETPUPOBAHUIO PYHKIUH f (X).

Pasnocte F(b) — F(a) Ha3piBaeTCs ONpEACIEHHBIM HHTErPAOM OT

b
(yHkuuu f (x) Ha oTpeske [a, b] n 0603HAYAETCS TaK: J-f (x)dx

a

(uuTaeTcs KaKk «MHTETpaj oT a 10 O OT 3¢ UKC 7 HUKCH).
Takum o6Gpazom,

[ fGo)de = F(b) - F(a). 3)

®opmyna (3) HazbiBaeTcs popmynoit HeroTona-JleiiOnuma.
N3 (2) u (3) umeem:

5= fx)de @

OOBIYHO TIPU BBIYUCIICHUH OIPENCICHHOTO0 WHTETpajia IPUHSATO
o0003HaYeHNUE:

b
F(b)-F(a)=F(x)| .B stom ciyuae:
a

S = j f(x)dx = F(x) [; : (5)

[IpuBeném dononHumenvhvie ceedenus.

3amauy HaXOXKJIEHUS KPUBOJIWHEHHON (PUTYpBI CBEMM K BBIYMCICHUIO
onpenenéHHOro uHTerpaia. PaccMorpuM HenmpepbiBHYIO (DYyHKIUIO, OIpe-
NenEHHy10 Ha oTpeske [a; b]. Pa3oObeM 3TOT OTpe30K TOUKaMU a=X,, X;..,
X, , X,= b Ha paBHbIE oTpe3kH [x;; x,,,] (k=0, 1, ... n—1), u HA KaXKXIOM U3
TUX OTPE3KOB [X;; X,.,] OTMETUM MPOU3BOJIIBHYIO TOUKY &,. YMHOKUM JJIUHY
Ax,=x,,,—X, OTpe3Ka [x,; x,,,] Ha 3Hauenue f (&) 3aganHON pyHKIUH [ (X)
B TOYKE &, 1 COCTABUM CyMMY

S~ (C)Axotf (S)Ax +. 4/ (& DA, (6)

BuaHo, uTO Kaxkmoe ciaraeMoe B 3TOM CyMMe €CTh ILIONIa/b MPSIMO-
YTOJIbHUKA ¢ OCHOBaHueM f (&) u BbicoToit S,. Toraa cymma S mpubiImkeHHO
paBHa IJIONIaIM KPUBOJIMHEHHOM Tparenuu S : S,~S (pPUCYHOK 5).



Pucynox 5.

CymMa (6) Ha3bIBaCTCS UHMeE2PAIbHOU CYMMOTU yHKyuu f(X) MO OTPE3KY
[a, b]. IlycTh npu cTpeMiieHUH 7 K OECKOHEYHOCTH (n—0), Ax, CTpeMUTCS
K Hynto. Torna uHTerpaigbHas cyMma S, CTPEMHUTCSI K HEKOTOPOMY YHCITY.
Bort 3T0 umciio Ha3bIBaeTCS onpedeneHHbiM unmezpaiom om Gyuxyuu f (x)
Ha oTpe3ke [a, b].
IIpumep 1. Haiinure miomaab KPUBOJIMHEHHON Tpameuuu, u3odpa-
JKEHHOU HaA PUCYHKE 6.
s
/A CormacHo ¢opmyne (4) S = Ixzdx. BblunciiuMm 31O 3HaYeHHE MO
1

3
dopmyne Herorona-Jleiibuuma  (3). OueBuano, uto (yHkius £ (x)=x—

3
OJIHA U3 TIEPBOOOPA3HBIX s PyHKIMH f(x)=x?. 3HAYHT,
4 3 4 1 1
S=[xtdx="| =2 (4 -1’)==-63=21 (kB. equuur). A
s =T =3 -1)=3 (. exumrmn)

Omeem: S =21 (KB. eIUHUILI).

Ilpumep 2. Haiinute miomaab 3alITPUXOBaHHOW (Urypsl Ha pH-
CyHKe 7.

—



Pucynox 6. Pucynox 7.
A TTo ¢popmyne Hprotona-JletiGuuna u popmyie (5):

4 ko —
§ = [ cos xdx =sinx|*_= sin%—sin(Tn) =1—(=1)=1+1=2 (xB.cnmmmm),
2 2

Omeem: 2 (kB.eqUHUI]). A

VA
[Ipumep 3. Bpruncauts onpenaenéHHblii HHTETpa Icos xdx .
0

A Tlo ¢popmyne HeroTona-Jleit6uuna u popmyse (5):

T

. T . .
.Icosxdx=51nx|o =sinz—sin0=0.
0

Omeem: 0. A

2
[Tpumep 4. Brpruncante onpenes€éHHbId HHTETpal j(2x2 —3x+4)dx .
-1

A Tlo dopmyne Hrrorona-JleitOuuiia u popmyie (5):
2
, 2., 3, , 22 37 81
jl(zx ~3x+ A= (S = +4x)|,1_?—(—?)_€_13,5.
Omeem: 13,5. A

N\



n
3
n . T
[Tpumep 5. Beruucinte onpenenéHublii MHTETpal § = I sin’(3x +—) dx.
/\ CHavaJyia HaiiIéM HEeOoTpeIEIEeHHbIM HHTErPAJI: 0 6

[sin*(3x+ %)dx = %ja —cos(6x + g))dx = % (x —%sin(6x + %)).

T
3HauuT S = %(x—%sin(6x+§)) 0?:%-(g—lsm@mg))—%(0—%sin%) =

=£—isin£+Lsin£=£. Omeem: S=2. A
6 12 3 12 3 6 6

6

Ilpumep 6. Beruuciauts onpeaeEéHHbIA HHTETpal J\/ 2x -3 dx.
2

/A CaHavana Haii€M HeonpeAEIeHHBIH HHTETpal:

3
CornacHo TabIuIle MHTETPAIOB I\/2x —3dx = % -(2x-3)? +C. 3HauuT

6

316
j\/2x—3dx:%-(2x—3)2 !

) 2 3

((2-6—3);—(2-2—3)2]=%-(27—1):?=8§.

Omeem: 8%. A

Onpedenénnvlii unmezpan obnadaem cedylouumu ceolicmeamu:
1. j f(x)dx =0. JlelicTBUTETBHO, j f(x)dx = F(a)— F(a)=0.
2. i f(x)dx = —E £ (x)dx.
A i f(x)dx = F(b)—F(a); ! f(x)dx =F(a)-F(b)=—(F(b)-F(a)).

3HauwuT, —f F(x)dx=F(b)—F(a) = j F(x)dx. A



3. Ilycth a, b, ¢ — neiictBuTenbHble yncaa. Toraa

a c b
I f(x)dx = j f(x)dx+ I f(x)dx (CBOMCTBO aJIMTUBHOCTH OTPECIEH-

b a
HOI'O UHTETpAa).

4. Ilycth f(x), x € R, — 4yeTHas QPyHKIHUs, TOTJA I f(x)dx = Z-I f(x)dx
—a 0
b
5.Ecm f(x)20, xe[a,b], Torma | f(x)dx>0.

6. Ecim f(x)< g(x), xe[a,b],TOTIA If(x)dx < J.g(x)dx.

@ Bonpocs! u 3aganus

1. Maiite nousitue o0 onpeeiéHHOM HHTETpalie.

2. IlpuBenure 3aauy 0 HaXOXKACHUU IUIOLIAAN KPUBOJIUHEMHON Tpame-
1uu. OOBsICHUTE Ha MpUMepax.

3. Pacckaxute o popmyne Herotona-Jleitonuna. B uém 3akmrouaercs e
poJib?

4. IlpuBegute cBoOMcCTBa omnpeAenéHHOro uHrerpana. IloscHure ux Ha
npumepax.

YnpaxkHenus

Boruncnute onpenenénnbiii uaterpan (36-41):

2 2 4 2
36. 1) [3xdx; 2) [2xay; 3) [ 5xds: 4) [8-xdx;
0 0 -1 1
61 4 1 2 1 1
5) I—dx; 6) I—zdx; 7) I—4dx; 8) J.\/de;
1 X 3 X 1 X 0
¢ 2 A dx o dx 3
9) !ﬁdx; 10) !ﬁ 11) Isz_+ 12) ‘(‘).x\/x+1dx.
Y T
37.1) Icos(2x+£)dx; 2) J‘sin2 2xdx;
. -
n n
6 8
3) J.sin 3x cos 3xdx; 4) I(cosz 2x —sin” 2x)dkx.
0 0



In2

2 3
38.1) | ¢dv: 2) [etds; 3) [ (@~ e
0 0 1

1 0
39.1) j (x* +3x))(x = 1)dx; 2) j (x+2)(x* = 3)dx;
-1 —-1
F ! 1
3) j (x +—) dx; 4) j — (1-—)dkx.
1 X X X
dx bodx g
40%*. 1 ; 2 ; sin? 2x + cos® 2x)dx.
)'!.\/3x—2 )'(l). x+1 3 '([( )
5
41%. 1) Ixz' ,_x—ldx; 2) J-x —6x+10 3) J-x +2x+4
1 1 x+1

0

42*. 1) Haligute a u b Takue, 4to GyHKIUA f (x)=a-2*+b yAOBIETBOPSIET

yciaoBusaM f'(1)=2, _[ f(x)dx=17.
2) IIycTh BBIOJIHEHO HEPABEHCTBO _[ (b—4x)dx>=6-5b-

Haiinure Bce h>1.

2 3
43*.1) I1yCTh BBINOJHEHO HEPABEHCTBO J- (0" +(4—4b)x +4x")dx <12
1

Hatinute Bce b.

. 3
2) JIns xakux >0 BBIIOJIHEHO HEPABEHCTBO [ede> 57

44. Beibepute GyHKIINH f(X) TaKUE, YTO TPH BCEX 3HAUCHUSIX a BBITTOTHEHBI
paBeHCTBA:

1) jf(x)a’xzza2 -3a; 2) jif(x)dx=4a—a2;

3) !;f(x)a’x=%a3 —%mz; 4) J).f(x)dxza2+a+sina_



Brruucnute onpenenéuubiii unterpan (45—46):

1 -1 1
45. 1) j (e + 1) dx; 2) j 10" -2 di; 3) j (e —1)’dx;
0 -2 0
~1 In3 In5
4) [376%dx; 5) j e dx; 6) [ e ax.
-3 In2 In3
2" +3x AR V< Dy
46*. 1 2) | ———dbx; 3 ;
)I )£ T { e
1 2
3 +4" v oox
4) J 2xdx’ 5)_[ —dx; 6) J4 8% dx
\/g x _2 0 12“ 0

47. Halimure muomanab KPUBOJIUHEHMHOW Tpareluy, OrPaHUYEHHOW Mpsi-
MBIMU X =a, x=b, ocsto Ox u rpaduxom pyukuuu y=f (x). [IpuBenure
CXEMAaTHYECKNN PUCYHOK:

a=1, b=2, f(x)=x> 2) a=2, b=4, f (x)=x?%
3)a=-2, b=1, [ (x)=x*+2; 4)ya=1, b=2, f(x)=x’+2;
5)a:% =——, f(x)=sinx; 6)a:%,b=%,f(x):cosx.

48. Haiimute miomanb (Urypel, OrpaHUYEeHHOW oOChlo Ox M 3aJaHHOU
napaboJI0ii:

1) y=9-x% 2) y=16—-x%; 3) y=—x"+5x—6;
4) y=-x"+7x-10; 5) y=—x"+4x; 6) y=-x"-3x.

Haiinure mnmnomans ¢uUrypbl, OrpaHUYCHHON 3aJaHHBIMH KpPUBBIMH.
[IpuBenure cxemarnueckuid pucyHok (49-50).

49.1) y=—x"+2x, y=0; 2) y=—x"+3x+18, y=0;
3) y=2x*+1, y=0,x=—-1,x=1; 4) y=—x"+2x, y=x.

50.1) y=-2x>+7x, y=3,5-x; 2) y=x>, y=0,x=3;
3) y=x*, y=0, y=—x+2; 4) y=2Jx, y=0,x=1,x=4;
5)y=%~x2,y=a-«/§; 6) y=2",y=2,x=0;
7) y=




@ TunoBoe KOHTPOJIbLHOE 3a]aHUE
Bapuant I

3
1. Haitnure Bce nepBooOpa3Hbie st PyHKIMHU f(x) = x?— cos3x.

2. Ilycts F(%)zl. Haiimure mnepBoobOpasznyto F(x) mis QyHKOUH

6

f(x) =(4—T)2 .

2
3. Beruuciure: I (x* —6x +9)dkx.
-1

V3
LoX
4. Beruucaure: I sin —dk.
3
0

5. Haitgure muomaae KpUBOJIMHEWHON TpANEUU, OTPAHUYECHHOW MPSIMbIMU
Ox,x=-1 nx=2 ocwto Ox u napabomnoit y=9—x-.
Bapuant 11
4

1. Haitnure Bce nepBooOpasHbie st PyHKIMHU [ (x) = x?+ sin4x .

2. Ilycts F (%J:Z Haiinute mnepBooOpasnyto F(x) nns  (yHKIUH

3

f(x)=m-

1
3. Borunciure: | (x* +7x —8)dx
3

T
X
4. Beruucaure: | COSde
—T

5. Haitgure momaae KpUBOJIMHEWHON TPANEUU, OTPAHUYECHHOW MPSIMbIMU
Ox,x=-2 u x=3 ocbto Ox u napadonoi y=x>—1.



OTBeThI
I'maBa I

1. a) Yacrora mymbca — BelMYMHA, [IOKAa3bIBAOMIAS, CKOJIBKO pa3 B
MHUHYTY Ob&Tcsi cepaue. 3HauuT y Magunbsl cepaue Obercst 67 pa3 B MUHYTY .

ouudOK
0)4020. 2. $)=0,00150

MUH

.KauectBomoBsicuinocs. 6)~0,15.3.Mapy®hkauecTBeHHO

BBINONHUI paboTy. 4. a) =0,000177 22 5, 89 B mn 892 6. 2)0,1 £ :6)0,9 X

yac
KM C c c

B)0,5 2. 7. a)3,1 MK - 4 22 "N . &) [Tpu moBblieHIE 10351 ¢ 2 FPaMM 10 8 rpaMm
C 2 l

konmuecTBo . 8.a)7; 6)7; B)11;1)16; n)0; €)5. 9.a)5; 6)7; B)c.10.a)-2; 0)7;

B)-1; r)1. 11.a)-3; 6) 5 B)-1 16, m—-4;, e -8 &1, x)2; 3)5.
1
13.a) 3x> 6) ——5 B) 2\/_ r) 0. 15.a)2; 06) 6x +5; B) 6x*+8x +6.
6*.a) /' (x)=a; 6) f (¥)=2ax + b; B) f'(x)=3ax* + 2bx + c. 20. 1) 4x3; 2) -2x73;
1
3)=3x 21. 2) —xH1; 4) A3l 2x . 22.2) 1;4) Vx(Wx—1)Y)

23.2) 53,25.24.2)3; 4)2. 25.2) _iz+l  4) 2x—%. 26.2) 3(x+2) 4) 2x .
x° 4 X

27. 3) _M 4) _ 1 =3 6) 4x3 — 4; 8) 7x® +3x2-3x*7x8. 28. 2) 0;
(x* =1y’ (x—1)

11
) —L 6~ 8) I+l 10) 26 ————= . 29, 2) 2ecosy; 4) = lnx,

cos’ x xIn2’ x x 2

1 1
L 18)32+0230.2)11.31.2)0.32.2) -———;4) ——————;
20x 3352 cos” x sIn” xcos” x

6)

6) 2xsinxtx*cosx ; 8) xcosx. 33.2) 1. 34.2) nm, nez; 4) 1. 35. 1) Lz—l;
X
241 36.2) < L4x” ) X427 o0 4y, 38.2) v 33t 4) x4 1,
x X

39. x>2x. 43. 2) e™cosx; 4) sin2x; 6) 1 4 1; 8) 20(2x—1)°. 44. 3) —tgx;

X —

8) —30x’cos™x-siny-+2xcosx; 9) S _ S 45 oy 3y 4 =3y 4: y=3c 4.
X sin” x

4) y==x-2; y=8xt16; y=-4x. 46. 2) »=Tx-6. 47. 2) He CyLIECTBYET;

4)0n§; 6 0 u >.

48. 1) y=—x; y=—xt2l; y=—x+l.

e N



49. 2) 0,1; 0331. 50. 2) a) 02718; 6) 9,06. 4) a) 0,938127;

6) 31,2709. 51. 2) a) 0; 6) 0. 4) a) 0,119401; 6) 11,9401 . 52. 1) 4; 2) -7; 3) 6;
4) 19/28; 5) 0. 53. 2) 29; 4) 32x-3; 6)18-2x; 8) 48x*+10x-2. 54. 1) a) 15; 0) 15;
B) 15; 1) 15; 4) a) -29; 6) 12; B) 5; 1) —1. 55. 2) 3(x+2)? ; 4) 1-x2. 56. 1) 12; 2) 3.

) 55 4

2 5 10) X7 In7+7%7x% 5 12) Q —COSX;
cos"x xIn3 3

14) 8259, 2) 4; 4) 2. 60.2) @.61. 1 u2.62. 2) -2x1. 63.2) 2,75.

2 — _ 7 _ 5 _ 4 2
64, 2) w' 4) 6x>+8x+5 . 6) 14x+12. 65. 2) 2x 4x S5x"+21x +7 .
66. 2) e*(4cosx—6sinx); 4) 1=2Inx 23lnx . 67 2) 4, 4 —— 12 —L.
X sin“1 20

tgx 4 35tg™x

68. 1) 2xsinx+x’cosx; 2) — ; 8) (2x—10) Incosx—(x>—10x+7)tgx.

In15’ sSx
69. 3) Bospacraer: (—0; —3) U (3; —0) yObIBaeT: (—3;3).
4) Bo3pacraer: (—o; 0) U (0; +o0); yObIBaeT: Q.
6) Bo3pacraer: (—oo; \/5) U (\E ;+00) ; yObIBaeT: _\/5; \/E
8) Bo3pacraet: (—x; 0); yobiBaet: (0; +o0).
9) Bospacraet: (—1; 0) U (1; +0); yobIBaeT: (—oo; —1) U (1; +o0).
10) Bo3pacTaer: (2; +o); yObIBaeT: (—wo; 2).

T T
14) Bospacraer: (—3+ nr, E+ nr), n€Z, yb6bBaer: .

70.2)-3;3. 4) 0. 6) 9. 8)0; —1.

71. 2) nokanbHBIA MUHUMYM Xx=4; JIOKAJIbHOTO MaKCUMYyMa HeT.
4) MOKaJbHBIM MUHUMYM X=5; JIOKAJIBHBIA MAKCUMYM X=—3.
6) okanbHbI MUHUMYM Xx=0,75; JIOKaJIbHOT'O MaKCUMYyMa HET.

8) TOKaJIbHBIA MUHUMYM X= 21T, nEZ; JOKaIbHBIA MAKCUMYM X=TI+21T(, n € Z.

72. 2) Bospacraer (—1; 1); yoObIBaeT: (—o0; —1) U (1; +o0).
4) Bo3pacraer: (—% +nr; %+ nr)L; yOBbIBaeT: (—% +2nr; % +2nr), neZ;

V4 Vs
6) Bo3pacrtaetr: (J; yOBIBaeT: (—5 +nr; 5+ nr), n €Z.

73. 2) naubonbluee 3Ha4eHue: S57; HauMEHbIIEE 3HAYEHUE: —55.

28

4) nanOosnpiiiee 3HaYeHUe: 84; HaWMEHbIIEE 3HAUYEHUE: ———.

9
76.5625m?. 80. 80 m. 83. 1) 5 cek; 2) 250 m/cex; 3) 1§i%M



3

87.1) 4%  2)5324 w’; 3) 407

89.1)30;  2) 1800000 cym.
91.1)24,52, —0,1; 1) 40,52, 9.86. 93.1)2,0004. 94. 1) 0,9302.
95. 1) 0,526. 96. 1) 0,1247. 112. 1) cymectsyer 13; paBen 13. 3) He CyIIECTBYET;

11
paBeH 5. 5) He CyIecTBYeT; paBeH o

MWH

113.2) y=13x+4;y=13x+4; y=13x+4. 114. 1) ne cymectpyer. 115. 3) ne cymecrnyer.

117.1)-1: 2) 0: 3)—— 4)—— 5)75: 6)\/_ 7) %; S‘f L9) 2.

118.1)19; 10; 2)27; 30 3)77 30; 4)0;-8.

119.1) 1; 2) 0; 3)—— 4)—— 5)75;6) — V3 7)—%;

120. 1) 10; 6. 2) 15; 18. 3) 225, 80.

f :9) V2 10) 0.

1 20
121. 1) —2x+1; 2) cosx+sinx; 4) 4'Ind—cosx; 6) ——20x+1. 122. 1) 4x3; 3) 1+—;

X X
6) e*(sinx+cosx);8) 20sinx+2(10x—1)cosx.

1 2
123. 1) T; 0;2)3;3; 3)2n+1;n+l.4)—m; %+£ 5)1;0;6)0; \/2—;
3

7) 1_%;_ £+I‘_ 8)3; 32
124.1) 12;2)72. 126. 1) 0; 2) 600 000. 127. 2) —sin2x.
128. 2) Bospacraer:: (—o0; +o0); yObIBaeT: O.

4) Bo3pactaer:: O yobIBaer: (—oo; 0) U (0; +o0).

6) Bo3pacraer:: (—oo; +o0); yObIBaeT: O.

8) Bo3pacraer:: (0; +o0); yObIBaet: (—o; 0).

133 133 13
129.2) [—=—=; —[—. 4)0; 6) 3;-3; 8)0;, ——
N ) ) 0 .

130. 2) nokanbHBI MEHEMYM: X=9. JIOKaJIbHbI MAKCUMYM: HE CYIECTBYET.
134. 62 500 m>.
143. 1) 3¢&*; 2) e¥™cosx; 3) 3cos(3x+2); 4) 8(2x+1)3;
144. 1) e 2) %' 3) 4e*+2;4) J16x+10 -
5

145. 1) 10x(x*+1)%,  3) ﬁ; 8) —esinosv)-cog(cosx)-sinx.

146. 1) Bo3pacraer: (—; 0,5); y6siBaer: (0,5; —o0);
3) Bo3pacraer: (—1; 1); yobiBaeT: (—o0; —1)U(1;+ ).
4) Bo3pacraer: (—oo; +o0); yObIBaeT: .
7) BO3pacraer: (—oo; +o0); yObIBaet: .

N\



8) Bo3pacraert: (1; +o); yObIBaer: (—oo; 1).
147. 1) craumonapras touka: 1 u 3; JOKalbHBIH MakcuMyM: 0; JOKaJbHBIA MUHU-
MyMm: —4.
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TFTEOMETPHA

INMARA I. CHCTEMA KOOPNHHAT
B IIPOCTPAHCTBE M BEKTOPHI

1. CUCTEMA KOOPIAUHAT B IPOCTPAHCTBE
1.1. /lekapToBa cHMCTEMAa KOOPAMHAT B NPOCTPAHCTBE

BBl M03HAKOMUIIUCH C IEKAPTOBOM CUCTEMOM KOOPIMHAT HA MIJIOCKOCTH
B mpeablayuux kinaccax. CucrteMy KOOpAMHAT B MPOCTPAHCTBE BBEIEM
AQHAJIOTUYHO TOMY, KakK 3TO ObLJIO ClIeJlaHO Ha IIocKocTH. PaccMoTpum
TPU B3aUMHO NepHEeHAUKYISpHBIX ocu Ox, Oy u Oz, nepeceKaronmxcs
B Touke O, SBISIONICHCS HAYajJoM KOoOpAuHAT. Uepe3 KaxIyro mapy 3TUX
npsSMBIX TIpoBeaéM Tmockoctu Oxy, Oxz u Oyz (puc. 1). Takum obpazom
BBOJIMTCSI CUCTEMa KOOPJIMHAT B IPOCTPAHCTBE, PU 3TOM

TOYKy O — Ha3bIBAIOT HA4alOM KOOPOUHAM,

npsimbie Ox, Oy u Oz — ocamu Koopouxnam,

Ox — ocwb abcyucc, Oy — ocv opounam u Oz — ocb anniukam,

mockoctu Oxy, Oyz u Oxz — KOOPOUHAMHBIMU NIIOCKOCHIAMU.

® ©)

KoopauHaTHbIE NIOCKOCTH JAENAT MNPOCTPAHCTBO HAa 8 OKTAHT
(nonyuemsepmeti) (puc. 1).
[lycTh B IpOCTpaHCTBE 3a/laHa MPOU3BOJIbHAS TOUKa A. Uepes 3Ty TouKy
IpOBEAEM IIJIOCKOCTH, NMEPHNEHIUKYISIpHbIE IUIOCKOCTIM Oxz, Oyz u Oxz
(puc. 2). OnHa u3 3TUX MI0cKocTel nepecedér ocb Ox B TOUKE A..

Koopnunaty A, Ha ocu Ox Ha3bIBAIOT KOOPOUHAMOU X WU aOCYyuccou
mouxu A.

N\
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AHAJIOTUYHO ONIPENEIISAIOT ) — KoopouHamy (opounamy) 1z —KoopoOuHanty
(annnuxamy) ToUKU A.

Koopaunatsl Touku A 3anuchIBalOT B BUjE A4 (X; y; z) uiau kopode (x; y; 2).
Touku, n300pakE€HHBIE HA PUCYHKE 3, UMEIOT CIEAYIOIMNE KOOPANHATHI:
A(0; 5;0),B(4;0;0), M(0; 5;4), K (2;3;4), P(-2; 3;-4).

® ©)

3aoaua 1. IlycTh B IPOCTPAHCTBE B AEKAPTOBOW CUCTEME KOOPAUHAT
3agana Touka A(2; 3; 4). I'ne ona pacmnosioxena?

Pewenue. Ot Hauana KOOPAUHAT B MOJIOKUTEIILHOM HAlpaBICHUUH OCEi
Ox u Oy otnoxum otpe3ku OA. = 2 u OA,= 3 (puc. 4).

Uepes TOUKy A, poBeAEM NPIMYIO, JIKAIIYIO B INIOCKOCTH Ox)y U
napaiesibHyto ocu Oy. Adepe3Touky A, mpoBeAEM MPAMY 0, JIEKAIIYIO B
m1ockocTy Oxy U napajuiesbHyro ocu Ox. Touky rnepecedeHns STUX NpsiMbIX
o0o3HauuM A,. Yepe3 Touky A, mpoBeaéM MNpsIMyI0, MEPIEHIUKYIIPHYIO
wiockoctd Oxy ¥ Ha HEW B IMOJIOKUTEILHOM HampaBieHud Oz OTIOXKUM
otpe3ok A4, = 4. Torna Touka A(2; 3; 4) u OyneT UCKOMOMN TOUKOH. []

[Tonb3ysick cUCTEMOM KOOpAWHAT, CO3aHHOM AJII COBPEMEHHBIX MPO-
rpaMMUPYEMbIX CTAHKOB M aBTOMAaTU3UPOBAHHBIX POOOTOB, COCTABISAIOTCS
pOrpaMMbl, HA OCHOBE KOTOPBIX 00padaThIBalOTCs METaJUIbI (puc. 5).

® ©



1.2. PaccTosinue MeKIV ABYMSA TOYKAMH

[Tyctb 3ampansl ABe TOUKU A (X5 Vy; z,) U B(Xy; V55 2,).

1. CHayana paccMOTpHUM clly4aii, korna npsimasi AB He napalielibHa OCU
Oz (puc. 6). Uepes Touku 4 1 B ipoBeAéM IpsiMbIe, MapaeiabHbie ocu Oz.
U nycTb oHU nepecekaroT mIockocTh Oxy B Toukax A, u B..

KoopauHathel x U y 3THX TOUYEK COOTBETCTBEHHO PaBHBI KOOPAMHATAM X U
y Touek A, B, a koopauHaThl z paBHBI (.

Teneps uepes TOUKY B IpoBe1EM III0CKOCTh O, TApaJIIeNIbHY IO TNI0CKOCTH
Oxy. Ona nepecey€t npsmyro AA:B HekoTopou Touke C.

[To Teopeme Iudaropa: AB?* = AC?* + CB>.

Omnako CB=A_B_, A.B?= (x,— x>+ (»,—y,)*u AC = |z,—z||.

[Toaromy AB = \/(xz _x1)2 +(¥, _y1)2 +(z, _21)2-

2. ITyctb oTpe3ok AB napaienen ocu Oz, torna AB= |z,—z,| U, Tak Kak
X,= X,, V= V,, MBI OIISITh IPUXOJNM K BBIIICITPUBEAEHHON (hopMyIIe.

CrnenoBarenbHO, paCCTOSIHUE MEXKIY IByMs TouKamu 4 u B:

AB:\/(xz_x1)2+(y2_y1)2+(22_21)2 (1)

Ilpumeuanue.  ®opmyna (1) Belpakaer JJIMHY  JIMaroHajlu
OPSIMOYTOJIBHOTO — Mapajulefienunena, HM3MEepeHUs: KOTOPOro  PaBHbI
, b= |y 2N

Vpasnenue cegepvr u wapa. VI3BeCTHO, YTO MHOXECTBO BCEX TOUEK
M(x; y; z), pacliOJIOKEHHBIX Ha pacCTOSHUM R OT AaHHOM Touku A (a; b; c)
oOpazytot chepy (puc. 7). Toraa no popmyne (1) koopauHATEI BCEX TOYEK,
pacroyiokeHHbIX Ha cdepe paguyca R ¢ ueHTpoMm B Touke A(a; b; c),
YIOBIETBOPSIFOT paBeHCTBY (x —a)*+ (y — b)*+ (z—c)*= R*.

OrTcrona, ICHO, YTO HEPABEHCTBO JJISl TOUEK I1apa paauyca R ¢ IeHTpoM
B Touke 4 (a; b; ¢) umeer Bux: (x —a)’+ (y— b’ + (z—c)> <R~

@

a:|x2—x1 , c:|zz—zl|_



3aoaua 2. Haiinute nepumerp TpeyroibHuka ABC c BepliMHAMU B
toukax A(9; 3; -5), B(2; 10; -5), C(2; 3; 2).
Pewenue: P=AB+AC+BC mnepumerp Ttpeyroibauka ABC. Boc-

I0JIB30BABIINCH (POPMYIIOH d = \/(xz -x) +(y,-y) +(z,-2z)" paccro-
SHUS MEXKLY IByMS TOYKaMHM, HAWIEM JUIMHBI CTOPOH TPEYTOJIbHHUKA!

AB=J(2—9) +(10—3)? +(=5+5)> =\/49+49 =72,

AC=\J(2=92 +(3—3)% +(2+5) =,[49+49 =72,

BC=\(2-2 +(3—-10)2 +(2+5) =49 +49 = 7\/2.
CnenoBatenbHO, TpeyroabHUK ABC paBHOCTOPOHHUN U €r0 MEPUMETP

P=3-7J2=21V2. Omsem: 212 .[ ]

1.3. KoopanHathl cepeiHbI 0TPe3Ka
[lycte A(x;y,;2,) v B(x,; 1,; Z,;) — IpOU3BOJIbHBIE TOUKH, Touka C(x; y; z)
cepenuHa orpeska AB (puc. 8).

O,

Yepes touku A, B u C mpoBeném mpsmble, napajuienbHbie ocu Oz,
nepecekaromue miockoctb Oxy B Toukax A(x;; y,;; 0), B(x,; y,; 0) m
C.(x; y; 0). Torna o reopeme daneca touka C, — cepennna orpeska A_B,.

Otcrona o dopMynaM HaxOXKJIEHUS KOOPJIUHAT CEPEIUHBI OTpe3Ka Ha

c=atx Ly )
IIOCKOCTH 2 2

YToObl HAUTH KOOPAMHATY Z, HY’KHO BMECTO IIIOCKOCTH OX) pacCMOTPETh
mrockocth Oxz unm Oyz.

Torna u A z nony4um Gopmyiy, HoAO0OHYIO BbIIICTPUBEAEHHOM.

c=atn y:)ﬁ"‘yz ,=Aat2
2 7 2 2

AHaJOTMYHO, UCIOIB3Ysd KOOPJAWHATHI KOHIOB A U B oTpe3ka AB, no

dbopmynam

_AtAn o ntl, o _atAs
1+2 ° 1+ 4 1+4

(116}
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HAXOJIAT KOOPJAUHATHI TOUKH P (X,; y,; z,), ACTSILLIEH OTpe30K AB B OTHOLIECHUU
A (4P : PB = L).

3aoaua 3. Jlokaxure, 4T0 4YeTHIPEXYyronbHUK MNKL ¢ BepmmHamu

M(@3; 6;4), N; 2;4), K(3; 2; 8), L(6; 6; 8) — mapannenorpamm (puc. 9).

ﬂOKClS’CIWleJZbCWlGO.' I[J'IH pemeHuA 3aJa4du  HUCIIOJB3YEM  IIPHU3HAK

napajiesiorpaMMa:  YeTbIpEXyroibHUK, TOYKA IEPECEUECHMs TuaroHajieiu
KOTOPOT'O JIEJUT UX MOMO0JIaM, SBIISIETCS MapajlieJorpaMMOM.

Koopaunarsl cepenunbl orpe3ka MK:

343 6+2 4+38
=——=3; =——=4; zZ=— =6,
X 5 Y ) > 6
Koopaunarel cepeannsl orpes3ka NL:
0+6 2+6 4+8
T Y 2

Koopaunatel cepenun orpe3koB MK u NL paBHBI. DTO TOBOPUT O TOM,

4dTO OTPEC3KHU IICPCCCKAIOTCA U B TOYKC IICPCCCUCHUA ACTIATCA ITOIIOJIaM.

=

CrnenoBarenbHO, YETHIPEXYTOIbHUK MNLK — napasienorpamm. L]

3agaum K TeMe M NpaKkTuiyeckue 3a1aHus

. Onpenenure KOOPAWHATHI TOUEK, N300paKEHHBIX HA pucyHke 10.
. [TocTpoeHna nexkaproBa cucTemMa KOOpJAMHAT U B HEW 3aJaHbl TOUKU,

A(0; 35 1), B(=2; 0 0), C(0; 0; 8), D(0; -9; 0), £(5; —-1; 2), F(-6; 2; 1).
Kakue #3 Touek pacmojoXKeHbl: ¢) Ha KOOPAMHATHBIX OCsX; b) Ha
KOOPJIMHATHBIX TUIOCKOCTSX; C) BHYTPH OKTAHTOB?

@

. Halinute koopauHaTel Touek Ha pucyHke 11.
. Haiimute xoopauHarsl Touek, M300pakEHHBIX HAa pUCYHKe 12.

. Ha pucynxe 13 n300paxéH KBaapar, AMaroHaab KOTOPOTO paBHA ~/2 .

Haiiqure kooparHaThI €10 BEPIIUH.

. Haitnute xoopauuatel npoeknuu Toukd A (3; 2; 4) Ha KOOpJAWHATHBIE

IIJIOCKOCTH.

(")



7. Ilycth B IeKapTOBOM MPSMOYTOJILHOM CHUCTEME KOOPAMHAT 3aJIaHbl TOUYKH
A (-1;2;-3), B(0; 1; 2), C(0;0;5), D(-2;2;0), E(5,-1;0), F(0; 2;
0), G(9;0;0), H9;0;2), 1(6;3;1), J(-6;3;5), K(—6;-2;3), L(6;-2;
4), M(6; 3; -9), N(-6; 3; -8), O(-6; -3; —6), P(6; —3; —2). Ha kaxou
KOOPIIMHATHOM OCH, KOOPJAMHATHON IIJIOCKOCTH M B KaKOM OKTaHTE
PaCIONIOXKEHBI ATH TOUKHU? 3aMOTHUTE CISAYIONTYI0 TaOIuIly o 0Opasiry.

Ilomoxxenue Oco0eHHOCTh KOOPAMHAT TOUYKH Touxka
TOYKHU

Ocb Ox y=0, z=0, koopauHara x orin4Ha ot () G(9;0; 0)
Ocb Oy
Och Oz
[Tnock. Oxz |z=0, koopaAUHATHI X U y OTIAWYHBI OT () D(=2;2;0)

[Tnock. Oyz

IInock. Oxz
1 oxTaHT x>0,y>0,z>0 1(6;3;1)
2 OKTaHT

3 OKTaHT

4 oKTaHT

5 OKTaHT

6 OKTaHT

7 OKTaHT

8 OKTaHT




8. Haiinure paccrosiaue mexay Toukamu A (2; 0; —3) u B(3; 4; 0).

9. Haiinure paccrosuue ot Touku A(3; 3; 3): a) 10 KOOPAMHATHBIX
IJIOCKOCTEH; b) 10 KOOPAMHATHBIX OCEH; C) 10 HayaJla KOOPAUHAT.

10. Haiinute paccrosisaue ot Touku M (2; —3; 1) 10 KOOpAMHATHBIX
IIJIOCKOCTEH.

11. Onipeaenute NOI0KEHUE TOUKHU, HAXOASIIICHCS OT KA 101 KOOPIMHATHOM
MJIOCKOCTH HA PACCTOSHUM 3 €IUYHBIX OTPE3KOB.

)

12. Haiinure KOOpAMHATHI BEPIIMH KyOa, H300paKEHHOTO Ha pHUCyHKe 14,
ecn OA=22.

13. Koropas u3 touek C(2; 5; —1) u D(2; 1; —6) pacnonioxkeHa Onmxe K
Hayajly KoopAuHAaT?

14. Haiinure nepuMeTp TpEyrojabHUKA, BEPIINHBI KOTOPOIO PACIIONOKEHBI B
toukax A(1; 2; 3), B(2; 3; 1), C(3; 1; 2).

15. CymiecTByeT N TPEYTOJbHUK, BEPIIMHBI KOTOPOTO PACIOJIOXKEHBI B
toukax A(1; 2; 3), B(2; 3;4), C(3;4;5)?

16. [loxaxure, uro Touku A(-2; 0; 5), B(-1; 2; 3), C(1; 1;-3), D(0; —1; -1)
SIBJISIOTCS BEPILIMHAMY HapaiiejorpaMmma.

17. Omnpenenute Bua TpeyroibHuka ABC W HalliuTe €ro mepuMeTp U
miomank: a) 4 (3;0; 0), B (0; 3;0), C(0;0; 3); b)A4(2;0;5),B(3;4;
0),C(12;4;0); c)4(2;4;,-1),B(-1;1;2),C(5;1;2).

18. Haiinute xoopAvHATHl TOYEK, JIEKAIUX B IUIOCKOCTH (OXxy M PaBHO-
yaaneHHbix ot Touek 4(0; 1; —1), B(—1; 0; —1), C(0; —1; 0).

19. Haiinure koopauHatel npyrux BepmnH kKyboa ABCDAB,C\D,,
ecru A (1; 1;1), B(I1l; 1; 1), C(1; -1; 1), C,(-1; -1; —1).

20. Jokaxwure, urto nupamuga SABC ¢ BepmmHamu B Toukax S (0; 0; 0),
A (2;0;0), B (0;2;0), C(0;0; 2) — npaBuibHasi.

21. Hanmummre ypaBHeHHE c(hepshl U 1apa ¢ IEHTPOM B Hadasie KOOPJAUHAT U
paauycoM, paBHBIM .

——



22. Hanuure ypaBHEeHHE 1apa ¢ HeHTpoM B Touke A (1; 2; 4) u paguycowm,
pPaBHBIM 3.

23. Hanumure ypaBHEHME apa, KOHIbI JuaMepa KOTOPOIO paclOI0KEHBI B
toukax A (—2;1;3),B(0;2;1).

24. Tloctpoiite Monenb Kyba u3 miuoTHod Oymaru. Haliiute KoopAMHATEHI
BEPILHH 3TOr0 Ky0a, IPUHSB OJIHY M3 €r0 BEPILIMH 33 HAYa10 KOOPAUHAT.

25. Haiinure KOOpaAMHATEI CEpEINHBI OTpe3Ka AB:

1) A(=1;0; 0), B(1; 2; 0); 2) 4(0; 0; 0), B(2; 2; 2); 3) A(-2; 4; 2), B(2; -4, 2),
4) A(1,2;-3; 6,3), B(-2,6; 3.2; -5,1); 5) A(N3;2; 1-42), B33 ; 1;1+42).

26. Haiinutre koopauHaThl cepeiuH peéOGep M ILIEHTPOB TrpaHeil Kyoa,
U300paXEHHOTO HA pUCYHKE 15.

27. Hanbr touku A(3;-1;4), B(-1;1;-8), C(2;1;-6), D(0;1;2). Haiigute
KOOPJIMHATHI cepeliuH oTpe3koB: a) AB u CD; b) AC u BD.

28. Touku M(1;-1;2) u N(-3;2;4) nenst orpe3ok AB Ha Tpu paBHbIC
yacTu. Haliiure KoopuHaThl KOHLIOB OTpe3ka AB.

29. Croponsbl yetbipéxyroibHuka ABCD COOTBETCTBEHHO IMapaslieNIbHBI
ctopoHaM mnpsmoyronsHuka A,B,C\D,. Joxaxute, uto ABCD -
NPSIMOYTOJIbHUK.

30. Yepes BepmnnHy A npsmoyroinbHuka ABCD npoeneHa npsimas AK,
NEepHEeHIUKYJIApHAs €ro MIOCKOCTH. PaccTosiHug oT Touku K 10 Ipyrux
BEpUIUH MPSMOYTOJbHUKA paBHBI 6 cM, 7 ¢cM U 9 cMm. Haiinure nnuny
otpeska AK.

31*. B npoctpanctse 3aaansl Touku A(3; 0; —1), B(—4; 1; 0), C(5; -2; —1).
Haiinute koopauMHaThl TOYEK, JexamMx B MIockocth Oyz u
paBHOYAANEHHBIX OT Touek A, B, C.

32. Hailigute xoopauHary Touku D mnapamnenorpamma ABCD, ecnu
a) A(=2; —4; 3), B(3; 1; 7), C(4;2;-5); b) A(4; 2; -1), B(1; -3; -2),
C(-6;2;1); c)A(-1;7;4),B(1;5;2), C9;-3;-73).

33. Haiinute xoopaunHatel Touku M(x; y; z), mensuieit orpe3ok CK B
otHomennu CK:KM= . a) C(-5;4;2), K(1; 1;,-1)ui=2; b) C(1;-1;2),
K(2; —4; 1)u 2=0,5; ¢) C(1;0;-2), K (9;-3; 6) u z:%.

34. Haitgute xoopauHatbl TOYKHM M — TOYKH TI€peceyeHus MeIuaH
TpeyrojibHUKA C BepiurHamu B Toukax A(3; 2; 4), B(1; 3; 2), C(-3; 4; 3).

35. Hailigute KoopauMHAThl TOYKM L — OCHOBaHUSA OHWCCEKTpUCHl BL
TpeyrojibHUKA C BepirHamu B Toukax A(5; 6; 3), B(3; 5; 1), C(0; 1; 1).

36*. Haiinutre nnuHy OuCCEKTpUCHl AL TpeyrojbHHKa C BEpIIMHAMU B
toukax A(4;0; 1), B(5;-2; 1), C(4; 8; 5).



37*. Jlan TpeyroibHUK ¢ BepmmHamu B Toukax A(1; 3; —1), B(3; —1; 1),
C(3; 1; —1). Haiimure: a) ;iMHY BBICOTHI, OIMYIICHHOW HAa OOJBIIYIO
CTOpPOHY; b) yIJIbI; C) IUIOIIAlb TPEYTOJIBHHKA.

38*. Haitnure mnmuHy orpe3ka MK, ucnonb3ys NpuBeIEHHBIE ISl KyOa
JaHHbIE HA pUCYHKeE 16.

I/IcmommeCKue ceeodeHus
B nepenucke C U36€CMHbIM yeiaumeiem u

mamemamuxom A6y Anu ubn Cumno A6y Patixon
bepynu 3aoaém cneoyrowuii 6onpoc: «llouemy
Apucmomenv u Opyeue (Qunocogst) Hazvliearwom
uiecmos Cmopon? »

Paccmampusas wecmucmoponnuii ky6, bepynu
eogopum o0 @Quaypax «c Opy2uM KOAU4ecmeom
CmMopoHy u 0obasisem, YMO «ULAPOOOPA3HbIE
Gueypol e umerom cmopou.» A Hon Cuno omeeua-
em, YMmo «B0 8CeX CAVYYAAX HYICHO CUUMAMb, YMO CMOPOH UleCmb, MaK
KaK y Kaxcootl ueypul, He3agucumo om eé gpopmwi, ecmv mpu usmepeHusl
— OJIUHA, 2NYOUHA U WUPUHAY.

30ecv Hon Cuno umeem 8810y mpu KOOpOUHAMbL, UMEHYEeMble YCIOBHO
«uecms CIMopoH».

B npouszsedenuu «Kanon Macvyoa» bepynu npueooum mounoe
Mamemamuyeckoe onpeoenenue utecmu cmopon: «Cmopon wecmo,
MakKk Kak OHU 02PAHUYUBAIOM OBUNCEHUE DuU2yp NO CEOUM USMEPEHUSM.
Hzmepenuti mpu.: onuna, wupuna u enyouna. A ux 6 oea paza borvute
camux uzmMepeHuil. »

B npeovioywux kuueax asmop onpeoensiem nonodiceHue HeOecHblX
men ¢ NOMOWbI0 08YX KOOPOUHAM OMHOCUMENbHO HeDecHOl cgepbl
— aKIUNMuUYecko2o ypasuenus. Jlubo uepes me dce KOOpOuHamvl, HO
omHocumenvHo HebecHo2o 3Keamopa unau 2opuzouma. Oowako npu
onpeoeneHuu 83auMHO20 PACHONONCeHUs. 36830 U HeDecHbIX Ceemul
npuoémces ydumsieams U ciaydau 3ammeHuti. Bom 6 maxux cnyuasx
nos8semcss HeobXo0uMocms 8 mpemvell cghepuyeckoil Koopouname.
Oma Heobxooumocme npugena bepynu k omkazy om meopuu HebecHbix
KOOpOUHam.



2. BEKTOPBI B TIPOCTPAHCTBE U JEVCTBUS HAJl HUMHU

2.1. BeKTOpbI B IPOCTPAHCTBE

Ilousarue BCKTOpa B IPOCTPAHCTBE BBOJAT TAKIKC KaK HA IINIOCKOCTH.

Bexmopom B IpoCTpaHCTBE HA3bIBAIOT HAMPABIECHHBIA OTPE3OK.

OCHOBHBIG IIOHATHA, OTHOCAINMUCCA K BCKTOpaM B IIPOCTPAHCTBC,
aHAJIOTUYHBI 3TUM MOHATHAM Ha TUIOCKOCTH: JITTUHA (MOJTYJIb), HAPaBJICHHUE
BEKTOpA, paBEHCTBO BEKTOPOB.

@

a(a;ar;a3) AB(xy — X130 = y1372 —71)

Koopounamamu eexmopa ¢ HadyanoM B Touke A (X,; y,; z;) 1 KOHLIOM B
TouKe B (X,; ¥,; Z,) HA3BIBAIOT YUCHA A = X, — X, Ay = Vy— YV, Q3= Z, — Z,
(puc. 17).

[TpuBenem 0Oe3 goKa3aTENbCTBA CBOWCTBA BEKTOPOB, aHAOTUYHBIX
CBOMCTBaM Ha IJIOCKOCTH.

Takke Kak Ha IJIOCKOCTH, COOTBETCTBYIOIIME KOOPAMHATHI PaBHBIX
BEKTOPOB pPaBHBI U, 00PATHO, BEKTOPHI C PaBHBIMHU KOOPAMHATAMH PABHBI.

Ha 0CHOBaHHH TOr0 BEKTOP MOKHO 0603HaunTh Kak AB(ay;ay;a;) mim
c_z(al;az;a3) WJIM KpaTko (a,; a,; a,) (puc. 18).

BeKTop MOXKHO 3arucarh 1 6e3 koopauHat AB (umu @ ). B sToit 3amucu
Ha TIEPBOM MECTE Hayajao BEKTOpPa, a Ha BTOPOM — KOHeII.

BexkTop ¢ kooparHaTaMu, paBHBIMU HYITIO, HA3BIBAIOT H)J1€6bLM GEKIMOPOM
1 0603HauaroT 0(0;0;0) uu 0, HanpaBJIEHUE STOrO BEKTOPa HE ONPEIEICHO.

Ecnu Havano BekTopa pacnoiiokeHo B Hayasie koopAauHar O, a yucna a,,
a, M a; — KOOpAMHATHI TOUKHU 4, TO ecTb A(a,; a,; a,), TO 3TU XKe yucna OynyT

KOOpAHHATAMH BekTopa OA: OA(a; ay; a).

OpHako BeKTOp B mpocTpaHcTBe KP ¢ HavyalioM B Touke K(c; ¢,; ¢;) U
KOHIIOM B Touke P (c,ta,; c,ta,; c;ta;) Oyner UMeTh Te K€ KOOPIMHATHI:
KP (¢t a=cy; ¢;F ay=¢y5 ¢35 as— ;) = KP (a;; ay; a;).

(122]



Orcroma ciemyeT, 4TO BEKTOP MOXKHO TIPHUIIOKUTH K JIIOOOH TOYKe
npocTpaHcTBa. B reoMerpum Mbl paccMaTpuBaeM TakHE C80O0OHbIE
BeKTOpbl. Ho B ¢u3uke, OOBIYHO BEKTOP CBA3aH C HEKOMOPOL MOYKOIU.
Hanpumep, Bo3znelicTBue Cuibl MPUIOKEHHAS K NPYyKUHE F HA puUcyHKe 19
3aBUCHUT OT TOYKH €€ MPUIOKEHUS.

Jnunoti  6ekmopa Ha3bIBAIOT JJIMHY HAIpPaBJIE€HHOIO OTpe3Ka,

n3o0paxatomiero ero (puc. 17). JlnmuHy BeKTOpa @ 3aluChIBAIOT TaK | d |.
Jnuna BexTopa a (a,; a,; a,), 3aAaHHOT0 KOOPJIMHATaAMH, BBIYUCIISIETCS

o popmysie |a|=+la,” +a,” +a;" .

3aoaua 1. lansl Touku A (2; 7;-3), B(1;0; 3), C(-3; —4;5)u D (-2; 3;

—1). Kakue u3 BektopoB AB, BC,DC, AD, AD n BD paBHBI MEXIy CO00i1?
Pewienue: Y paBHBIX BEKTOPOB PaBHbI COOTBETCTBYIOIIME KOOPJAUHATHI.
[ToaTomMy HalEM KOOPAUHATHI BEKTOPOB:

AB =(1-2, 0-7, 3—(=3)) = (-1, -7, 6);

DC =(-3-(2), —4-3, 5—(-1)= (-1, -7, 6).

CrnenoBarenbHo, AB = DC. JIOKaXHTe CAaMOCTOSTENBHO, HUTO
BC=4D. []

2.2. JleiicTBUS HAl BEKTOPAMHU B NPOCTPAHCTBE

Jeticmeus Hao eekmopavu. CI0XKEHNE BEKTOPOB, YMHOXKEHHE Ha YHCIIO
U UX CKaJIIPHOE MPOU3BEACHHUE OIMpPEEsAeTCsl TAKKE KaK Ha MIIOCKOCTH.

Cymmoti exmopog a(a;; ay; a;) u b (b,; b,; b)) HA3BIBAIOT BEKTOP
a +b = (a/+ b,; a,+ by; a;+ by) (puc. 20).

20)a) b) ¢)

[Tycte kpan Ha pucyHke 20.h OBHXKETCS BIOJAb BEKTOpa d, a TpPy3
OTHOCHUTENBHO KPaHa B0 BeKTopa b. B pesynsrare rpy3 ABHKETCS BIOIb
BekTopa a +b. [Tostomy U3 pucynka 20.c, Ha KOTOPOM H300paKEH CIOKET
6acHu pycckoro nucarens M. A.KpbutoBa, sicHO, 4To repon 0acHU HE CMOTYT
CIBUHYTH TEJIETy C MECTA.



Ceoticmea cymmbl 6eKMOPO8.

JI1s1 MEOGBIX BEKTOPOB @, b W ¢ MMEIOT MECTO CIIeTyIOIINe CBOHCTRA:
a)atbh=0b+a - IIEPEMECTUTENIbHBINA 3aKOH CJIOKEHUS BEKTOPOB;
b) a + (b + ¢)=(a+b)+c — pacupeeIUTeIbHBII 3aKOH CIIOKEHIIS.
IIpasuno mpey2onbHuKa c1od4ceHus 6eKmMopos.

Jlotst mo6bIx Touek A, B u C (puc. 21): AB+BC = AC.

IIpasuno napannenoecpamma cnodiceHuss BeKMopos.

Ecmu ABCD — napamnenorpamm (puc. 22), 10 AB+ AD = AC .
Ilpasuno mHo2oy2onbHUKA CONCEHUSL BEKMOPOS.

Ecnu touku 4, B, C, D u E — BepuuHbl MHOTOyTOJIbHHKA (pUC. 23), TO

AB+BC+CD+DE=AE.

) @ ® 2

IIpasuno napannenenuneda cinodxcenuss mpéx 6eKmopos, He JexKaiux B
onHoi mnockoctu. Eciiu ABCDA,B,C\D, napannenenunen (puc. 24), To
AB + AD + A4 ,=AC .
Bekrop Aa=(Aaj; Aay; Aa;) HasBIBAOT ymHOOICeHUEM BeKmopa
5(01;612;03) Ha yucno A (puc. 25). CBoiicTBa omepanuyd yMHOXKCHHS
BEKTOpPA Ha YHCIIO.

JI7ist TOGBIX BEKTOPOB a ¥ b ¥ 4rcen A ¥ L

a)Ma + b)=ha +Ab;

b) MW a=Aa +pa;

¢) |ha| = |\ - |a| u HanpaBieHne BekTOpa A
COBIIA/AET C HATIPABICHNEM BEKTOPA a, eCli A > 0,

MPOTHBOIIOJIOKHO HAMPABJICHUIO BeKTOpa a, eciu A < 0.

@ o a) 0)



2.3. KosinHeapHble H KOMILIAHAPHBIE BEKTOPbI

IIycTh 3aaHbl HEHYJIEBbIC BEKTOPsl a U b. Eciu BeKTopsl a u b
COHAIpAaBJICHbl WM TPOTHUBOIOJIOKHO HAMPABICHBbI, TO WX HA3bIBAIOT
KOLTUHeapHviMu 6ekmopamu (puc. 26).

CgoiictBo 1. Eciiu 1711 BEKTOpPOB a U b MMeeT MecTo PaBEHCTBO
a=2b(A#0), To oHH KOJUTMHEAPHBI K HA00OPOT.

Eciu A> 0, To BEKTOpBI a 1 b coHampasiensl (a 11 b), eciu A< 0, T0

IPOTHUBOIIOIOKHO HarpasieHsl (a 1] b).

CBoiicTBO 2. Eciiu BeKTOpbl a(a,; a,; a;) u b (by; by; b;) KonmmuHeapHsl,
a a a
TO UX COOTBETCTBYIONINE KOOPAHHATHI MPOMOPIMOHANBHEL: — =—2 =3

HA00OPOT. o &

3aoaua 2. Haitngute BekTop ¢ HayanoM B Touke 4 (1; 1; 1) u xoH1ioM B
Touke B, nexameil B miockocTd Oxy, KommmHeapHsiii Bektopy a(l; 2; 3)
Pewenue: Tlyctb Touka B uMeeT KoopauHaTel B (x; y; z). Tak kak Touka B
nekuT B I0ckocTu Oxy, 10 z=0. Torma AB (x — 1;y—1; - 1).

Io ycimoBuio 3amaun BekTopel AB(x — 1; y — 1; — 1) u a(l, 2, 3)
KoJutMHeapHbl. Clie0BaTeIbHO, UX KOOPAUHATHI IPOIOPLIUOHAIIBHBI.

x—1 y—-1 -1
Torma nonydaem cieAyroIKe MpOnopIun I = BN = 3
2 1

OTtKkyna HaxoguM x = 3 VT3

3
Hrak, E(—%;—%;—l) |:|

Bexkropsl, nexariue B OJHOM MJI0CKOCTH WU APaJIIeIbHBIX INTIOCKOCTSX,
HA3BIBAIOT KOMHIIAHAPHbIMU dekmopamu (puc. 27).

)

a) b)

Bekroper ¢ (1; 0; 0), e,(0; 1; 0) mu e3 (0; 0; 1) HaswIBarOT opmamu
(puc. 28).

JIro6o0ii BexTOp a(a,; a,; a;) MOXKHO AMHCTBEHHBIM 00Pa30M paziodcums
no opmam, TO €CTh MPEJICTABUTh B BUJIE a= a, e, + a, e, + a; ey (puc. 29).



To4HO TaKKe, €CIM 3aaHbl TPM HEKOMIUIAHAPHBIX BekTOpa OA,OB 1
OC , 10 1M060I BeKTOp OD MOXKHO €IHHCTBEHHBIM 00Pa30M HPEICTABHTH
B BUJIE!

oD =a; 04 +a,- OB +a,- ocC.

3necs a,, a,, a; HEKOTOphIE ACHCTBUTENbHBIC Yncia. Torga roBopsT, 4To

BEKMOP pa3N0A#CeH NO 3A0AHHBIM 8eKMOPAM.

2.4. CkajsipHoe nNpou3BeJleHNe BEKTOPOB

Yenom mesxrcoy HenyneBbIMU gekmopamu a@ M b Ha3bIBAIOT YIOJI MEXIY
HAIpPaBJICHHBIMU OTPE3KaMU BEKTOPOB OA=a u OB = b, ucxondmux u3
touku O (puc. 30).

N

VYron mexay BekTopamu @ M b 0003Ha4yaloT Tak (a ,b).

a) A b) )

Cranspnbiv npouseéedenuem 6ekmopos @ U b Ha3bIBAIOT IPOU3BEACHHE
JUIMH 3TUX BEKTOPOB HA KOCHHYC yIJa MEKIy HUMHU.

Eciny oMH M3 BEKTOPOB HYIEBOM, TO CKaIAPHOE MPOU3BEICHHE STHX
BEKTOPOB PABHO HYJIIO.

CkaJspHOE MPOM3BeeHHe 0003HauatoT @ -b wm (a, b). ITo onpene-
JICHUIO (a,b)=|al-|b]|cose. (1)

U3 onpeieNieHus CIEyeT, 4TO €CIIM CKAISPHOE MPOU3BEIEHHE BEKTOPOB
@ W h PABHO HYIIO, TO 3TU BEKTOPbI 1EpPNeHOUK)IAPHbL T HA0OOPOT.

B (usuke paboTa A, BHIIONHEHHAS IPH IBMKEHHH T€JIa Ha PACCTOSHUU
s , TI0J1 BO3/ieiicTBIEeM cHIlbl F (puc. 31), paBHa CKaIsPHOMY IIPOM3BEICHHUIO
cunbl F Ha paccrosaue s: A= (F, s)=|F|-|s|cose.
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CeoiictBo. Ecin @ (a,; a,; a) ub (by; by; by), 10 (@, b)= a,b,+a,b,+a;b,.
Jokaszamenvcmeo. 1IPHIOKAM BEKTOPBI @

a um b k Hauamy xoopauHat O (puc. 32).

Torna OA = (a,; a,; a;) u OB = (b,; by;

b;). Ecnu BeKTOpbl HEKOJUIMHEAPHBI, TO

1oJIy4yaeM TpeyroiibHUK ABO0, A KOTOpOro

CIpaBeJIiBa TeopeMa KOCUHYCOB:

AB? = 04% + OB> —204- OB cosg. Torna
OA-OB- cosp = %(OAZ +0B? — 4B%). Omnaxo, 04> =a? +d3 +d3 .
OB> =b’ +b} +b} wu  AB> =(bj—a)* +(by —ap)* +(by —a3)°.
CnenosarenbHo, (a,b) =|a||b|cose = %(OA2 +0B? - AB%) =

1
=§(6112 tay? +agt + b7 byt +by* — (b —a) - (b —ap)? -

—(by—a3)?) = ayby +azby +ashs.

CaMOCTOSTENIbHO JTOKaXHUTE, YTO U B Cllydae, Korna JaHHbIE BEKTOPbI
KoJTHHEeapHsI (9=0°, @=180°), TaKke BBHIIONHSAETCS 3TO PABEHCTBO. ||

Csoticmsa cKansipHo2o npou3eedeHusi BeKmMopos

1. a -b=b-a — nepemecTUTEILHOE CBOWCTRBO.

2.(a+b) ¢ = a-c+b-c — pacnpenenuTeabHOe CBOMCTRO.

3.1 (5 : E) =(1- 5) b=a- 4 -Z) — coueTaTeabHOE CBOMCTRO.

4. Eciu BeKTOPBI a U b SBISAIOTCS COHAIIPABICHHBIMU KOJUTMHEAPHBIMU
BEKTOpaMH, T0 a - b = |a||b |, Tak kak cos 0° = 1.

5. Ecimm ke  BeKTOpbl MPOTHUBOIOJOKHO  HANpaBIEHBHI,
T0 a - b=—|a||b|, Tak kak cos180° =—I.

6. a - a=|alla|cos0°=|alP= a?=|al

7. Eclu BEKTOp a TepIHeHIMKYIAPeH BEKTopy b, To a - b = 0.

CaencrBus:

a) JUmHa BekTOpa a =(a,;d;as): |a|= \/al2 +a, +a,; (1)
b) KOCHHYC yriia MexIy BEKTOPaMH a = (a,;a,;a;) ¥ b= (b;;b,;b,):
a,b, +a, b,+ a,b,

2 2 2 2 2 2 ;
\/a1 +a, +a, \/b1 +b,° +b°’

cosQ =

2
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C) yCTIOBHE IEPIICHIUKYISPHOCTH BEKTOPOB a= (a;;a,;a;) 1 b= (b,5b,5b5)
a,b,+a,b,+a,b;=0 3)
3aoaua 3. A(0; 1,-1), B(1;-1;2), C(@3;1;0), D(2;-3; 1) —3ananabie
Touku. HaiiiuTe KocuHyc yria Mexy Bekropamu AB u CD .

Pewenue. Haiiném 1IMHBI BEKTOPOB AB u CD:

AB=(1-0; -1-1; 2—(=1))=(1,-2,3),

CD = (2-3; -3-1; 1 -0)=(-1,-4,1).

|48|= J2+(=2)% +3% =14,

cD|= \/(— )2 +(=4)2 +1% =18.
AB-CD _LEDHEYEHH3T 5

|4B-|cD V14418 NG

3aoaua 4. Haiinute yron mexnay Bekropamu a(l;2;0), b (1;—%;0).

CnenoBaresibHO, COS® =

- 1-1+2(—1j+0-0
a-b 2

_.E: 2 - 5:
R

Urak, ¢ = 90°. L]

Pewenue: cosq =

3a0aua 5. Haiinure |a + b |, ecnu |5 =3, |E |=5 1 yrosi Mexy BEKTopamMmu

au bpaBeH 2—

Pewerie: o+t = (a5 =7 +2(a )45 = +2JaFlcosp+ i =

=\/9+25+2-15-(——)=\/34—15 =19
3a0oaua 6. Hailinute KOOPAMHATBI W  JUIMHBI _ BEKTOPOB
1)c =a+b;2)d =2a — b,ectua =2i+3j—-4knb =—i—j+2k.
Pewenue: TlopctaBuM B BBIPAKEHUs UCKOMbIX BEKTOPOB Pa3jiOKEHHs
BEKTOPOB @ U b 110 KOOpAMHATAM: De=a+b=2i+3j— 4k—i—j+2k=

—i+2j-2k. CenoBarensto, ¢ =(1;2;—2). Torma |c| =+/1 + 27 +(-2)* =3.
2)d=2a—b=2Q2i+3j—4k)—(—i—j +2k)=4i+6j —8k+ i +j2k=
— 5i +7j — 10k.

Crenosarensho, d = (5;7;—10) . Torna ‘c_l‘ = /5" +7*(~10)* =/174. []
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3adaua 7. Haiinure npoussenenue (2a + 3b)(—2a+b), eciu yroi Mexy
BekTopamu a u b paBen 30° u |a| = V3, |b|=2.
Pewenue: CHauana HaliiéM MOU3BeIEHNE BEKTOPOB a U b:

(a, b) = |a||b| cos30° = \/3-2-%:3.

3arem MEPCMHOXUM 3aJIaHHBIC BBIPAXKCHUA KAK MHOT'OYJICHEI U, ITOJIB3YSACH
pactupCaCiInTCIIbHBIM CBOMCTBOM YMHOKCHHA BEKTOpA HA YHUCJIO, ITOJIYUNM:

(2a+3b)(—2a+b)=—4a*>+2(a, b)—6(a, b)+3b2=—4b*— 4(a, b)+3b>.
VuurteiBas, uto a’=|a]>=9, b=|b|*=4, (a, b)=3 waiigém wHcKomoe
npomssenerne (2a+3b)(2a+b)=—4-9—4-3+3-4=—36[]

3a1auM K TeMe U IPAKTHYECKHE 3aIaHus

39. Onpenenute KOOpAUHATHI BEKTOPOB HA PUCYHKE 33.
40. A(1; 1; 1), B(-1; 0; 1), C(0; 1; ) m
0(0; 0; 0) — 3amaHHbIE TOUKH. @
Omnpenenute KOOPIUHATHI BEKTOPOB

41. OmpenenuTe KOOpAMHATHI BeKTOopa BA
ecau AB (a; b; ).

42. OnpenenuTe KOOPIMHATHI BEKTOpa AB,
ecmu:a)A(1;2;3),B(3;7,6);b)4(-3;2;1),
B(1;—4; 3).

43. Haiimmre mmmael Bektopo a(l; —1; 1), 5(0; 2; —4), ¢(2; 3; —1),
d(1;2;5).

44. Haiinure x, eciu UIMHBI BeKTopoB a(2; 1;3) u b (—1; x; 2) paBHbL

b

45. Haiinure KoOpaMHATH BekTopa a(c; 2¢; —c), JUIMHA KOTOPOTO pPaBHA
V54

46. Ilycts A, B, C, D, E n F BepuiMHbl NPAaBUJIBHOIO IIECTUYTOJIbHUKA.
[IpuBenuTe mpuMephl: a) IByX paBHBIX; b) JBYX COHaIpaBIEHHBIX; C)
JIBYX pPaBHBIX U MPOTHUBOIOJIOKHO HAMpaBiIeHHbIX; d) ABYX HEPABHBIX U
MIPOTUBOMOJIOKHO HAIIPABICHHBIX BEKTOPOB.

47. Tlpu KakuX 3HAYCHUAX k JUTHHA BekTopa: a) a(4; k; 2); b) a(k—1;1;4);
¢) a(k; 1; k+2); d) a(k—1; k—2; k+1) Gyner paBHa ~/21?

——



48. Hausl Tpu Touku: A(1; 1; 1), B(—1; 0; 1), C(0; 1; 1). Haitgute Takyto
Touxy D(x; y; z), 4T06bl BeKTOpsl AB 1 CD GBUIN PaBHEL.

49. Jlanwl Tpu Touku: A(1; 0; 1), B(—1; 1; 2), C(0; 2; —1). Haiigute Touky D
(x; y; 2), ecnn: a) Bektopsl AB u CD paBHI; b) cymMMa BekTopoB AB 1
CD paBHa HylIeBOMY BEKTODY.

50*. Tausl BekTOpHI (2; n; 3) u (3; 2; m). IIpu Kakux 3HAYEHUSIX M U 1 ITH
BEKTOPBI OyAyT KOJTTMHEAPHBI?

51. Haiigute BekTop ¢ HayajaoMm B Touke A(1; 1; 1) u koHIOM B Touke B,
Jexanieil B miaockoctu Oxy, KOTOPBIi KoJutnHeapeH BekTopy a(1;-2; 3).

52*. Halinute koopauHaTsel Touku D, ecnu: a) A(-2; —4; 3), B (3; 1; 7),
C (4; 2, =5); b) A@4; 2; -1), B(1; -3; -2), C(-6; 2; 1); ¢) A(-1; 7; 4),
B(1;5;2),C(9;-3;-8); d) A4(-2;—4;3),B(3; 1, 7), C(4; 2;—5) — BepIINHBI
napayenorpamma ABCD.

53. Haiigute mo mpaBmiy napaienorpamMmma CyMMY BEKTOPOB, H300-
paXeHHBIX Ha PUCYHKe 34.

54. Kakoii u3 yeTblpéxyroibHUkoB ABCD u MNPK sBnsetrcss poMOoM, a
Kakoil kBagparom, ecnu: 4(6;7;8), B(8:;2:;6), C(4:3;2), D(2;8;4)
uM(3;5;2), N(7;1;2),P(3;-3;2),K(—1;1;2)?

55. Han xky6 ABCDA,B,C\D, (puc. 35). Onpenennure BEKTOPHI: a) paBHbIE

@ BEKTOpaM AB, DDy, A_C; b) MPOTUBOMOIOKHO
HampaBlieHHble Bektopam A,D,, CC,, BD; c)

KOJUTHHEApHBIE BEKTOpaM BA, AA,; d) KoMILIaHApHbIE
napam BektopoB ABu AD, ACu A,C.
56. Haiinute xoopaMHAaTBI W JUIMHY BEKTOpa
¢ =a + b, ecmm: 1) a(l;— 4:0), b(— 4;0;8);
2) a(0;2;5), b(4; 3; 0).
57. HaiiauTe KOOpIMHATHL U [UIMHY BeKTOpa ¢ = a — b, eciu: 1) a(1; —4;
0), b(—4; 8; 0); 2) a(0;=2; 7), b(0; 4; —1).




58. HaiiuTe KOOpAMHATHI U JUTHHY BeKTopa: a) 2b; b) -3 b; ¢)—1,5 ¢;
d)0- b, ecim b(—4; 8; 2).

59. Pasnoxure Bektops: a(1; —1; 1), b(0;2; —4), ¢(2;3;-1), d(1;2;5) o
opTaM.

60*. Jaus! Bextopsr: a(l; —1; 1), b (0; 2; —4), c(2; 3; —1), d(1; 2; 5).
Haitute |a + 2b|, |a — 3b|, |c —2d|, |3a + 4d.

61*. Touku K u P cepenunbl oTpe3koB AB u CD, nexamux Ha CKpellu-
BalOIIUXCSl MpsAMBIX W Touka O cepenuna otpe3ka KP (puc. 36).
Jlokaxure, 4TO OA + OB+ OC + OD = 0.

&)

62. Ha pucynke 37 OA,= 2, OA, = 2, OA,= 3. Hailiiure KOOpAMHATHI
BEKTOPOB a, b 1 A,A .

63. Ha pucynke 38 O4 = 4, OB=9, OC = 2, touku M, N u P cepeanHbl
orpe3koB AC, OC u CB coorBercTBeHHO. Haiinnre KoOpauHATHI
sextopoB AC, CB, AB, PC, MC u CN.

64. Touka Q cepenuna pédpa BC terpasnpa PABC, a Touka O cepeavHa
orpeska AQ (puc. 39). Pasnoxure Bektop PO 1o BektopaM PA =a,
PB=buPC =c.

65*. Ha nozky, n306paxéHHyIo Ha pucyHke 40, nefictyer cuna F, = 120 N
TeueHns peku u cuaa F, = 100 N gyromtero ¢ 6epera Berpa. C kakoit
CHJION HYXXHO yZIep>KaTh JIOAKYO 4T0OBI OHAa OCTaBajIach HEMOABIKHOM?

TEUCHUC PCKU

HarpasJe-
HUE BeTpa

66. Haiinute yrom MeXIy eIMHUYHBIMM BEKTOpAMH, CKaJlsIpHOE

MIPOU3BEJICHUE KOTOPHIX PABHO: a) l; b) —3; c)0; d) —l; e) Y2,
2 2 2

(%)



67. Haiinure cCKkaasipHOE TIPOM3BEICHHE BEKTOPOB: a) a (1; —-1; 1),
b (0; 2; —4); b) c(2;3;-1),d (1;2;5);¢) e(1; =15 1), £(0;2;:—4); d) g
(2; 3;-1), h(1; 2; 5).

68. B tpeyronpanke ABC ZA= 50°, ZC= 90°. Haiimure yrom Mexmy
BekTopamu: a) BA u BC; b) CA u AB; c) AB u BA.

69. Haiiurte ckanspHOE IPOM3BEICHHE BEKTOPOB ¢ M b, €CIIN UX JUTHHBI U
YroJl MeX1y HAUMHU COOTBETCTBEHHO PaBHEL: a) 5, 12, 50°; b) 3, /2,
45°;¢) 5, 6,120° d) 4,7, 180°.

70. Ilpu KakuX 3HAUEHHSIX 71 CIETYIONINE BEKTOPHI OYIyT MEePIECHIUKYIISPHbI?
)a2;-1;3),  b(1:3n); ba(m-2;1), bm;-n; 1);
¢)a(n;—2;1), b(n;2n; 4); d)a(4;2n;—-1), b(-1; 1; n).

71. Hansl Bextopsl a(1;—5;2), b(3;1;2). Haiinure ckanspHoe NPOU3BEICHHE
BEKTOpOB a) a +b 1 a — b; b) a+2b u3a —b; ¢)2a + b u3ab —2b.

72. Hauwl Touku 4 (1; 0; 1), B (-1; 1; 2), C (0; 2; —1). Haitaure Ha ocu
Oz KOOpAMHATHI TaKoil Touku D, utoObl BekTopsl AB u CD Gbuin
TEPICHUKYIISPHBL.

73*. okaxure, uto (a, b) <|a| - |b|. Jlns KaKuX BEKTOPOB BBIIONHACTCS Pa-
BEHCTBO?

74%*. Bce péopa mupamusl SABCD, oCHOBaHHEM KOTOPOH SIBISETCS KBajpar,
paBHbl MexIy coboil (puc. 41). Halinure yrom Mexay BEKTOpaMu:
a) S4 u SB; b) SD I/IAD ©) SB u SD d) ASu AC; e) AC u AD.

75%, EquHWYHbIE BEKTOPHI ¢, b, ¢ HONAPHO 006Pa3yloT MEXIy cO6Oil yrom
60°. Haiiure yroi Mex/y BEKTOpaMH:
a)aub+a; baub—c.

76. O — Touka nepeceueHus nuaronaneit kpaapara ABCD. Uepes BeplInHY
B xBagpara mnpoBeneHa npsiMas, THapajulelibHas €ro JAUaroHalld |

nepecekatomas npsamyio DA B Touke F. Pasznoxure BEKTOp BF 110
BekTopaM DO u DC .

77. Boipasute Bektop OC uepe3 BekTophl AB va AC, ecim O — TOuKa
nepecedyeHns Meauan TpeyroiasHuka ABC.

78*. Ilyctb Touka C — cepearHa OTpe3Ka AB Jlokaxkute, 4yTO TOrja JUIs
11060t TOuKH M BepHO paBeHCTBO MC= —(MA+MB) (puc. 42).

79. Pasnoxute Bektop DK 10 BEKTOpaM AB ,AD u AC, ecnu Touxa K —

cepenuna péopa BC rerpaspa ABCD (puc. 43).
80*. ITox Bo3nelicTBueM cuibl F'=20N , NPUIOKEHHON K Ty MOJ YIJIOM
30°, Teno caBuHyi0Ch Ha 3 meTpa. Halinure, yemy paBHa padora.
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81*. Ilox BO3mEiCTBUEM CUJIBI F =50 N, IPpUIOKEHHOM K TENY MOJ YIJIOM
60°, oHO caBUHYJIOCH Ha 8 MeTpoB. HalinuTe yemy paBHa paboTa.

82*. (HepaBenctBo Komm-byHskoBckoro). Jlokaxkute Mpu MOMOIIM BEK-
TOpOB, 4YTO AJiA JIOOBIX 4ucen a, a, d, b, b, b;umeer mecro

HepaBeHCTBO (a,b,+ a,b,+ a;b,)* < (a*+ a,*+ a?) (b + b,>+ b?).

3. IPEOBPA3OBAHME U NIOAOBUE B ITPOCTPAHCTBE

3.1. 'eomeTpuyeckye NpeodpPa3oBaHUS B IPOCTPAHCTBE

Ecnm xaxayro TOUKy 3aJaHHOM B MPOCTPaHCTBE PUTYPHI /' U3MEHUTH
OJTHUM U TEM XKe CIIOcO00M, TO monyuuM ¢urypy F,. Eciu npu 3Tom npeo6-
pa30BaHUU pa3lIMYHbIe TOUKU MEPBOM (UTYpHI MEPEXOAIT B Pa3IUUHBIC
TOYKH BTOPOI1, TO TOBOPST O NPeodpazosanuu ceomempuyeckou (ueypbi.

Ecnu pacccmarpuBath Bce MPOCTPAHCTBA KaK FEOMETPUUECKYIO QUTYPY,
TO TaK)K€ MOJKHO TOBOPUTH O TPEOOPA30BAHUN T€OMETPUIECKOHN (PUTYPHI.

[ToHsiTHE TeOMETPUYECKOTO MpeoOpa3oBaHHE B MPOCTPAHCTBE BBOIST
TaKKe Kak Ha Iuockoctu. CrenoBaresibHO, CBOMCTBA HEKOTOPBIX paccMar-
pUBaMbIX HIDKE BHUIOB MpeoOpa3oBaHU M MX JI0KA3aTEIbCTBA TaKXKe
NOJOOHBI COOTBETCTBYIOIIMM MM Ha IUIOCKOCTH. [losToMy, Mbl HEe Oynem
JIOKa3bIBaTh UX U PEKOMEH]IyEM IPOBECTU UX CAMOCTOSTEIBHO.

3.2. JIpusKeHME M NAPAJLIEJIbHBIN MePEeHOC

[IpeoGpa3oBanue ¢Guryp, mpu KOTOPOM COXPAHSIOTCS PACCTOSHUS
MEXAY TOUYKaMH, Ha3bIBAIOT OsudiceHuem. MOXKHO IPUBECTHU CIEAYIOLIUE
cBoMcTBa ABMkKeHUs. [Ipu ABMXKEeHUU NpsiMasi MEPEXOAUT B MPSIMYIO, JIyd
— B JIy4, OTPE30K — B PaBHBIM €My OTPE30K, YroJl — B PaBHBI €My yroJl,
TPEYTOJIbHUK — B PABHBIA €My TPEYTOJIbHUK, MJIOCKOCTh — B IJIOCKOCTb,
TETPadap — B PABHBIM €My TETPAdIP.

B mpoctpancTBe (urypsl, KOTOpble MOKHO NEPEBECTH OJIHY B JPYTYIO
MIPU HEKOTOPOM JIBHKEHHH HA3BIBAIOT PAGHBLIMU (hucypamu.

[IpocTenmuM npuMepOoM IBUKEHHUS SIBISIETCS NTapaJlIeIbHBIN IEPEHOC.




M

[IycTh B IpOCTpAaHCTBE JaHBI BEKTOP KP u IIpOM3BOJIbHAS TOUKa X (puc. 44).
T'oBopsT, uTO TOUKA X IIepenuia B TOUKy X, mapajjiesIbHbIM IIEPEHOCOM Ha BEKTOP
ﬁ), CCJIM BBIMMOJIHACTCA YCIIOBUC YXIZ ﬁ

Ecin Kax/ayro Touky Gurypbl F cBHHYTh Ha BekTOp KP NpH MOMOLIH
napaijiesibHOro nepexoca (puc. 45), To noayuum gurypy F,. Torna ropopsr,
uro Queypa F nonyuena napannenvhvim nepenocom ¢ueypor F,. Tlpu
napajuieIbHOM MEepeHoce Kaxkaas Touka (GUrypsl /' CABUTAeTCS B OMHOM U
TOM 7K€ HaIlPaBJICHUH HA OHO U TO K€ PACCTOSIHUE.

Kaxnas Touka mogbEMHOTO KpaHa, M300pakEHHOTO Ha pHCYyHKe 46,
napajijiesibHO nepeHeceHa Ha 40 M OTHOCUTENIbHO HAYaJIBHOTO TIOJIOKEHUS.

SIcHo, 4TO NapauIebHbIN IEPEHOC ABIIsAEeTCS ABMKeHNEM. [loaTomy npsmas
IIEPEXOUT B NMPAMYIO, JIyd — B JIy4, INIOCKOCTh — B IJIOCKOCTb, U T. [I.

[lycte Touka X (x; y; z) durypsl Fuepenuta B Touky X,(x,; y;; z,) Gurypsr
F, npu nomMo1u napauienabHoro nepeHoca Ha sekrop KP = (a; b; ¢).

Toraa no onpeneeHnIo NOIyYuM:

xX,—x=a, y,—y=b, zj—z=cwm x,=x+a, y=y+tb, z,=z+c

DT paBEHCTBA HA3BIBAIOT POPMYIIAMU NApAelbHO20 NepPeHocd.

3aoaua I. B xakyro TouKy nepeiacT rouka P (—2; 4; 6) npu napauieIbHOM
nepeHoce Ha BekTop p = (3;2; 5)?

Pewenue. 1o BeimenpuBe1EHHBIM (HOPMYJIaM MapajuIeILHOTO IEPEHOCA:
X,=-2+3=1, y=4+2=6, z,= 6+ 5=11. Omsem: P,(1; 6; 11)[_]

3.3. llenTpajabHas cCMMMETPHUS B IPOCTPAHCTBE

Ecim B mpoctpanctBe AO = OA,, T0 ectb Touka O — CepenHa OTpe3Ka
AA,, T0 Touku A U A, HA3bIBAIOT CUMMETPUYHBIMU OTHOCHUTENIBHO TOUKH O.

Ecnu B mpocTpaHcTBe Kaxkaas Touka (Urypsl [ MepexoauT B TOUKY,
CUMMETPHUUYHYIO OTHOCHUTeNbHO Touku O (puc. 47), TO Takoe Npeod-
pa3oBaHMe HA3BIBAIOT cummempueti omuocumenvio mouxku O. Ha pucyHkax
48, 49 uz00paxéHbl (UTypbl CUMMETPUYHBIE OTHOCHTENbHO Touku O.
CummeTpusi OTHOCUTENBHO TOUKH SIBIISIETCS IBUKECHUEM.

Ecnu npu cummeTrpun otHOcUTenbHO Touku O ¢urypa F nmepexonur B
cebs, TO e€ Ha3BIBAIOT YEeHMPAIbHO CUMMEMPUUHOU PUYPOIL.




Hampumep, nuaronanu mapaienenuneaa (puc. 50) OTHOCHUTENIBHO HX
TOUkH nepecedeHus: O SBIAIOTCS IEHTPATbHO CHMMETPUYHBIMU (DUTYypamHu.

3aoaua 2. B kakyto Touky nepeiaét touka 4 = (1; 2; 3) npu cummeTpuun
oTHOocutenbHO Touku O (2; 4; 6)?

Pewenue. Ilycts 4, = (x; y; z) — uckomast Touka. [1o onpenenenuro Touka
xtl 4 2 o z43
2’ 2’ 2
W3 3tux ypaBHeHu# nonyvyaem: x=4 —1=3, y=8-2=6, z=12-3=09.

Omeem: A,(3; 6;9).

O — cepenuna orpe3ka AA4,. CnegoBarenbHo, 2 =

3.4. CuMMeTpHUsi OTHOCHTEJIbHO MJI0CKOCTH

Toukn 4 u A, Ha3BIBAIOT CUMMEMPUYHBIMU OMHOCUMENLHO NIAOCKOCTU
0L, €CIIU IIOCKOCTh NEPNEHANKYIIIPHA OTPE3KY A4, U ACIUT €ro Nonoiam
(puc. 51). @urypsl F| u F, Ha pucyHke 52 CUMMETPUYHBI OTHOCHUTEIHHO
I0CKOCTH o.. OUEBHIHO, YTO HALI CUITYAT U €r0 OTPAKEHUE CUMMETPHUYHBI
OTHOCHTEJILHO INIOCKOCTHU 3epKaia (puc. 53).

CuMMeTpurst OTHOCUTEIBHO INIOCKOCTH O ABJIIETCS JBUKEHUEM.

J) & ®




[ToaTOMY pU CUMMETPUHN OTHOCUTENIBHO IIIOCKOCTH 0L OTPE30K MEPEXOIUT
B PaBHBII €My OTPE30K, PSIMast — B MPSIMYIO, TUIOCKOCTh — B IMJIOCKOCTb.
Ecnu npu cuMMeTpuny OTHOCUTENIBHO MJIOCKOCTH (Urypa F nepexoaur B
ce0st, TO e€ Ha3BIBAIOT hueypoll CUMMEMPUYHOU OMHOCUMETbHO NIIOCKOCHU.
Hampumep, m300paxEHHbI HAa puCYHKE 54 Ky0, €CTh QHUTypa, CAMMETPUYHAS
OTHOCHTENBHO IIOCKOCTH 0, poxosiieit uepe3 ero auaroHaiu A4 u CC,.

3.5. IloBOpOT U CHMMETPHUSA OTHOCHUTEJILHO OCH

63 a) b)

@ IlycTs B mpocTpaHCTBE 3a1aHbl TOUKU 4 U 4,
u npsmas [. Ecau nepnenaukynsipel AK u AK,
OIyIIEHHBIC Ha MPSAMYIO /, paBHBI U 00pa3yroT
yroia ¢, TO TOBOPAT, YTO TOuka A4 mepemuia B
TOUKy A, 6 pesynbmame nosopoma HA Y20l @
omuocumenvHo npsamoti [ (puc. 55).

Ecnu kaxxayro Touky ¢Gurypsl F MOBEpHYTbh Ha yIoJl (¢ OTHOCHUTEIIBHO
npsiMoit /, To mosyuuM HoByto ¢urypy F, . Torma roBopsr, uro ¢urypa F
nepenuia B Gurypy F, ¢ IOMOIIBIO MOBOPOTa HAa YIoJl () OTHOCHUTEIHHO
npsmoit /. Ha pucynke 56 Mbl BUIUM (QUIYpbl, HOJIYYEHHBIE TaKUM
noBopotoM. Hanpumep, noBepHyB Ky0, n300pakxEHHbIN Ha pUCyHKe 57, Ha
180° oTHOCHTENBHO MPSAMOI /, TOTy4UM HOBBIH KYO.

[ToBOpOT OTHOCUTENBHO MPSMOM TaKXkKe SIBISIETCS IBUIKEHUEM.

[ToBopor Ha 180° oTHOCHUTENBHO MPSIMON / HA3BIBAIOT cumMMmempuer

OMHOCUMENLHO NPAMOU .

LlenTp, OCb M IUIOCKOCTh CHUMMETPUM HA3bIBAOT 271eMeHmamu

cummempuu.

Touku, cumMMmeTpuyHble TOUKE A (X; ; Z) OTHOCUTEIBHO KOOPAWHATHBIX
IUIOCKOCTEH, KOOPAMHATHBIX OCEW M Hayajda KOOpAMHAT, OyayT HMETh
CJIeIyOLI1E KOOPAMHATBHI:

JIeMeHTbI CHMMeTPHH KoopanHaTtbl cMMMeETPHYHONH TOYKH
[Tnockocts Oxy (x; vy, —2)
[Tnockocth Oxz (x;, —y; 2)




[Tnockocts Oyz (—x; y, 2)
Och Ox (x;, =y, —z2)
Ocb Oy (—x; y; —2)
Ocob Oz (—=x; =y, z)
Touka O (—=x; =y, —2)

3.6. CuMMeTpHA B IPUPOIE U TEXHUKE

a) b) c)
d) e) f)
g) h) J)

B npupone Ha kaxx1oM 1mary MOKHO BCTPETUTh cummeTpuro. Hanpumep,
MHOYKECTBO JKHMBBIX CYLIECTB, B YAaCTHOCTH Te€Jla YEJIOBEKAa M JKUBOTHBIX,
JUCThS PACTEHUM W LIBETHl YCTPOEHbI cUMMeTpuyHO (puc. 58). Taxxke B
HEXUBOW IPUPOAE €CTh JJIEMEHTHI, HAIPUMEDP, CHEXUHKU, KPUCTAJLIbI
cony. MoJeKyIIsIpHOe CTPOCHHE BELIECTB TOKE COCTOUT U3 CUMMETPUYHBIX
¢buryp. 310, KOHEYHO, HECHPOCTA, MOCKOJIBKY CUMMETPHUYHBIE (DUTYpHI HE



TOJILKO KPacHBbl, HO M CaMbl€ yCTOWYMBBIE. Pa3 Tak, TO MOXXKHO CUMTATh, YTO
KpacoTa U COBEPIIEHCTBO MTPUPObI IOCTPOEHBI HA OCHOBE CUMMETpUU. B3sB
3a OCHOBY HPHUPOAHYIO KpacoTy M COBEPIIEHCTBO, CTPOUTENHU, MHKEHEPHI
U ApXUTEKTOPBI CO3JAIOT CTPOEHUS M MEXaHU3MBI, 3[1aHUS U COOPYKEHUS,
TEXHUKY U TPAHCIIOPTHBIE CPEICTBA CUMMETPUUYHBIMU. B 3T0il pabore um
OYEHb IOMOraeT HayKa Fr€OMETPHSI.

3.7. llonoGue NpOCTPAHCTBEHHBIX GUIYP

[Tycts k# 0 m mpeoOpazoBanue nepeBosT purypy F, B purypy F,. Eciu
IpU 3TOM IpeoOpa3oBaHUU JUIsl IPOU3BOJIBHBIX ToueK X; U X, purypsl F,
Y COOTBETCTBYIOIIUX UM Touek Y, u ¥, ¢urypwl F,: XY, = k- X,Y,, T0 31O
606pa30BaHI/I€ Ha3BIBAIOT npeobpazosarnuem nodobus (puc. 59).

Kak Buanm, moHsTHEe npeoOpa3zoBaHus TMOAOOHMS B TMPOCTPAHCTBE
BBOJIUTCSl TaKk)Ke KakK Ha IIockocTH. ClenoBaTelbHO, paccMaTpuBacMble
HIDKE BUJIBI TOJJOOMS, X CBOMCTBA U JIOKA3aTeNIbCTBA 3TUX CBOMCTB MOAOOHBI
COOTBETCTBYIOIIMM Ha TUIOCKOCTHU. [ToaTOMYy, MBI HE OyeM OCTaHABINBATHCS
Ha MX JI0Ka3aTebCTBaX U PEKOMEHIYEeM MPOBECTH UX CAMOCTOSTENBHO.

[IpeobpazoBanue MmomoOus B MPOCTPAHCTBE OTOOpa)kaeT MpsIMyI0 B
pSMYIO, JIy4 B JIy4, OTPE30K B OTPE30K M Yroia B yroi. TouHO Takke 3TO
npeoOpa3oBaHKE MIIOCKOCTh OTOOPAXKAET B TUIOCKOCTD.

Ecnu B mpocTpaHncTBe ontHA U3 QUTyp Mepensia B pyTyIo ¢ IOMOIIBIO
peoOpa3oBaHmsl MOA00US, TO 3TH (PUTYPHI HA3BIBAIOT #OOOOHBLMUL.

[Tycte B mpoctpancTBe 3amana ¢urypa F, Touka O u yucno k (k#0).
[IpeobpazoBanue, mepeBoAIIEE MTPOU3BOIBHYIO TOUKY X PUTYpHI F' B TOUKY
X,, ynoneTBopsooiyo yciaoButo OX,=k OX, Ha3bIBaOT comomemuetl
omuocumenvho yewmpa O c xosgpguyuenmom k (puc. 61). Touky O
Ha3bIBAIOT Y eHMPOM 20MOMemul, a IUCi0 k Koaghduyuenmom comomemuu.

Ecmu B pe3symprare Takoro mpeoOpa3oBaHUs KaKIOW TOUKH (GUTYpPHI F
nosiydeHa ¢urypa F;, To TOBOPAT, UTO Queypa F comomemuuna gueype F,.

Bb1 BuguTE, 4TO ONpenereHne roMOTeTUU B IPOCTPAHCTBE aHAJIOTHYHO
COOTBETCTBYIOIIEMY OIpeNeeHni0 Ha TuiockocTtu. ClieoBaTenbHO, BCE
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CBOICTBA M HX JOKa3areiabCcTBa aHajoruuHel. [losToMy, Mbl HEe Oynem

JOKa3bIBaATh UX U PCKOMCHYCM ITPOBCCTHU UX CaAMOCTOATCIILHO.

a) b)

IomoreTnst otHOcHTENnbHO TOuku O ¢ koddunmeHToM k sBiIseTcs
npeobpa3oBaHUEM MTOTOOUS.

['oMoTeTHS ¢ OTIIMYHBIM OT HYJIA KO3 PuiineHTom k npu k=1 orobpaskaet
burypy F B cebs, a npu k=—1 B Qurypy F,, cummerpuunyio ¢urype F
OTHOCHUTEIBHO TOukd O. B oCTalbHBIX CIydasX rOMOTETOSI HE COXPaHSET
pacCTOSIHUS MKy TOUYKaMU, T. €. HE SIBISICTCS IBIKCHHEM. B pe3ynbrare
TOMOTETHU PACCTOSTHUE MEXK]Iy TOUYKaMHU YBEIMYHBACTCS B B OJHO M TOXKE
qHCII0 k pas, T. €. MCHSFOTCS U3MepeHust pUrypsl, Ho coxpansercs e€ popma.

[Ipu romoTeTnm a) mpsmMas OTOOpakaeTCs B MNapaUICIbHYIO el
npsmMyto (puc. 62.a); b) INIOCKOCTH — B TapauIeIbHYIO el TUIOCKOCTh (pHC.

62.b), ecii OHU HE TIPOXOIST Yepe3 EHTP TOMOTETHH.
Ecnu ke npsiMast Wi II0CKOCTh TIPOXOIAT Yepe3 EHTP TOMOTETHH, TO
OHHM 0TOOpa)KarTCs B ceOsl.

3ajayu K TeMe U NIpaKTHYECKNE 3a/IaHNs

83. B kakyr Touky nepeiaét Touka: a) (3; —2; 3); b) (0; 2; -3); ¢) (2;-5; 0)
TIPH MapaLIeIbHOM IepeHoce Ha BeKTop p = (=2; 1; 4)?

84. Ilpu napannensHoM nepeHoce touka A(4; 2; —8) nepenuia B Touky (3; 7;
—5). Ha xaxkoii Bektop Obliia cIBUHYTa TOUKa?

85. [loxaxkute, 4TO NpU NapajuIe]IbHOM IIEPEHOCE: a) IpsiMasl IEPEXOJIUT B
npsiMyIo; b) Jy4d — B JIy4; C) IUNIOCKOCTh — B IJIOCKOCTh; d) OTpe3ok — B
PaBHBII €My OTPE30K.

86. B kakyro Touky nepeinér touka A (4; 2; —3) npu LeHTpaIbHONH CUMMETPHUH
otHocutenbHO Touku O (—2; 3; —1)?

87. oxaxwute, uto Touka O €CTh IIEHTP CUMMETPHUH QUTYpP, N300pakEHHBIX
Ha pUCyHKe 63.

88. B kakue touku nepeiayt Touku (—2; 5; -9), (2; 2; —7), (—6; 12; -2) npu
[EHTPAILHON CHMMETPUU OTHOCUTEIILHO HavYasla KoopauHat?

——



89*. Jlokaxxure, 4TO LEHTPaIbHAS CHMMETPUSI SIBIISIETCS JBUKECHUEM.

6

c)

90*. Jlokaxxute, YTO CHMMETPHUSI OTHOCUTEIBHO IMIIOCKOCTH — JIBMXKEHHE.
91. [loxaxuTe, 4TO MapajuIeNICIUIE]] SBISIETCS LEHTPAIbHO CUMMETPUYHOMN
(bUrypoit OTHOCUTENFHO TOYKH MepecedeHus ero quaronaiei (puc. 50).
92. B kakue Touku neperayt touku (1; 2; -3), (0; 2; =3), (2; 2; —3) npu
LEHTPAJIbHON CUMMETPUU OTHOCHUTEIBHO KOOPIUHATHBIX INTIOCKOCTEN?
93. Touka (2; 4; —1) mnpu ULEHTPaJIbHOH CHUMMETPUU OTHOCHUTEIBHO
KOOPJIMHATHOM IJIOCKOCTHU mepenuia B Touky (2; —4; —1). OTHocuTeNnbHO
KaKO# KOOpAMHATHOM MJIOCKOCTHU ObLT COBEPILEH 3TOT MEepPeXos?

94. 3amoyHUTE MyCThIe KJIETKH cleaytouieil Tadnuiibl mo 1- oMy oOpasiry.

CummeTpuyHas OTHOCHTEIBLHO Yero
Ne | 3apannas Touka . 0
eii Touka CHUMMeTpHusi?

1 (1;2;3) (1;2;-3) OTtHOCHUTENBHO MIIOCKOCTH OXy
2 (2;4;-1) OTHOCHUTENBHO IMIOCKOCTH Oxz
3 (1;2;3) OtHocutensHO miockoctu Oyz
4 (=1;-2;-3) (-1;2;3)

5 (-1; 6;3) OtHocutensHO ocu Oy

6 (-3;8;-2) OrnocurensHo ocu Oz

7 (4;1;,-2) OtHOCHUTENBHO TOUKH O

95. Ob6ochyiiTe, yTo Touka O — IIEHTp cuMMeTpun pUryp Ha pucyHke 49.
96*. [TokaxxuTe, 4TO MOBOPOT OTHOCUTEIBHO MPSMOM SBJISIETCS IBUKEHUEM.
97. Ilokaxkute, YTO TOMOTETUS OTHOCUTENHHO TOUKU O ¢ ko3 duimentom k
€CTh NpeoOpa3oBaHKe MOA00HS.
98. Ilokaxkurte, YTO MPU CUMMETPUU OTHOCHUTENIBHO MIOCKOCTU OXxy Mpous-
BOJIbHAS TOYKA (X; y; z) IEPEXOTUT B TOUKY (X; V; —Z).

99. Ilokaxkute, 4TO MPU CUMMETPUU OTHOCUTEIBHO MJIOCKOCTH OXxz Tpou3-
BOJIbHAS TOUKA (X; ); z) IEPEXOTUT B TOUKY X; —V; Z).

100. Touxka (1; 2; — 1) mpu mapannearHOM niepeHoce nepemnwia B Touky (1;—1; 0).
B kakyro TouKy nepeiaéT npu 3ToM MepeHoCce Hayaao KOOpArHAaT?
101. ITpu napamiensHoM nepeHoce Touka (3; 4; —1) nepenuia B Touky (2; —4; 1).
B kakyro TouKy nepeiaéT npu 3ToM MepeHoce Hayaao KOOpAuHaT?
102*. CymiecTByeT 1 napauieabHbIN nepeHoc, nepeBoasmuii Touky 4 (2; 1; 0)
B Touky B (1; 0; 1), a Touxy C (3; —2; 1) B Touky D (2; -3; 0)?

—




103*. CymectByeT AW NapaUIeIbHbIII NEPEeHOC, NEPEeBOIAIIUNA TOUKY
A (-2;3; 5)B Touky B (1; 2; 4), a touky C (4; —3; 6) B Touxy D(7; —2; 5)?

104. Ompenenure B Kakhue CHMMETPHYHBIE (QUTYPBI MOTYT TICPEUTH
JKUBBIE M HEXHBBIE OOBEKTHI, M300paKEHHBIC HA PUCYHKE 58 B BHJIE
IPOCTPAHCTBEHHBIX PUryp. OTMETHTE UX EHTP CUMMETPHUH U HAYEPTUTE
OChb CUMMETPHUHU UJIU TUIOCKOCTh CUMMETPHH (E€CJIM 3TO BO3MOXKHO).

105. Ompenenure k0dPPUIUEHT TOAOOUS H300paKEHHBIX Ha pHUCYHKe 60
MaTpéEIIeK.

106. {nunbl pEbep npaBUIILHOTO TeTpasipa paBHbI 12 cMm. UeMy paBHbI IJTUHBI
pE€dep TeTpasnpa TOMOTETHYHOTO TaHHOMY € KOO(PQPHUIIMEHTOM PaBHBIM:

a)3;b)—4;¢) %; d) —%?

107. HaueptuTte npou3BOIbHBIN TpeyroibHUK ABC U OTMETbTE HEKOTOPYIO
touky O. IlocTpoiiTe TpeyroJbHUK TOMOTETUYHBIN TpeyroibHUKy ABC
OTHOCUTENBbHO TOUkH O ¢ kodpdunmenTom: a) 2; b) —3; ¢) — %; d) %

108. Iloctpoiite mnpousBosbHBIN TeTpadap SABC. Iloctpoiite TteTparap
TOMOTETUYHBIA  TeTpa’apy SABC OTHOCUTENBHO TOYKH S ¢

ko3 dunuentom: a) 1,5; b) —2; ¢) %; d) %

109. Haueptute mnpowusBoibHblii KyO. IlocTpoiite ¢urypy, B KOTOpPYIO
nepeiaeT ATOT KyO IIPU TOMOTETHH C IIEHTPOM B OJTHOM M3 €0 BEPIITUH U

K03 UIIMEHTOM, paBHBIM: a) 2; b) —2; ¢) %; d) - %

110. Haiinure koopAMHATHI TOUKH, B KOTOPYIO NepeiaeT Touka A(—2; 3; 5) npu
TOMOTETHH C LIEHTPOM B Hauase KoopauHat 1 Ko3(h(puineHTom, paBHbIM:

BY-25 o)L )L
a) 295) b) 2953 C) 4’ d) 4'

111. HaitauTe KOOpMHATHI TOYKH, B KOTOPYIO NIeperiéT Touka A(2; 4; 0) mpu

TOMOTETHH C IIEHTPOM B Touke O(—1; 2; 2) n k03pHUIMEHTOM, paBHBIM:
: N 1

a) 0,5;b)—2;¢) g d) 7

112. HaiiguTte KOOpAMHATHI BEpUINH TETPadIpa, B KOTOPHIi MepeiaET TeTpasap
¢ BepmmHamu B Toukax O(0; 0; 0), A(4; 0; 0), B(0; 4; 0), C(0; 0; 4) nipu
TOMOTETHH: a) ¢ IeHTpoM B Touke O U KO3PPUIIMEHTOM, paBHbBIM —1;
b) c uentpom B Touke A ¥ KOAHPUIUEHTOM, PaBHBIM 2.

113*. [Tokaxkxute, 4TO TOMOTETHUS MIEPEBOJIUT HE MPOXOSIINE Yepe3 €€ LEHTP:
a) IMpsAMYI0, B TapaJuIeIbHYIO ei MPsMYI0, a b) MIOCKOCTh B Mapaijielb-
HYIO € IJIOCKOCTb.

114*. Ilokaxxute, YTO TOMOTETHUSI MEPEBOJIUT MPOXOJAIINE Yepe3 €€ LEHTP:
a) MPSIMYIO B Ty K€ MPAMYIO, a b) MIOCKOCTh B Ty K€ MIOCKOCTb.
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4. YITPA’KHEHUA JIA ITIOBTOPEHUSA 1JIABbI

4.1. 1 npoBEePOYHBIi TeCT

1. 3apansl Touku 4 (x,, v, z,) 1 B(x,, ¥, z,). 4TO NIOKa3bIBAET z,—z,?
A) KoOpaAMHATY cepeiMHbl oTpe3ka AB; B) miuHy otpeska AB;
C) nmHy BekTOpa AB; D) ozHy U3 KOOpJMHAT BekTopa AB.

2. Ecnu Ha pucynke 64 ABLla,aca, AO=0B, To
A) TOUKH 4 u B OyyT CHMMETPHYHBI OTHOCUTEIBHO TOUKH O;
B) Touku 4 u B GynyT CHMMETPHYHBI OTHOCUTEIBHO MPSIMOH d;
C) Touku A4 u B OyayT CMHMMETPUYHBI OTHOCHTEIILHO IJIOCKOCTH OL;
D) orpe3ok AB OyaeT CMMMETPHYECH OTHOCHTEIILHO TPSIMOIA a.

3. Touka B Ha pucyHke 65 He nexut Ha miockoctu AOC. Torna BEKTOpHI
0OA4,0Bu OC ...

A) KOJJIMHEapHBI; B) xommnanapHsl;
C) coHampaBIeHbl; D) He koMIIaHapHBI.
4. Jlanwl Touku M(—7; 1;4) u N(—1;-3; 0). HaliguTe KOOpIMHATHI CePEANHBI
orpe3ka MN.

A) (4 -1;4); B)(#4-12); O (4-22); D)(3;22).
5. Jansl Touku A(0; —3; 2) u B(4; 0; -2). I'ne pacnonoxkeHa cepeavHa
orpeska AB?
A) Ha ocu Ox; B)Haocu Oy; C)Haocu Oz; D) na mnockoct Oxy.
6. Haiinute pacctosinue ot Touku A(3; 4; —3) no ocu Oz.
A)3;  B)5; O)243; D) 34.
7. Haiinure cymmy BektopoB CD+DE +EF.
A)O; B)CF; C)DF; D)CE.
8. Tlpu kakoM 3HauYeHUHU m BeKTOPbI a(m; 4;—3) 1 b (4; 8;—6) KOTHHEaPHbI?
A)2; B)5; O)1; D)3.
9. Touka O He JEXKUT B IUIOCKOCTH o. 'omoTeTHs ¢ neHTpoMm B TOUke O
NEPEBOJUT IUIOCKOCTh 0L B OTJIMYHYIO OT He€ miockocTs . Ecnu npsimas
a IEXUT B TIIOCKOCTH 0, TO ...
A) ol B; B) mmockoctu o u B mepecekaroTcs;

C)acp; D)a L B.
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10. [Ilpsmas AB nepneHaukyisipHa 1uiockoctu BCD. CkansipHoe
IIPOM3BENEHNE KAKUX BEKTOPOB PABHO HYIIO?

A)CAuCB; B)BDuAdD; C)ACwuBC; D)AB uCD.

11. Jlan xy60 ABCDA,B,C,D, ¢ pebpom paHbiM | (puc. 66). Haiinure
(AB+BC) - BB.

A)l; B)o;, C)-1; D)O,S. . .

12. Ilpu kakoM 3Ha4eHHu p yron mexay Bekrtopamu a(l; 1; 0) u b(0; 4; p)
oynet paBeH 60°?

A) 4; B) 4 unu —4; C) 16; D) 16 unu —16.

13. dan xy6 ABCDA,B,C\D,. Otpe3ok A,D npu napauienbHOM IepeHoce
nepexonut B orpe3ok D,C. B kakylo INUIOCKOCTh NEPEUAET MpPHU 3TOM
nepeHoce MmIocKocTb AA,B,?

A) DB,B; B)DCC; C)A44,C,; D) ABC.

14. o — ockocTh cummeTpuu TpeyroibHuka ABC. Kakoe u3 yTBepk1eHui

BEPHO?
A) (4BC)La, B) tpeyronbauk ABC paBHOOEIPEHHBIN;
C) tpeyronbuuk ABC nMeeT HeHTp CUMMETPHH;
D) tpeyronsuuk ABC uMeeT 0Cbh CUMMETPHH.
15. [an xy6 ABCDA,B,C,D,. Hatinute A,B,+BC-DD, .
A)4,C;  B)BD,; <¢)BD;  D)AC,.

16. Kakoe reomerpuueckoe mnpeoOpa3oBaHHE NEPEBOIUT OAHY U3 JBYX
CKpELIMBAIOLINXCS IPSIMBIX B APYTYIO?

A) mapajienbHbI MEPEHOC; B)cummerpuss OTHOCUTENTBHO
IUIOCKOCTH; C) noBopor; D) romoretus.

17. Haitnute TOuKy cUMMeTpuuHyro Touke M(—1; 2; —4) OTHOCHUTEIBHO
IUIOCKOCTH.

A)  (1;-2;4); B)(1;2;-4); O)(-1;-2;-4); D)(-1;2;4).

18. TTpu napauiensHOM nepeHoce BekTop AB nmepemén B Bektop DC. Kakoe
U3 YTBEPKJIEHUI BepHO?

A) AB =D_C; B) cepenunsl orpeskoB AC u BD coBnanaor;

C) Bektopbl AB, ACu DC; D) ABCD mapannenorpamm.
19. Haiinure paccrosinue ot miockoctu Oxz 10 Touku B (—3; 2; -5).
A) 2 B) 5; Q) 3; D) \/34.
20. Touku A(1; -2; 0), B(1; —4; 2) u C(3; 2; 0) — BepIIUHBI TPEYTOJIbHUKA
ABC. Haiinure niuny meauansl CM.

A) 243; B)®2; ©) VJ6; D)Is.
21. Haiigure m+n, ecim 5(1; n;2)u E(O,Smﬂ; 3; 1) KomIMHEapHHBI.

A) 3; B) 5; C) 4; D) 9.

——




22,

23.

24.

25.

115.

116.

117.

118.

119.

120.

121.
122.

123.

124.
125.

126.

Pasznoxure BekTOp BA 10 KOOPJIMHAaTHBIM BEKTOpaM (OpTam), €Ciu
A(-1;-9;-3), B(0; -2; 1).

A) BA=i+9j—k; B) BA=i-9+k;

C) BA=—i-9)—4k; D) BA=i+9,—4k.

Haiinure yron Mexay BEeKTOpamu AC w BD ,ecmu A(1;-2; 2), B(1; 4; 0),
C(4; 1; 1), D(=5; -5; 3).

A) 150°; B) 30°; C)45°; D) 90°.

Haiinure |E|,ecm/1 la|=6, [a+b|=11,|a-b|=T.

A)11; B) 18; C) 20; D) 7.

Hana Tpaneuust ABCD ¢ ocHoBanusimu BC u AD. Halinure cymMmMy Koop-
JMHAT BeKTOpa MN , €CIH E(—7; 4;5), AC (3;2;-1), AD (20; —4; —12),
Mwu N — cepenuiabl cTopoH AB u CD, cOOTBETCTBEHHO.

A)1; B) 2; C) 3; D) 4.

4.2. 3agaun

Haiinure koopauHaThl CEpeIMHBI OTpe3Ka C KOHIAMHU B TOYKaX
A(l;-2;4)u B(3; —4; 2).

Haiinute x, ecniu Touka A(x; 0; 0) paBHOynanena ot Touek B(1; 2; 3) u
C(-1; 3; 4).

Touka A(1; —5; 4) — onuH UX KOHIIOB OTpe3Ka, a Touka C(4; —2; 3) — ero
cepeaunna. Haiigure koopanHaThl BTOPOro KOHIIA 3TOrO OTpe3Ka?
Haiinure Touky cummeTpuuHyro Touke A(1l; 2; 3) OTHOCHUTEIBHO
miockoctu Oxz.

Haiinute Touky cumMeTpuuHyto Touke A(1; 2; 3) oTHOCUTENBHO HaYaIa
KOOpMHAT.

Haiinure Touky cummerpuunyro Touke (1; 2; 3) OTHOCHUTETBHO
mockoctu Oxy..

Haiigure TOuKy cMMMETpUUHYO TouKe (2; —3; 5) oTHOCcuTENbHO ocH Oy.
Kotopas u3 Touek A(2;-3;0); B(2;0;-5); C(1;0;—4); D(0;9;-7);
E(1; 0; 0) nexxut Ha mockocTu Oyz?

Kotopas u3 Touek A(—4; 3; 0); B(0;-7;0); C(2;0;-8); D(2;—4; 6);
E(0; — 4; 5) nexxut Ha trockoctr Oxz?

Haitnure paccrosiaue ot Touxu A(—3; 8; 3+/33) 1o ocu Ox.

Haunbl Touku A(3; —2; 5) u B(—4; 5; —2). Halinute koopIuHATHI BEKTOpA
AB.

HaiiauTe xoopauHaThl Hayajia BEKTOpa E(l; —2; 3), €Cclli ero KoHell
pacmonoxkeH B Touke B(2; 0; 4).



127.

128.

129.
130.

131.
132.
133.
134.

135.

136.

137.

138.
139.

140.

141.

W N

Haitnure koopauHaThl Hayajla BEKTOpa 5(2; —3; 1), ecau ero KoHer|
pacnonoxeH B Touke B(0; 4; 2).
Jlnuna Bexktopa a(x; 1;2) paBua 3. HaiinuTe 3HaueHue X.
Moxnynb BekTopa a(4;-12; _z) paeH 13. Haiiiure 3HaYeHHE Z.

Haitnure nmuny Bektopa c=2a—b ,ecomu a(6;2; 1) b(0; —1; 2).
Haitnure nimuny BekTopa m= 4}74-25, eCIIn ]?(2; 5;-1)m E(O; =7 2).
Haiiaure ckanspHoe mponsBeneHne BeKTopos a(2; —3; 4) u b(-2;-3; 1).
Haiinute ckanspHOe npou3BeneHne BeKTopoB m(—1; 5; 3) u n(2; -2; 4).
[lpu kakom 3HaueHuu m Bektopsl a(l; m; —2) u b(m; 3; —4)
MepHEeHINKYJISIPHbI?

IIpy kakOoM 3HAYEHUH 7 BEKTOPHI a(m; 2; 1) u b(m; n; 1)
MEePIECHANKYIISIPHBI?

IIpy KaKOM 3HAYCHUU 1M BEKTOPHl a = m i+3 j+4k v b=4i+mj—Tk
MePIEHIUKYIISIPHBI?

Hanbt Touku A(1;-2;2), B(1;4;0), C(—4; 1; 1) u D(—5;-5; 3). Haiinute
yron mexay Bekropamu AC u BD.

[Ipu KaKoM 3HaYeHHH 72 BEKTOpBI a(2; n; 6) u b(1;2; 3) komnuHeapHbI?
[Ipu KakoM 3HaueHHH m BeKTOpsl a(2; 3; —4) u  b(m; —6; 8)
napasuiesibHbl?

[Ipy KakuX 3HAYCHHUSAX m U 1 BEKTOpH a(—1; m; 2) u b(=2; —4; n)
KOJUTMHEAPHBI? L
Hanbt Touku A(2; 7; —3) u B(—6; —2; 1). Paznoxure Bexktop BA 110
KOOpPAMHATHBIM BEKTOpaM (OpTam).

4.3. Oopaseir 1- 0ii KOHTPOJLHO PA0OTHI

. Haiinure Touky, cummerpuunytro touke (1; 2; 3) oTHOCHUTENBHO

miockoctu Oxy.

. Haiimmre mmny Bexktopa c¢=2a—b ,ecmu a(6;2; 1)u b(0;—1;2).
. Hanwi Touku A(2; —1; 0) u B(—2; 3; 2). HaliguTe paccTosiHiE OT Hauaa

KOOPJIMHAT /10 CepeIUHbI OTpe3Ka AB.

Hanbr touku A(1; -2; 2), B(1; 4; 0), C(—4; 1; 1) m D(-5; -5; 3).
Haiimute yron mexy Bexropamu AC u BD.

(Lononnumenvnasn 3adaua 01 XOpOULO YCNe8aAOWUX YUAUJUXC).

Haiinnre nmuny mennansl BD TpeyrojapHUKA C BEPIIMHAMMU B TOYKAX
A4; 5; 1), B(2;3;0)u C(2; 1;-1).

——



TJIABA T INPAMA W IVALJIAEP

S. MHOI'OI'PAHHBIE YIJIbl U MHOI'OI'PAHHUKH

S.1. MHOrorpasHbie yribl

C nByrpaHHbIM yIJIOM BbI TO3HakoMHUIUCh B 10 kiacce.

[eomerpuueckyo Qurypy, COCTOSAIIYIO W3 JABYX MOJYIUIOCKOCTEH
(epanu) o m B ¢ obOmelt ux orpaHuyuBaroniel npsimoii AB (pebpo)
Ha3BIBAIOT O0gyepanHvim yenom (puc. 1) u o6o3Hauarot (o fB).

o u P} —epanu

QPR — nunetinoiil

yeon
AB — pebpo

Haueptum nyun PR w PQ, npoxopsuiyie 4epe3 MPOU3BOJIBHYIO TOUKY
P na p&bpe nByrpaHHoro yria M neprneHauKyIsipHsie emy. Yron ZOPR —
HA3bIBAIOT JIUHELHbIM Y2/l0M ABYTPAHHOTO yria (puc. 2).

JIByrpaHHbIE yIJIbI TAKKE€ KaK M IUIOCKHE YIVIbl JIEIAT MO BEJIMYMHE Ha
ocmpule, npsmole u mynole (puc. 3). Takke Kak U MIIOCKHUE YIJIbI IByTPaHHBIE
YIJIbI MOTYT OBITh CMedCHbIMU 1 6epmuKkanbHuimu (pUC. 4).

@ a) b) c)

@ a) b) @

[TonymyiockocTh, OeNANIyl0 MABYTPAaHHBIA yrodl Ha JBa paBHBIX
JBYTPAaHHBIX YA, HA3BIBAIOT Ouccekmopom (puc. S).

—



3aoaua 1. U3 touek 4 u B, nexammx @
Ha TPaHSAX JIBYTPAHHOTO YyIVa, JMHEHHBIN
yrol KOTOporo paBeH 60°, k ero p&opy
NpOBEJEHBI TeprneHauKynsipel A4, u BB,
(puc. 6). Haiinute nyiuHy oTpeska AB, ecnu
AA,= 12, BB,=10u A4,B,= 13.

Pewenue. Tlpoenem npsimbie BB, ||CA,
u A,B,||CB. IlonyueHHblil 4eTbIpEXyroabHUK A,B8,BC — mnapasuieisorpamm.
[Ipsimasi A,B, OyneT mnepreHIuKyaspHA IMI0CKOocTH TpeyronbHuka A,AC,
TaK Kak OHa MEepIEeHANKYISIPHA IBYM JeKanM Ha Hel npsaMbiM 4,4 u 4,C.
Toraa u npsimast BC OyzeT neprneHIuKyIsipHa 3TOH MJI0CKOCTH.

CrnenoBarenbHO, TpEYrodbHUK ABC — MPSAMOYTOJIbHBII.

[To Teopeme KOCHUHYCOB:
AC?*=AA%+ A,C*— 24A4,"A,C-cosa. =122+ 10>~ 2-12-10-c0s60°=124.
A 1o teopeme IMudaropa: 4B =+ AC? + BC* =/124+169 =+/293.

Omeem: AB=\/E. |:|
@ ®

B mpoctpaHcTBE TpH HCXOIAIIMX W3 ONHOM TOUKM Jy4ya a, b u ¢
oOpa3yroT Tpu 1wiockux yria (ab), (bc) u (ac) (puc.7). durypy (abc),
MOJIyYEHHYIO M3 3TUX IUIOCKUX YIVIOB, HAa3bIBAIOT MPEXCPAHHBIM Y2lIOM.

[Tnockue yriisl TPEXTPaHHOTO YIiIa Ha3bIBAIOT €TO ePAHAMU, UX CTOPOHBI —
pébpamu, a 001y BEPIIUHY — 8epulHOlU TPEXTPAHHOTO YT,

JIByrpanHble yIIbl, OOpa3oBaHHBIC TPAHSIMH TPEXTPAHHOTO YIUIA,
HA3bIBAIOT 08Y2PAHHBIMU Yelamu TPEXTPAHHOTO yIa.

Tpu mnockux yrna (ab), (bc) u (ac) Ha3BIBAKOT TAKXKE NIOCKUMU YeNaAMU
TPEXTPAHHOIO yIJIa.

[Inockue yrimbl TPEXTPAHHOTO yIyla 0003HAYAIOT COOTBETCTBEHHO O, [3,
v (puc. 8), 1151 HUX BBITIOJHAETCS HEPABEHCTBO TPEYTOJIbHUKA, T. €. JH000H
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U3 HUX MEHBIIE CYMMBI JIByX IPYTUX yIIOB: a+B<y, a+y<p, B+y<o u
CyMMa IUIOCKUX YITIOB TPEXTpaHHOro yria MeHbuie 360°: o+ +y<360°.
AHAJIOTUYHO OMpeeiAeTCsl MOHATHE MHOTOTPaHHOTO yriia (puc. 9).

5.2. MHOrOrpaHHUKH

Ecin BBl 3aMCTWJIM, TO O CHUX IIOP MbI HM3y4dYaJld B Ka4YCCTBC IIPOCTpPAH-
CTBEHHBIX (UTYp CBOKCTBA psifa Tel, B YaCTHOCTH MHOTOIPAHHHUKOB. OJTH
IMPOCTPAHCTBCHHLIC (1)I/II‘ypI:I Ha3bIBAOTCA menamil, IMOCKOJIbKY HX MOXKHO
NPE/ICTaBUTh B BHUJIE YacCTU NPOCTPAHCTBA, 3aHATOW KaKUM-THOO TEJIOM U
OFpaHI/I‘IeHHOﬁ IMOBCPXHOCTBIO. Hanomanm HCKOTOPLBIC INOHATHS, KaCAOIIUCCA
MHOFOI'paHHI/IKOB.

MHOZOZp(JHHuKOM HaA3bIBAKOT TCJIO, OT'PaHUYCHHOC IIJIOCKUMHA

MHoOToyToJIbHUKamHu (puc. 10).

@

Ecnu MHOTOYroJIbHUK pacrojioKeH MO OAHY CTOPOHY OT IJIOCKOCTH
Ka)KJJ0M I'PaHu, TO €r0 Ha3bIBAIOT 8bINYKIbIM MHO202paHHukom. Ha pucyHke
10 n300pax€H BBITTYKJIBIN, a Ha pUCYHKE 11 HE BBIMTYKJIbIii MHOTOTPaHHUK.

O0603HaYUM YHCIIO TPAHEH MPOU3BOIBLHOTO BBITYKIOTO MHOTOTpaHHUKA
Y, uucno ero Bepmun U, uucino ero pébep (. 3amofHUM CIEAYIOIIYIO
TaOJIUILy A7 U3BECTHBIX HAM MHOTOT'PaHHUKOB:

Ha3Banue MHOrOrpanHuka Y U [Q
TpeyronpHas nupamua 4 4 6
UYeTtbIpéxyrosbHas Mupamuia 5 5 8
TpeyronbHas npusma 5 6 9
UYeTslpéxyrosbHas npusma 6 8 |12
n- yrojpHas NupaMuia n+l | nt+l | 2n

M- yroJIbHas Ipu3ma n+t2 | 2n | 3n

N3 Tabnuipl moaydaem, uto Y + U—Q = 2 nis 1060ro MHOTOTpaHHUKA.
N3BecTHO, 4YTO STO COOTHOIIEHHE BEPHO [JIsi JHOOOTO0 BBIMYKJIOTO
MHOTOTpaHHUKA. JTO J0Ka3al B 1752 romy mBeMIApCKui MaTremMaTuK

Jleonapn Ditnep.
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Teopema Jitnepa. J1ns moOOTO BBIMYKIOTO MHOTOTPAHHUKA UMEET Me-
cto cooTtHomienue: ¥ + U — Q = 2, rne Y— uucno rpaneid, U — yucmno
BEpIIMH, J— YKiCII0 pEOEp MHOTOTPAaHHUKA.

[Ipumem e& 0Oe3 pokaszarenbcTBa. M3 Hee BBITEKAIOT CIEAYIOIINE

cnenctBus. JloKaKHUTE UX CAaMOCTOSITENIbHO, UCIIONb3Ys TeOpeMy Jiiepa.

1 cneocmeue. Yncno miiocKux yriioB MHOTOTpaHHUKA B IBa pa3a Oouiblie
quciia ero péoep.

2 cnedocmeue. Yucino miaoCKUX yIJIOB MHOTOIPAaHHUKA YETHO.

3 cnreocmeue. Ecny B KaX 104 BEPIIMHE MHOTOTPAHHUKA CXOJUTCS OJTHO
1 TOXe 4ucio pédep k, To cripaBeinBo paBeHCTBO U -k = 20.

4 cneocmeue. Ecnu Bce rpaHM MHOTOTPaHHHKA SIBISIIOTCS PaBHBIMU
N-yroJIbHUKaMH, TO CIIPaBEIMBO PaBEHCTBO Y = 20.

Scneocmeue.360° (Y — Q) — cymmaBCEX IIIOCKUX yTIIOB MHOTOTPAHHHUKA.

BrimyKkiblli MHOTOTPaHHHUK HAa3bIBAIOT MPAGUIbHLIM, €CIIM €r0 I'PaHu
SBJIAIOTCSL PaBHBIMU MPAaBUJIbHBIMA MHOTOYTOJIBHUKAMU M B Kaxa0u
BEPIIMHE MHOTOTPAHHUKA CXOIUTCS OTHO U TO K€ YHCII0 pEDeEp.

N3BecTHO BCero msith BUAOB MPaBUIIbHBIX MHOTOTPAHHUKOB (IIPOBEPHTE

3TO CaMOCTOATEIBHO). DTO CIAEAYIOIINE MHOTOT PAaHHUKU:

@urypsl
Ha3Banne | mpaBuibHBIN Ky®, Oxkrasap Honekasnp | Ukocarap
U ero TETpadIp reKcasip (8-TpaHHHUK) (12- (20-
tonkoBauue | (4-TpaHHUK) | (6-rpaHHMK) TpaHHUK) | TpaHHUK)
I'pann NPaBUIBHBIN | IPAaBUIBHBINA | IPABWIBHBIA | HpaBWiIb- | HpaBHIIb-
TPEYTONbHUK | YETBIPEX- | TPEyroJbHUK | HBIM MATH- | HBIA Tpe-
YTOJIBHHUK YTOJIBHUK | YTOJIBHUK
Y
e 4 6 8 12 20
rpaHen
Hieito 6 12 12 30 30
pédep
Hieito 4 8 6 20 12
BEPLIVH
UYwucno pédep,
rerolIIIR 3 3 4 3 5
U3 OITHOM
BEPIINHBI




Hcmopuueckue ceedenus
Bce mpasunvhvie MHO20CpAHHUKU ObLIU U3BECHBL
6 [peeneii [peyuu. XIII knuea 3namenumovix «Hauany
Eexnuoa nocesawena npasunvHvlm mHo2oecpanHukam. Hx
yawe wnasvieaiom menamu Ilnamona. Benuxuu yuenvix
Upesneti Ipeyuu [Inamon (424-347 22. 0o H.3.) 8 c80éMm
UOeanucCmu4eckom  U300pafcéHuu  Mupa  cpasHusaem
yemolpe makux mena ¢ 4 snemenmamu  6CenNeHHOU:
mempa’0p — niams, 0eKad’0p — 3eMJisl, OKMa’0p — 8030VX, UKOCAIOP — B00d.
A namwiii MHO202PAHHUK — 000eKa20p HAa3vléaem 3HAKOM CMpPOeHUsl 8cell
ecenleHHoU («NnAmMo OCHOBOUY).

B XVIII eexe 6 meoputd MHO202PAHHUKOS 6HEC OWYMUMbBLL BKAAO
Jleonapo Jiinep (1707-1783) o cea3u éepuwiun, epaneti u cmopo 6 blnyKiom
MHO2oy2onvbHuKe, uzoanuas 8 1758 200y u eé dokazamenvcmeo ynopsaoouuiu
MUP 8CEBOZMONCHBIX MHO202PAHHUKOS.

3agaum K TeMe ¥ IpaKTHYECKHE 3aIAHUS

142. Yron Mmexnay miockoctamu paBeH 47°. Haitgute rpagycHyro mepy
JBYTPaHHBIX YIJIOB, 00pa30BaHHBIX [IEPECEUEHUEM ITUX MIIOCKOCTEH.

143. I'pagycHas Mepa IByrpaHHOTO yriia paBHa 52°. UeMy paBHa rpaaycHas
Mepa CMEKHOTO C HUM JIByTPaHHOrO yria?

144. Haiinute yroin Mexay NOpsAMbIMUA MNEPHEHAMKYISIPHBIMU TpaHsAIMU
JIBYTPaHHOTO yIJa, IJIOCKUI yroi KoToporo pasexn 100°.

145. Yemy paBHa rpagycHas Mepa ABYIPAHHOIO yria, oOpa3oBaHHOIO
OHCCEeKTOpaMU CMEKHBIX JIByTPAHHBIX YIJIOB?

146. Touka A pacnosoxeHa Ha OUCCEKTOpe ABYIPAHHOIO yIvia, rpaaycHas
Mepa kortoporo paBHa 60°. Haiimure paccTOsSHHME OT 3TOM TOUKH
JI0 TpaHeW ABYTPaHHOTO YIVIa, €CIU paccTosHUE OT Heé 1o pédpa
JIByTpaHHOro yria paBHo 10 cM.

147. PaccTosiHue OT TOYKHM A, pacHOJOKEHHOM Ha OJHOW U3 TIpaHeu
JIBYTPaHHOTI'O yIJia ¢ TpaaycHoi mepoit 30°, 10 BTOpO# rpaHu paBHO 6
cM. Haiiaure paccrosiHue oT 310 TOUKH /10 pEOpa IBYTrpaHHOTO yIia.

148*. Touka 4 pacnoyioeHa Ha pacCTOSHUU 3 M U 4 M JI0 TpaHel IpsiMOro
JByrpaHHoro yria. Haiiaure paccTosiHue ot 3TOM TOUKH A0 ero péopa.

149*. Jlokaxxure, 4TO BCE IByTPAHHBIE YIVIbI IPABUIIBHOIO TETPAdPA PABHBI
Y HalJIUTE UX TPALyCHYIO MEpY.

150. CyuiecTByeT JM TPEXTPaHHBIN yToJl, IVIOCKUE YIJIbl KOTOPOTO PaBHBI:
a) 30°; 60°; 20°; b) 45°; 80°; 130°; ¢) 30°; 60°; 20°; d) 20°; 60°; 70°;
e) 76°; 34°; 110°?

151*. Jlokaxxure, 4TO CyMMa BCEX INIOCKUX YIVIOB BBIITYKJIOT'O MHOTOTPaHHOTO

yria menbie 360°.
(=)




152. B npsamoyronpHOM mnapajuienenuiene Haugure yroin ABD,, ecin
AB=5,AD=4wu AA,=3 (puc. 12).

@ ®

153. B npsmoyronbHOM napaienenumnene Haiaure yron DBD,, AB=4,
AD=3u AA,=5 (puc. 13).

154. Haiigute yron DBH ky6a n300pa>k€HHOT0 Ha puUCyHKe 14.

155%*. Tokaxxure, 4TO CyMMa BCEX INTOCKUX YIVIOB BBIITYKJIOTO MHOTOTPaHHHKA
C n cBeplIMHaMHu paBHa 360°(n —2).

156*. Jloxaxxute, 4YTO YMUCIO IMJIOCKUX YITIOB MHOTOTpAaHHUKA B JBa pasa
OoJbIIIE UKCiia ero péodep.

157*. JlokaxuTe, 4TO YUCIIO TNIOCKUX YIIIOB MHOTOTPAaHHHKA BCETa YETHO.

158*.Jlokaxkute, 9TO CyMMa IUIOCKHX YIJIOB MHOIOIDaHHUKA paBHA

360° (Y- Q).
159. Onpenenvite BeTMUMHY yIiia, BBIJIEICHHOIO B Ky0Oe, N300pakEHHOIO Ha
pucynke 15.
a) b) a) b)

160*. VkaxuTe KparyallllMii MyTh MYXH, HAXOJAIICHCS HAa MOBEPXHOCTH
Ky0a, n300pakEHHOTO Ha PUCYHKE 16: a) OT BEpIIMHBI A 10 BEPIIUHBI
B; b) ot nentpa Kyba 10 eHTpa IPOTUBONOIOKHON rpanu (yKa3aHue:
BOCIIOJIB3YHTECH Pa3BEPTKOM Ky0a).

161. Bynet nu mpocTpaHcTBeHHas GUTypa, H300paxEHHas Ha puUcyHKe 17,
MPABUIbHBIM MHOTOTpaHHUKOM? CKOJIBKO KBaJpaToOB COCTABJISIOT €ro
moBepXxHOCTh? CKOIBKO BEPIIUH U pEOEp y 3Tol purypsi?

162. Kakas u3 pa3BépTok Ha pucyHke 18 sBisieTcs pa3BEpPTKOM okTasapa’?

163. OGocHy#iTe, 4TO Ha pUCyHKe 19 MHOTOTpaHHMK, BIMCAHHBIA B KYyO:
a) MPaBWJIBHBINA TETPadap; b) oKTasap.

(=)



a) b)
c) d)

) b) 20 a b)

164.

16S.

[TpoBepbTe cipaBeATMBOCTD YpaBHEHUS Diiepa 111 MHOTOTPaHHHKOB,
n300pakEHHBIX HA pUCyHKe 20, OIpeeTuB YMCII0 UX BepIINH, pEdep u
rpaHei.

W3 xax 1011 BEpIIMHBI BBITYKJIOTO MHOTOTPAHHHUKA HCXOIUT TpH pEOpa.
CKOJIbKO BEpIIMH U TpaHed MMEeT 3TOT MHOTOTPaHHMK, €CIIM YHUCIIO
ero péobep pasHo: a) 12; b) 15?

166*.CymecTtByeT M MHOTOrpaHHUK uUMerowui 13 rpaHeld, kaxnas u3

167.
168.

169.

170.

a)

KOTOPBIX UMeeT 13 pébep?
N3 kax10i1 BEpIIMHBI BBITYKIOTO MHOTOTPAHHUKA MCXOJUT YETBIPE
pE&opa. CKOJIBKO BEpIIMH U TpaHeil UMEeeT 3TOT MHOTOTPAHHUK, €CIIH
qyucio ero péoep paBuo 127
Haiinure uncno Bepuinz, pédep U rpaHeii: a) IpaBUILHOIO TETPadApa;
b) kyba; c) oxrtadmpa; d) momekasmpa; €) HMKOCadApa U MPOBEPHTE
CIPABEIMBOCTh YPaBHEHUs Diijiepa Uisl 3TUX MHOTOIPAHHUKOB.
HaiiguTe uncio rpaHel mpaBUJILHOIO MHOTOTPaHHUKA, Y KOTOPOro 8
BepIMH U 12 p&dep 1 Ha30BUTE €rO.
HaiiguTe uncio rpaHell mpaBUIBHOTO MHOTOTPaHHHKA, Y KOTOPOTo 6
BeplIMH U 12 pédep 1 Ha30BUTE €TO.
171. Haiigute unciao p&dep MpaBHIBHOTO MHOTO-
rpaHHUKa, y KoToporo 10 BepiiuH u 7 rpaHen.
172.Haligure 4uCiIO IpaHe INPaBWIBHOIO MHOIO-
rpaHHUKa, y KoToporo 14 Bepmun u 21 pedpo.
173.Haiinure uuciao p&Gep MHOrOrpaHHMKa Ha
pucynke 21, y koroporo 62 rpanu u 120 BepiiuH.
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6. MIPU3MA U EE IOBEPXHOCTH

6.1. Ilpusma u eé ceueHus

C mpu3moii BBl yxe 3HaKoMbl. HecMoTpss Ha 3TO, MBI HAllOMHHM
olpejiesieHHe IPU3Mbl U €€ CBOICTBA.
IIpu3ma—>TO MHOTOTPAaHHUK, IBE TPAHU KOTOPOTO PABHBIE /1-YTOIBHUKH
(ocHOBaHMS), JNeXale B MapauIeIbHbIX IUIOCKOCTSIX, a OCTaJbHBIE 7
rpaHeil — napaienorpaMmsl (puc. 22).

@ OCHOBAHUEe @ a) b)

0uUazoHab
OoK08as epas
bokosoe pebpo

OCHOBAHUE

B 3aBucumocTtu ot TOro HNCPHNCHAUKYJISAPHBI JIU OOKOBEIE I'paHH IIPU3MBbI
€TI0 OCHOBAHUAM HWJIM HCT, IPU3MbI ACJIAT HA 7ipsivblie NI HAKJIOHHbLE. Ha

pucyHke 23.a n300pak&éHa mpsiMas Ipu3Ma, a Ha pucyHke 23.b — HakJTOHHas.
OueBHUIHO, YTO OOKOBBIC TPAHU MPSIMON MPU3MBI — IPSMOYTOJIBHUKH.

a) b) ©)

Ecnau ocHoBaHus mpsAMOW MPU3MBI SBISIIOTCS MPAaBUIBHBIMU MHOTOY-
TOJIbHUKaMU, TO €€ Ha3bIBalOT npasunvHoul (puc. 24). bokoBble rpaHu
MIPaBUJILHOW MTPU3MBI 3TO PaBHbIE MEXKY COOOU MPSIMOYTOJIbHUKH.

[TepnenquKymnsip, ONyIIEHHBIA U3 HEKOTOPOU TOYKH OJHOTO OCHOBAHUS
K JIpyTOMY, Ha3bIBAIOT €r0 nepnenoukyisapom (puc. 23.b).

Ceuenue npusMbl, IPOXOALIEE YEPE3 COOTBETCTBYIOLIUE JAMATOHAIN
€ro OCHOBAHUM, HAa3BIBAIOT OUACOHANbHLIM cedenuem (pUc. 24.a) U UX
YHCJIO PAaBHO YMCIY JUAroHajaed OMHOTO M3 OCHOBAHUIA.

llepnenouxynapuviv ceyeHuem TPU3Mbl HA3bIBAIOT CEYEHHUE IMEpIEH-
TUKYJISIPHOE BCEM ero OOKOBBIM p&Opam (puc. 25).



n(n-3)
2

Tak kak — YHCIIO AuaroHanaeu BBIITYKJIOT'O n-YI'OJIbHHKA, TO

o . nn-3
YUCJIO AUArOHAJIbHBIX CEYEHUH 71-YTOJILHOU IIPU3MBI TAK)KE PAaBHO ¥ )

B kaxmom aMaroHaqTbHOM CEYEHUW NPU3MBI MOXKHO TIPOBECTH [IBE
nuaronanu. CieoBaTeabHO, #-yToJIbHAs TPU3Ma UMeeT n(n—3) AuaroHasneu.

3aoaua 1. B HaKJIIOHHOM TPEYTOJIBHON MPU3ME PACCTOSHUS MEXTy OOKOBBIMU
pEéOpaMy COOTBETCTBEHHO paBHBI 7 cM, 15 cm u 20 cm. Haitaure pacctosinue
MeXAy OombIleii OOKOBOM T'paHbIO M MPOTHUBOJICKAITUM OOKOBBIM PeOpOM.
Pewenue. V3BeCTHO, YTO PAcCTOSHUE MEXIY MapaUICTbHBIMA TPSIMbIMUA
PaBHO JUIMHE MEPIICHIUKYIISPA, OMYIIEHHOTO U3 MPOU3BOJILHON TOYKH OTHOMN
npsMoi Ha JIpyryro. Torna AMHbI CTOPOH NMEPIEHIUKYIpHOTO ceueHus ABC
(puc. 26). Haubonb1iasi rpaHb IpU3MbI IPOXOJUT Yepe3 HAUOOIBIIYIO CTOPOHY
AC=20 cm 3tOrO0 ceuenus. Paccrostaue ot pédpa nmpusmsl B,B, 10 TUIOCKOCTH
rpanu A,4,C,C, paBHo Bbicore BD Tpeyrombhuka ABC. Torma mo dopmyse
I'epona nomyyaem:

b
@ SABCZ\/P(P—C’)(P—b)(P—C), p:%,
at+b+c T7+15+20
p= = =21,
2 2
S e =2121=7)(21-15)(21-20) =/21-14-6-1=42 .

o AC-BD

Cnapyroii cTopoHsl, S, = ——.
AC-BD 2

Orcrona 42 =2=2Z wm BD =42 cm.

Omeem: 4,2 cM.

6.2. Ilapanienenunen u Kyo

[Ipu3ma, OCHOBAHUSIMH KOTOPOW SIBISIOTCA MapajiesorpaMMBbl,
Ha3bIBAIOT napannenenunedom (puc. 27). [lapannenenunenbl Takxke Kak U
IPU3MbI MOT'YT OBITh MPSIMBIMU (pHUC. 27.a) ¥ HAKJIOHHBIMU (puc. 27.b).

@ a) b)

['panu mapasuienenunena, He UMEIOIIKE OOIIYI0 BEPIIMHY, HA3bIBAIOT
NPOMUBONONIONHCHBIMU CPAHAMU.



VY mapamuienenunena:

— 12 p&bep, Kaxxaple YeThIPE U3 KOTOPBIX paBHHI (puc. 28.a),

— 6 rpaHei, KOTOpbIe MONapHO MapayIeNbHbI U paBHHI (puc. 28.b),

— 4 muaroHaiu, KOTOPhIC MEPECEKAOTCS M TOYKOH IMepeCceueHUs NeISITCS
nonojyaMm (puc. 28.c),

— TOYKa MEPeCEeUCHUS TUaroHayieli — IEHTP ero cuMMeTpuu (puc. 28.c).

[Ipsimoii mapanenenunen MMeeT 0Ch CMkMMETpuH (puc. 28.d) ¥ MIT0CKOCTh
cummeTtpun (puc. 28.e).

a) b)

[IpsiMoli mapasuienenumnesi, OCHOBAaHUS KOTOPOTO SIBJISIFOTCS MPSIMO-
YTOJIbHUKHU, HA3bIBAIOT NPAMOY20NbHbIM napaieienunedom (puc. 29).

OueBUIHO, UYTO BCE€ TpaHU NPSMOYTOIBHOIO Mapaljenenunesa
SBIISIFOTCS MPSIMOYTOJIbHUKAMH.

D) 6D &

[IpssMoyronbpHBI Tapajjenenunes, HWMeeT TPU OCH CUMMETPHUH
(puc. 30) u Tpu IoCKOCTH cuMMeTpuu (puc. 31).

Jlnunbl Tpex p&bep, UCXOMAIINX U3 OHOM BEPIIMHBI MPSIMOYTOJIbHOTO
napaJijiesenumnea Ha3blBatoT €ro U3MepeHUsMU.



Ceoiicmeo: B mipsMOyroibHOM Tapajuiefienunene KBaapar Jro0oit
JaroHayu d paBeH CyMMe KBaJpaToB €ro u3MepeHuit: a, b u ¢ (puc.32):
d*=da*+b*+ .

[IpssMOyTONBHBIN NapasieaenuIen, BCe U3MEPEHUS] KOTOPOTO PABHBbI,
Ha3bIBAIOT KyOom. OUEeBUHO, YTO BCE I'PaHU KyOa SABISIOTCS PaBHbIMU
kBaaparamu. Kyb numeeT ofuH EeHTp CUMMETpUH, 9 oceil cuMMeTpun 1 9
IJIOCKOCTEN CUMMETPHH.

Beolmie O6bu1H nepeunciieHsbl cBoicTBa Mpu3Mbl. HekoTopelie U3 HUX ObLIN
okazansl B 10 knacce. JlokazarenbcTBa OCTaIbHBIX CBOMCTB MPOIIIE, TO3TOMY
UX JI0Ka3aTeJIbCTBA BBl MOJKETE MMPOBECTH CAMOCTOSATEIBHO.

6.3. Ilnomanu 00KOBOW M NMOJHON MOBEPXHOCTH MPU3MBI

Ha pucynke 33 mposenensl Bbicotel HH, DD, npusmbl ABCDE-
A,B,C,D\E,. O4eBUIHO, YTO BBHICOTHI IPABUIILHON MPU3MBbI OyAYyT paBHBI €€
O00KOBOMY PEOPY.

&) 69

boxosas nosepxrnocms pu3Mbl (TOUHEE, 110UA0b OOKOBOL NOBEPXHOCTIU)
paBHa cymMMe OOKOBBIX TMOBEPXHOCTEH €€ TpaHeH, a MOIHAs NOBEPXHOCHIb
paBHa cymMMe OOKOBOM IMOBEPXHOCTH U ILIOIIA/ICH JABYX €€ OCHOBaHHUH.
S o, = +2S,..-

nonH. 00K.

Teopema. boxoBasi MOBEpXHOCTh MPSIMO IPU3MbI PaBHA IPOU3BEICHHIO
nepuMeTpa e€ OCHOBAHMSI HA BBICOTY:

S0 = Pocu, * h.

Jloxazamenvcmeo. IlycTh BbicOTa JAHHOW MPAMOW MPU3MBI paBHA 4, a
nepumetp ocHoBauust P = AB + BC + ... + KA (puc. 34). 3BecTHO, 4TO
KaXJas TpaHb MPSAMOWU MPU3MBI SBISETCS MPAMOYTOJbHUKOM. OCHOBaHUS
MPSyTOJIbHUKOB PaBHBI COOTBETCTBYIOIIMM CTOPOHAM OCHOBAaHMS TIPU3MBI,
a BBICOTBI PaBHBI BHICOTE MTPU3MBI.

Torma S,,,=AB - h+ BC - h+...+ KA - h=(AB+ BC + ... KAy h = P-h.[_]



Teopema. boxoBasi TOBEPXHOCTb NPOMU3BOJIBHOM NIPU3MBI pPaBHA
MIPOU3BEJCHUIO NEPUMETPa MEPIEHIUKYISIPHOTO CEUEHUs MPU3MBI Ha €€
0oKoBOE pedpo:

Ss

=P+ L
Jlokazamenvcmeo. IlycTb mepuMeTp NEPHEHIUKYISIPHOTO CEUYECHUS
npu3mbl paBeH P (puc. 35). CeueHnue neiauT Mpu3My Ha JBE 4acTu (pucC.
36.a). CoBepiiuM napasiebHbIM IEPEHOC OJHOM U3 3TUX YaCTeH TaK, YTOOBI
OCHOBaHHUs Hallle Mpu3Mbl cOBNaIU. B pe3ynbrare Mbl MOJYyYUM HOBYIO
npsMyto npusmy (puc. 36.b). OdueBugHO, 4TO, OOKOBasK MOBEPXHOCTH ATOM
IpHU3Mbl paBHa OOKOBOM NOBEPXHOCTH AaHHOW. E& ocHOBaHMEM sBIIETCS
NEPIEeHIUKYIIIPHOE ceueHue, a 00KoBoe pedpo paBHO /.

Torma 10 10Ka3aHHO# Bbiie Teopeme: S, = P« L[]

2) b)

3aj1ayu K TeMe U NIpaKTHYECKHUE 3a/1aHNs]

174. Haitnure NoOgHYIO MOBEPXHOCTH TETPAdIpa, €CIU ILIOMAAb OJHOU €&
rpaHu paBHa 6 cM>.

175. HaitaguTe MoaHyr MOBEPXHOCTh OKTA3Apa, €CIIH IUIONIaJb OJHOU €&
rpaH# paBHa 5,5 cM?.

176. HaiiquTe nojiHyt0 MOBEPXHOCTh MOAEKA3Ipa, €CJIM IJIOMaAb OAHON €€
rpaHu paBHa 6,4 cMm>.

177. Haiigute miomanas Kaxaod rpaHud U pedpo Kyba, eciu ero mojHas
noBepxHOCTh paBHa 105,84 cm?.

178. HaiiguTe momniaape Kax10i rpaHu 1 pedpo OKTa’apa, Ciiu ero NoaHast
MOBEPXHOCTh paBHA 32 V3 em.

179. CtopoHbl OCHOBaHUSI MPSIMOYTOJILHOTO TMapajuiesieNnuneia OTHOCITCS
Kak 7:24, mioIias ero AMaroHaabHOro cedenus pasua 50 nm?. Haiinure

ero OOKOBYIO TOBEPXHOCTb.
(1%7)



180*. bokoBoe pebpo mpsmoro mapauienenumnenaa paBHo 1 M. CTOpOHBI
ocHoBaHMs 23 M u 11 M. J/luaroHaau OoCHOBaHMSI OTHOCSATCS Kak 2:3.
Haiinure mmomaan 1uaroHajabHBIX CEUCHUI.

181. CropoHbl OCHOBaHMs MpPSIMOTO MapajuleJenunena paBHbl 3 cM U
5 cM, ogHa W3 AuaroHaner ocHoBaHus 4 cMm. MeHblasg auaroHajlb
napasuiesieluine/ia COCTaBIsieT ¢ IIOCKOCTbIO OCHOBaHMS yron 60°.
Haiinnre nimmHbI ero 1uaroHajien.

182. bokoBoe pebpo mpsAMOro mnapajiefenurena paBHO 5 M, CTOPOHBI
oCHOBaHUSI 6 M M 8§ M, OJHA U3 nUaroHane ocHosanus 12 m. Haiinure
JIMaroHaly rapasuiesienuneaa.

183*.bokoBoe pebpo TPaBWIBHOW TPEYrOJAbHOW MPU3MBI paBHO 3.
[IpoBeaeHa MI0CKOCTh, MPOXOASINAs Yepe3 ero pedpo 1 cepeiuHy ero
ocu. Hannure ruroniazib 3TOro CeUEHUS.

184. BeicoTa psiMoii TpeyroibHOM Mpu3Mbl paBHa S0 M, CTOPOHBI OCHOBaHUS
40 cMm, 13 cm u 37 cm. Haiinure nosHyr0 NOBEPXHOCTh MTPU3MBI.

D)

185*.13 enuamvHOTO Ky0a cO CTOpOoHO# 1, n300paxEHHOro Ha pUCYHKE 37,
BbIp€3aHa MpaBUJIbHAs TPU3Ma, CO CTOPOHOM ocHOBaHusA 0,5 1 O0KOBBIM
pebpom 1. Haiinure mosHy 0 MOBEPXHOCTH OCTABIICHCS YaCTH Ky0a.

186. ITpu yBenuuenun péobpa Kyba Ha 1 equHUILY, €ro noJHask MOBEPXHOCTh
yBenuuuiachk Ha 54 enqunuiel. Halimute pebpo kyba. (puc. 38).

187. OcnoBanue HakinoHHo# npusmbl ABCC,B,A,— paBHOOEAPEHHBIH Tpey-
roaeHUK ABC , B koTopoM AB=AC=10 cm u BC=12 cm. Bepunna A4,
paBHoynaneHa ot BepiiiH 4, Bu Cu AA,= 13 cm. Haligure nonnyo
MOBEPXHOCTh MPU3MBI.

188. bokoBasi MOBEpXHOCTh IIPABUIIBLHON YETHIPEXYTOJILHOW IPU3MbI PaBHA
160, monuas noBepxHocTh 210. HaiinuTe 1uaroHanbs OCHOBaHUS IPU3MBI.

189. PaccrosHue MexIy mapajuieIbHbIMH MPSMBIMHU, Ha KOTOPBIX JIEXKaT
00okoBbIe pEOpa HAKIIOHHOM TPEYTONIbHON MPU3MBI paBHBI 2 €M , 3 CM U
4 cm, a 6okoBoe pebpo 5 cm. Haiinure 60KoBYI0 MOBEPXHOCTb IPU3MBI.

190. Cymma nmuH pE€dep KyOa paBHa 96. Haiinnte ero 00KOBYIO TOBEPXHOCTb.



191. Bolunciure MoJIHYI0 MOBEPXHOCTh MHOTOTPAaHHUKOB, M300paKEHHBIX

2) b) c) d)

Ha pucyHke 39 ( Bce IByrpaHHbIE YIIIbl — IPSIMbIE).

192. Bolunciure MoJIHYK MOBEPXHOCTh MHOTOTPAHHHUKOB, N300paKEHHBIX
Ha pucyHke 40 (Bce IByTpaHHBIC YIIIbI — MIPSIMBIE).

@0) a) b) ¢) d)

193. BokoBoe pebpo MpaBUIbHON MIECTUYTOILHON MIPU3MBI 8 CM, a CTOpOHA
ocHOBaHusA 3 cM. Halimute cymmy niinH Beex pEdep MpU3MBI.

194. CtopoHa 0cCHOBaHHMs IPSIMOYTOJIBHOTO Napasuiesenumena 6 cM, BbICOTa
mpu3Msbl S5 cM. Hanaure ruiomanas ero AMaroHajabHOTO CEYEHMUS.

195. CtopoHna ocHOBaHUSA PABUILHON TPEYTOIBHON MPU3MBI 6 CM, @ OOKOBOE
pebpo 12 cm. Haiinure 60KOBYIO MOBEPXHOCTD MTPU3MBI.

196. Borunciure mojiHy0 MOBEPXHOCTh MHOTOTPAHHHUKOB, M300paKEHHBIX
Ha pucyHke 41 ( Bce IByrpaHHbI€ yIIIbl — IPSIMbIE).

197. Beruucnure MOTHYI MOBEPXHOCTH MHOTOTPAHHHUKOB, H300paKEHHBIX
Ha pucyHke 42 ( Bce IByrpaHHbIE YIIIbl — IPSIMbIE).

198*. Ha pucynke 43 uzmepenus ocHoBaHusi joma 6 M u 8 M. Kpsbiia goma
nocrpoeHa noj ymiom 45°. Haliqure mioia b KpbIu A0Ma.

——



199. PebGpa napasnmnenenurena, UCXOASIINE U3 OTHOW BEPIITMHBI PaBHBI 6 CM,
8 cM u 12 cm. HaitauTe cymmy JutiH Bcex pé0ep mapaieinenumnesa.

200. Inomanu rpaHeil napajienenunena, UMEOMUe OOIIyI0 BEpLIUHY,
paBHbI 6 cM?, 12 cM? 1 16 cm?. HaliauTe m1o1a 1b MoJHOM MOBEPXHOCTH
napajijiesenunea.

201*.0OcHOBaHuE TOMEPEYHOTrO ceuYeHHsl Kyba ¢ peObpoM paBHBIM 3 cwM,
nepeceKaroiee Bce ero péopa, — BeIpe3aeT KBaJIpaTHbIE OTBEPCTUSL CO
ctopoHoit 1 cm. (puc. 44). Haiinure 1uroniaaps MOTHOM MOBEPXHOCTH
OCTAaBIIICHCS YacTH Ky0a.

202*.IToBepxHOCTh (HyTOONBHOTO MSYa COCTOMT H3 12 TIPaBHIBHBIX
MSATUYTOJBHUKOB U 20 MPaBUIIBHBIX MIECTUYTOIBHUKOB, pEOpa KOTOPBIX
paBHBI 5 cM (puc. 45). Haliaute moyiHy0 OBEPXHOCTH (PyTOOIHHOTO
Msauya. Haiinure ctomMocTh Msva, €CIM KBaApPATHBIA CAHTHUMETP
KOXKU, U3 KOTOPOW OH cjenaH, cTouT 60 CyMOB U Ha IHIBBI U OOPE3KHU

pacxonyercs emé 10 mporieHToB Marepuania.



7. OBBEM ITPU3MbI

7.1. IlonsaTHe 00LEMA

OpHUM M3 CBOMCTB, XapaKTEPU3YIOUIUX T€OMETPUYECKUE Tesla B IMPO-
CTpaHCTBE, SABISIETCS MOHATHE 00BhEMa. Kaxaplii mpeamer (Teno) 3aHuMa-
€T HEKOTOPYIO YacTh MpocTpaHcTBa. Hampumep, Kupnud no cpaBHEHUIO CO
CIIUYEYHBIM KOPOOKOM 3aHMMAET OOJIbIITYIO YacTh MpOCTpaHcTBa. [is cpas-
HEHUS ATHX YacTe MeXIy coO0i BBOAUTCS MOHATHE 00bEMA.

OO0béM — 3TO BeIMYMHA, YHUCJIEHHOE 3HAUYEHHE KOTOpOM oO0naaaer
CJIeTyIOIIMMH CBOMCTBAMM:

1. JIroboe Teno mmeeT omnpeneiaéHHbId 00BEM, BBIPAKEHHBIN I0JIO-
KUTEIBHBIM YHCIIOM.

2. PaBHbIE Tena UMEIOT paBHbIE OObEMBI.

3. Ecnu Teno pa30uTo Ha HECKOJIBKO YacTel, TO ero 00bEM paBeH cymme
00BEMOB ATUX YaCTeil.

4. O0bEM KyOa, pedpo KOTOPOTo paBHO €IUHUILIE, PABEH €IUHUIIE.

O0BEM — TaKKe Kak JUIMHA U TJIOMIA b, SBIISIETCS BETUYUHON. B 3aBucH-
MOCTH OT BBIOOpA €AMHUIIBI ITTUHBI, 00BEM €MHOTO Ky0a U3MEpPSIOT B KO-
yeckux eounuyax: 1 cv®, 1 ov®, 1 M> U T. 1.

OOBEMBI TeN U3MEPSIOT Pa3IMYHBIMU CIIOCOOAMU UM BBIYUCIISIIOT. Ha-
npuMep, 00bEMBI MAICHBKUX MTPEIMETOB MOKHO U3MEPUTH C TIOMOIIBIO CO-
CyIoB (MEH3ypKH) C MEJIKUMH JAeJIeHusIMu (1kanamu) (puc. 46). A o0béM
Be/[pa MOXKHO M3MEPUTH C MOMOIIBIO0 COCY/Ia, UMEIOIIETO €AMHIYHBIN 00b-
&M, HarmoJIHUB ero Bojoi (puc. 47). Ho Takum cnocoOoM Mbl HE MOJKEM H3-
MEpHUTHh 00BEMBI BCEX Tell. B Takux citydassx 00bEM BBIYHUCIISIOT Pa3IUIHbI-
MU criocobamu. Hinke paccMoTpum ux 6e3 J0Ka3aTelbCTB.




7.2. O0béM napaJuiejenumnena
Teopema. OOBEM TPSAMOYTOJBHOTO  TapajUieNeNUNea pPaBeH
MIPOU3BEACHUIO TpeX ero usmepHuii (puc. 48): V=a-b-c.
Cneocmeue. OOBEM TPSAMOYTONBHOTO MapaUIeTENHIE]a pPaBeH
MPOU3BEICHUIO TIJIOIAM €0 OCHOBAHUS Ha BBICOTY (puc. 49): V=S - h.
Teopema. OO0BEM  NPOU3BOJIBHOIO  MapajuIeJENUIENa  PaBEH
MPOU3BEICHUIO TUJIOIAIM €r0 OCHOBaHUS Ha BhICOTY (puc. 50): V=S - h.
DTO CBOWCTBO BBITEKAeT W3 BBIMIECYNOMSHYTOTO cieacTBusi. Ha
pucynke 50 moka3zaHO Kak JAaHHBIN mapajuienenune] npeodpa3oBaTh
B TNPSAMOYTOJBHBIA Tapaieienunen. BocCmonp30BaBIIUCH ITHM
CaMOCTOSATEIbHO 000CHYWTE CBONCTBO.

a) b)

7.3. O0LEM PU3MBI

Teopema. O0bEM TPAMOI1 TPU3MBI paBEH MPOU3BEICHUIO TIOMIAIH €0
OCHOBaHUs Ha BBICOTY (puc. 51): V=S -h.

Jokazamenvcmeo. 1 cnyuai. IlycTh OCHOBaHMEM TpU3MBI OyjeT
IPSIMOYTOJIBHBIN TpeyronbHUK (puc 51.a). DTy npu3My MOXKHO JOMOJIHMUTH
paBHOM €l MpU3MOii 0 IPAMOYTOJIbHOTO Napasuienenumnena (puc. 51.b).

Ecnu 06bEM aHHOM TPU3MBI, TUIOIAAbh €€ OCHOBAaHUS U BeIcOTa V, S1 A,
TO 00BbEM MOJTYYEHHOTO MPSIMOYTOJIBHOTO MapajuleNenue a, mioaas ero
OCHOBaHMsI U BbICOTa Oy/IyT COOTBETCTBEHHO paBHbI 2V, 25 u h.



GD a) b) )

CnenosarenbHo, 2V=2S - h wm V=S - h.

2 cayuyan. Ilycts S — miomans MPOU3BOJIBHON 7-yTrOJbHOW MPSIMOM
npusMbl U i — e€ BbicoTa. OCHOBaHUE IMPU3MBI — M-YTOJBHUK JEIUTCS
JUAroOHaJISIMM Ha TPEYTOJIBHUKHM, KaKIbld M3 KOTOPBIX MOYKHO pPa3/eiIuTh
Ha MPsIMOYTOJIbHBIE TPEYTOJIbHUKH (puc. 52). B pesynbrare nanHas npusma
pa3fenuTCcsl Ha KOHEYHOE YHCIO MPSMBIX IPHU3M, OCHOBAaHHUS KOTOPBIX
SBIISIOTCS IPSIMOYTOJIBHBIMU TPEYTOJIBHUKAMH. BBICOTBI 3TUX IIPHU3M paBHbI
h, a cyMMa IIomajieil OCHOBaHUI 3TUX MPU3M PaBHA IJIOLIAJAN OCHOBAHHUS
JaHHoOU mpusMbl: S = §;+ S,+...+8S,.

OO0bEM JaHHON NPU3MBI PaBEH CyMMe OOBEMOB COCTABISIOLIUX €&
TPEYTOJbHBIX MPU3M:

V==8h+Sh+. +Sh=S+S+..+S)h=S-h, wm V=S5"-h []
Teopema. OOBEM TMPOU3BOIBHON NPU3MBI PaBeH MPOU3BEACHUIO
IUTOIIA U €r0 OCHOBAHUS Ha BbicoTy: V= - h.
[To pucyHky 5.3 mokaxuTe 3Ty TEOpeMy CaMOCTOSATENILHO, CHavYaa Jis
TpeyroibHOU Mpu3Mel (puc. 5.3.a), 3arem Jyis 1000 npusmsl (puc. 5.3.b).

(3 a) b)

3aoaua 1. CTOpOHBI OCHOBAaHHUS MPSMOTIO Mapaieienuneia paBHbl a U b,
a yros mexxy Humu 30°. Haiinure ero o0bEM, eciu mioiaas ero 00KoBOM
NOBEPXHOCTH paBHa S.

——



Pewenue: O603HauMM BBICOTY mapauienenumnena /# (puc. 54). Toraa mo

YCJIOBHIO 3aJ1a9u:
S=Qa+2b) h wim =5
2(a+b)
S, =absin30°= a_b.
~ 2
ab S abS

V==

ocH.

"2 2a+b) 4(a+b)

3aaum Kk TeMe U IpaKTHYECKHE 321aAHUS
203. Haiigute 00BEMBI MHOTOTPAHHHUKOB, H300paXEHHBIX HA PUCYHKE 55.

D)

a) b) c)

d) e) f)

g) h) i) i)
k) e) m)

204. [To naHHBIM pa3BePTKHU HA pUCYHKE 56 HalUTE 00BEM MOTYYArOIIETOCs

M3 HCC CcocCyaa.
(1e4)



205*. CocraBbTe 3a7a4y MO PUCYHKY 57 U pemuTe eg.
206. Teno u3o0pak€HHOE HA PUCYHKE 58 COCTaBICHO M3 88 €TUHUYHBIX

KyOukoB. Haliinre noiHyo NOBEpXHOCTh 3TOTO Tela.

207. [Inomans OOKOBOM I'paHU MPSIMOYTOJILHOTO Mapajieenuneia paBHa
12 u anuHa nepreHAuKyYISIpHOro eif p&opa paBHa 12. Hailiqute 00bEM
napa’suieienuIesaa.

208. Kakast 13 mpoCcTpaHCTBEHHBIX (UTYp Ha pUCYHKE 59 mmeeT OonbIInit
00BbE&M, T. €. COCTaBJIeHA U3 OONBIIET0 YUCIIa KBaJPaTUKOB?

a) b) 0) d)

209. O0BEM NPAMOYTOJILHOTO Mapaliieenumneaa paBeH 24 u 1juHa OAHOTO
u3 pébep paBHa 3. HaiimuTte miom@aab NEPHEHIUKYISIPHOU 3TOMY
p&OpPy rpaHu.

210. O6BEM mpAMOYTOIBHOTO Mapajuienienunenaa paseH 60 u IUIONIAIb
OJIHOM u3 e€ rpaHel paBHa 12. Haiinure nnuHy nepneHAuKyISPHOTO
3TOM rpaHu pEdpa.

211.[lnusbl TpEX péOEp, MCXOMAIIMX W3 OIHOM BEPIIUHBI MPSMOYTOJIBHOTO
napauiesienuresna, paBHel 4, 6, 9. Haligure peOpo paBHOBETMKOTO €My Ky0a.

212. HaiimuTe quaroHaib Ky0a, oTHast TOBEPXHOCTh KOTOPOTo paBHa 18.

213. Haiigure moHy 0 MOBEPXHOCTH KyOa, 00bEM KOTOPOTO paBeH 8.

214. Tlpu yBenuuyeHuu JUIMHBI p&Opa Kyba Ha 1 emuHuUIly, ero OO0bEM
yBenuuuBaercs Ha 19 equnni. Haliqute pebpo ky0a.

——



215. [Tnomaas monHOM MoBepxHOCTH KyOa paBHa 24. Haiinute ero o0bEM.
216. Haiiure 066EM Ky6a, €CII ero guaroHans paBHa /12 .

217. HaiiuTe auaroHass Kyba, €CiTi ero 00bEM paBeH 24+/3 .

218. O6BEM oHOTO Kyba B 8 pa3 Oonbiire 00bEMa BToporo. Bo ckosbko pas mosHast
MOBEPXHOCTB MEPBOT0 Ky0a OOJIbILIE MOJHOM OBEPXHOCTH BTOPOTro?

219. CkonbKO JTUTPOB BOJIbI BMEHIAETCS B cOCyA (LIUCTEpHY) KyOHUUecKoit
dbopmel ¢ pedpom 30 cm?

220. nuubl pédep, UCXOMAIMIUX U3 OJHOM BEPIIUHBI MPSMOYTOJIBHOTO Mapa-
JIeTIenuIesia, paBHbl 2 U 6, a ero 00bEM paseH 48. Haiinure anHy TpeTbero
pEOpa mapasuieNenure1a, HCXOISIIEro U3 TON BEPIIUHBL.

221. JInuHBI CTOPOH OCHOBAHHS MPSIMOTO MTAapaJIIeICTIMIIEAA, PABHBI 22 emm
5 ¢M, a yroi Mex1y HUMHU paBeH 45°. Haiinure 00bEM mapasuienenurienia,
€CJIM €ro MEHbIIas AUaroHalib paBHa 7 CM.

222%*, JInHBI CTOPOH OCHOBAHMSI TIPSIMOTO Mapaliesienumesia, paBHbl a U b, a
yroJi Mexay HumMu paseH 30°. Haiinute o0bEM napauienenumesna, €Ciu
€ro MoJIHasl IOBEPXHOCTh PaBHA S.

223. N3mepeHnus npsMOyToIbHOIO Napajuiesenunena paBel 15 M, S0 mu 36 M.
HaiinuTe peOpo paBHOBETUKOTO eMy KyOa.

224. CTOopoHBI OCHOBaHUS MPSMOU TpeyroabHOM pu3Mbl 29, 25 1 6, a 0okoBOE
pebpo paBHO Oobliieit BbICOTe ocHOBaHUS. HaiiuTe 00bEM MPU3MBI.

225. Beruuciaute o0bEMbI MHOTOTPAHHHUKOB, N300paKEHHBIX Ha pUCYHKE 39
u3 3a1aun 191 (Bce AByrpaHHbIE YIVIbI IPSMBIE).

226. Beruuciaute 00bEMbI MHOTOTPAHHUKOB, N300pakEHHBIX Ha pucyHke 40
u3 3a1aun 192 (Bce AByrpaHHbIC YITIbl IPSIMbBIE).

227. OcHoBaHUE TPSMOTO MapajuIeNenumeaa pomMo, MIoliaab KOTOPOTro paBHA
1 M2, Tnormaau ero AMaroHaabHX cedeHui paBHbl 3 M? U 6 M2, Haiinure
00BEM mapasuieNenurnea.

228. Brruucnnre 00bEMbI MHOTOIPAHHUKOB, M300paXKEHHBIX HA pUCYHKE 41
(Bce IByTrpaHHBIE YITIbl IPSIMBIE).

229. Beruuciaute 00bEMbI MHOTOTPAHHUKOB, H300paXEHHBIX HA pUCYHKE 42
(Bce IByTrpaHHBIE YITIbI IPSIMbIE).

230. Ha mmomanky mmpuHod 3 M u anuHoi 20 M ynoxuiu achanbT
tonmuHou 10 cm. Kakoit 066€M acdanbTa moTpaTtuiau Ha 3TO?

231*. OcHOBaHME HAKJIOHHOTO MapajulelieNuIeia — KBaapar coO CTOPOHOM
1 M. OnHo u3 OOKOBBIX p&OGEp paBHO 2 M W 00pazyeT ¢ KaxIou
U3 TpWIeKalMX CTOpPOH OcHoBaHus yroia 60°. Haiimute o0bEM
napaJijiesienumnea.

232*.I'panu napasienenurea — paBHble POMOBI CO CTOPOHOM a U OCTPBIM
ymom 60°. Haligute 00bEM napasiienenumnesa.



233. Kaxnoe pedbpo mapamienenumnena paBHo 1 cm. Tpu miockux yria y
OHOW W3 BEpUIMH NapaijiesienuIea OCTpble U KaXa0e paBHO 24.
Haiingute 00bEM napanienenumesa.

234* B napaienenurese JIMHbI pEoep, UCXOASIINX U3 OTHONU BEPLIUHBI , PABHbI
a, b, c. Pebpa a n b B3auMHO NIepIIEHIUKYJSPHBL, a peOdpo ¢ 0Opazyer ¢
KaXJIbIM U3 HUX yroul o (puc. 60). Haiinure 00bEM mapasienenumneaa.

235. Haiinute 00bEM: a) TpEyrosibHOM; b) YeThIPEXYrONbHOM; C) LIECTH-
YTOJIBbHON MPAaBUIBLHON MPU3MBI IO CTOPOHE OCHOBAHUS d U OOKOBOMY
p&opy b.

236. B npsimoM mnapaliienienurene CTOPOHbI OCHOBAaHUS paBHble a U b
oOpa3yror yron o. Haiimute o0bEM mapasuienenumnena, €ciid ero
MEHbIIIas IMaroHalb paBHa d.

237. bokoBble péOpa HAKIOHHOM TPEyroJbHOW MpPU3MBI paBHBI 16 M, a
paccTOsHUA MeXay HUMU 26 M, 25 m u 17 M. Haiinute 00bEM IPU3MBI.

238. JInaroHanb mpaBWIBHOM YETBIPEXYTOIBHOM NpU3MBI paBHA 3,5 cM, a
nuaroHaib 00KoBoi rpanu 2,5 cM. Hailiqure 00bEM PpU3MBI.

239. CropoHa OCHOBaHUS NPABWIBHOM TPEYroJbHOW IPU3MBI paBHA d,
OOKOBasi MOBEPXHOCTh paBHA CyMMeE IUIOUIa/Ied €ro OCHOBAaHMUIA.
Haiinure 00bEM MpU3MBbL.

240. IDlromane HaWOONBIIETO JAMATOHAILHOTO CEUCHHUS MPABUILHOU
[IECTUYTOJBHONW TPU3MBI paBHA 4 M?, PACCTOSHHUE MEXIY IBYMS
MPOTUBOMOJIOKHBIMU TpaHiAMH paBHO 2 M. Haiinute 00bEM Mpu3mMbl

241*.ITocne ceMUKpaTHON CTUPKH, U3MEPEHUS Mblla YMEHBIIUIINCH B IBOE.
(puc. 61). Ha cxkonbko CTUPOK €€ XBAaTUT MbUIA, €CIHM HPHU KaXKIOU
CTUPKE TPATUTCSI OUH TOT ke 00b&EM MbLIa?

242*.B HaKJIOHHON NpHU3ME IMPOBEJCHA IUIOCKOCTb, MEPHEHIUKYIIPHAS
O60koBBIM pEOpam u nepecekaromas ux. Haiinure 00bEM NpU3MBIL, €Cliu
e¢ 6o0koBOE peOpo paBHO /, a IIIOMIAAb MOTYYUBIIETOCS CEUCHUS pPaBHA
0 (puc. 62).

243. CTOpoHBI OCHOBaHUS MPSMOM TPEYTOIBHOM MPU3MBI PaBHBI 4 CM, 5 CM,
7 cM, a 6okoBOe pebpo paBHO OolbIlel BhIcOTe ocHOBaHUs. Haiinurte
00BEM MTPU3MBI.

244, Beraucnute 00bEMBI MHOTOTPAaHHUKOB, N300paKEHHBIX HA pUCYHKE 63.



a) b) c)

d)

245. TInomnia s 0CHOBaHUS MPSIMOM TPEYTOJILHON MPU3MBI 4 CM?, a TUTOINAIH
OokoBbIX rpaHeii 9 cm?, 10 cm?, 17 cm?. HaiiauTte 00bEM MPU3MBIL.
246*. OcHoBaHME MPU3MbI PAaBHOOCIPEHBIN TPEYTOJbHUK, OJJHA CTOPOHA
KOTOporo 2 cm, a aBe apyrue no 3 cMm. bokoBoe peOGpo mpu3Mbl
PaBHO 4 CM U OHO COCTABJISIET C IJIOCKOCTHIO OCHOBAHMS yroi 45°.

Haiinure 06bEM paBHOBEIMKOTO eMy KyOa.

247. OCHOBaHMEM HAKJIOHHOW MPU3MBI ABISIETCS PABHOCTOPOHHUM TpEy-
TOJIBHUK CO CTOPOHOH a. OHa 13 OOKOBBIX IPaHEel MEePHeHIUKYISIpHA
OCHOBAHHUIO U SIBJIsSIETCS] poMOOM, MEHbIIIasl IMaroHallb KOTOPOM paBHA
c. Haiinure 00bEM npu3MBl.

248. BeicoTa npsMOil 4eTBIPEXYTOJILHOW MpPU3Mbl paBHA /1, JUAroHaIu
HAKJIOHEHBI K TJIOCKOCTH OCHOBaHUS moj yriamu o u [3. Haiigure
00BEM MPU3MBI, €CIIHM YTOJI MEXKIY TUaroHaIsiMi €€ OCHOBaHH paBeH Y.

249* Bpraucnure MpomyCcKHyI0 cliocoOHOCTH (B KyOn4ecKkux MeTpax 3a | ac)
BOJIOCTOYHOM TPYOBI, C€YEHUE KOTOPOW MMEET BUJl paBHOOEIPEHHOTO
TpEyrojbHHUKa ¢ OCHOBaHUEM 1,4 M 1 BbicOTOM 1,2 M. CKOPOCTB T€UEHHUS
BOJIBI paBHA 2 M/C.

250*.Cedenue kee3H0A0POKHON HACHIITU UMEET BU] TPalelU C HUKHUM
ocHoBaHueM 14 m, BepxHuM 8 M 1 BeicoTOoi 3,2 M. Haiigure, CKOJIbKO
KyOn4ecKkux MeTpoB 3eMin Tpedyercs Ha 1 kM HachImu?

251*%.JlepeBsinHas miMta B (opMe MNPaBHWIBHOTO BOCBMHUYTOJIBHUKA CO
ctopoHoit 3,2 cM u TommuHou 0,7 cM umeer maccy 17,3 r. Haitnure
IJIOTHOCTH JIEPEBA.



252. Cxonbko KOpOOOK B popMe MpsIMOYTOJILHOTO Mapasuielienurneia pas-
MepoM 30x40x50 (cM) MO’KHO TIOMECTUTD B Ky30B MAIlIMHBI Pa3MEepPOM
2x3x1,5 m?

253*.CKONBKO CTalbHBIX IUIUT MOXKHO IMOTPY3UTh Ha I'PY30BHK C Tpy30-
NOIBEMHOCTBIO 3 T, €Clu IUIMTa uMeeT (GopMy MIPsIMOYrOIBHOTO
napaienenunena pazmepoM 420 mm x 240 MM % 90 MM U IJIOTHOCTh
cranu paBHa 7,8 r/cm??

254. CKOIBbKO KHUPNHMYEW MOXHO IMOIPY3UTh Ha TPY30BHK C Tpy30-
NOIBEMHOCTBIO 3 T, €CIAM KUPIUY UMeeT (PopMy MIPsIMOYTOIHHOTO
napaimnenenuneaa pasmepom 250 mMm x 120 MM X 65 MM H ero
IUIOTHOCTH paBHa 1,6 r/cm*?

255%.CKONIBKO YYTyHHBIX IUIUT MOXHO IMOJHATh HAa MOABEMHOM KpaHe
Ipy30NOBEMHOCTRIO 2 T, €CIIH TUTUTA UMEET (GOpMY TPSIMOYTOIBHOTO
napaienenuneaa pazmepom 820 mm x 210 mm X 120 MM U TIJIOTHOCTD
gyyryHa paBna 7,3 r/cm>?

256. Cxonbko OpyCKOB B (popMe MPsIMOYTOJILHOTO Mapajuiesienumeaa JTuHON
105 MM u pasmepom nonepeyHoro cedeHust 30 cm x 40 cM MOXHO
Hape3aTh U3 JOCOK IJIMHOU 3 M, mupuHoit 20 cM u Toauuon 20 Mm?

257. Pa3mep kupnmua 25 x 12 x 6,5 (cm). Onpeaenure maccy OIHOTO
KHpIH4a, ecid Macca 1 m® kuprnuueii paBaa 1700 k.

258. Ilo canuTapHbIM HOpMaM KaXkJIOMy YYEHHMKY B Kilacce HE0OXOIUMO
7,5 »® Bo3ayxa. Haiifure miorima s KJIacCHON KOMHATBI, €CJIH €& BBICOTa
3,5 M 1 KJ1acc paccuuTaH Ha 28 yYeHUKOB.

259*.Ha mutomaas npsmMoyroiasHo# ¢popmbl aymuHon 100 M u mmpuroi 10 M
HYKHO YJIOXKHTBH ac(hansT TommuHoi 5 cM. CKoIbKO MammuH acgaibra
IPy30MOIBEMHOCTRIO 5 T morpebyercs Ha 3To, ecaud macca 1 M
ac¢anbra paBHa 2,4 1?

260*.Kycok xeme3a B ¢opMe NPSAMOYTOJIbHOTO TMapajulesienunena C
u3MepeHusiMu 3 cMm, 4 cM, 5 cM HyXHO 00paboTaTh Ha CTaHKE.
HeobOxonmuMo paBHOMEpHO YMEHBIINTH Kaxkjgoe pebpo Opycka, a
NOJTHYIO TIOBEPXHOCTh YMEHbIUTH Ha 42 cm?. Kakyio 4acte 00bEMa
Bcero Opycka OyleT 3aHuMaTh 0ObEM U3TOTOBIICHHOM JeTanu?

261*.Ha pucynke 64.a n300pax&Ho ceueHrne 9yryHHou TpyOrl. Onpeaenure
0 TaHHBIM Ha PUCYHKE Maccy | M Takoii TpyObl (TUIOTHOCTh YyTyHa —
7,3 r/em?).

262. OmnpenenuTe IJIOTHOCTh 30JI0TA, €CJIM Macca 30JI0TOrO CIIMTKA,
M3MEPEHHS KOTOPOro JaHbl Ha pucyHke 64.b paBHa 12,36 kr.

——



2) b)

263*.IlonepeyHoe ceueHne KaHajaa — paBHOOEIpEHHAs Tparenus ¢ OCHOBA-
HusMu 10 M 1 6 M 1 BeIcoTOM 2 M (pHc. 65). Kakoit 00bEM BOABI ITPOXO-
JUT 10 KaHajly 3a OJIHY MUHYTY, €CJId CKOPOCTh TeueHus paBHa 1 m/c?

264*.Ilonepeynble ceueHusl KaxJI0M rpaHu KyOa, CIEJaHHOIO U3 MENH, C
pebpom 6 cM 00pa3yroT OTBEPCTHSI, OCHOBAHUSMHU KOTOPBIX SIBIISIOTCS
KBaJpaThl CO CTOpOHOM 2 cM (puc. 66). Haiinure mMaccy ocraBiieics
qacTH Ky0a, eciu yjesbHas INIOTHOCTh Meau paBHa 0,9 r/cm’.

265. CTopoHbBI OCHOBaHHSI METAJUINYECKOT0 O10Ka B (hopMe MPSMOYTOIBHOTO
napasuienenunena 7 ¢cM U 5 cM. Haiinure BbICOTY O0Ka, €CIM €ro
Mmacca paBHa 1285 1, a IIIOTHOCTH MeTasuia 7,5 r/cm?.

266. Haiinute 00bEM rapaxka, mojap3ysich JaHHBIMHU, NPUBEAEHHBIMU
Ha pUCYHKe 67.

267. I'myOuHa NIBETOYHBITO TOpIIKa B (opMe MPSMOYTOJILHOTO Mapajuie-
nenunena pasHa 2 ¢pyra, mupuHa 12 ¢pyTtos u niuna 15 pyrtos. Haligure
ero o0bEM U BbIpasute ero B Kyouueckux metpax (1 ¢yt = 30,48 cm).

268. Cxiiag n300pax&éHHBIN Ha pucyHKe 68, nMeeT popMy TpaneuuBUIHOM
npu3Mbl. Haliiute BMECTUMOCTB CKJIa/ia O JAaHHBIM Ha PUCYHKE.
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269*.Ha pucynke 69 mnpuBeaéHsl uzmepeHusi kopoOku. EE ocHoBaHue
crenano u3 marepuana croumocteio 1000 cymoB 3a 1 Mm%, a GOKOBEIE
rparu 2000 cymoB 3a 1 M%. CKOJIBKO 3aIUTaTHIIN 32 Marepua?

270. Haiinure nuaronais Ky0a, eciiu ero 00bEM paBeH V.

271. Ot GonplIOTO MPSIMOYTOJIBHOTO Mapajuienenunena Ha pucynke 70
OTpEe3aH MAJIIEHBKHM MPSAMOYIOJbHBIM Tapaiuienenunen. Hanpure
00bEM Moy YuBLICHCS PUTYpPBI IO JaHHBIM, IPUBEIEHHBIM Ha PUCYHKE.

272. Haiinute 00bEM npu3Mbl, 1300paxEHHON Ha pucyHke 71.

@ @

273*.CKoJbKO BOABI COIEPIKUTCS B aKBapryMe B (hopMe MPSIMOYTOIbHOHOTO
napaJiiesienurena, n300paxEHHOro Ha pucyHke 727

274*.B onuHaKoBble aKBapUyMbI B (hopMe MPSIMOYTOJIBHOTO Mapajliesenunesia
HaJIUTa BOJA, YPOBEHb KOTOPOM IpezacTaBieH Ha pucyHe 73. Kakum
Oyzmet oTHOIIEHHE 00BEMOB BOJIBI B aKBapuyMax?

@ a) b) c)

275*%. UccnenoBanme. [Ipennpusitue BhITycKaeT KOPOOKH BMECTUMOCTHIO |
1 B opMe IpSIMOYTOJIBHOIO MapaijiesieuIeia, CTOPOHbl OCHOBAHMS
KOTOpPOTO OTHOCATCS Kak 1:2 6e3 kpbIku (puc. 74). Kakumu TOMKHBI
OBbITH pa3Mepbl KOPOOKH, 4TOOBI MX MPOU3BOJICTBO OBLIO 3KOHOMHEE,
T.€. Ha UX U3TOTOBJIEHUE 1ILJI0 MeHbIe Bcero Matepuana? (I[Ilpunasas x
pa3iuyHble 3HAYCHUS, HalliuTe 00bEM KOPOOKH U CPABHUTE ITH 3HAYE-
HUS WK UCTIOB3yHTEe MeToAbl AU depeHIInaTbHOTO HCUHCICHHUS. )

()



276*. I1pobemMHblii ciay4aii. ['eooru HalIM KAMEHb M OHU XOTST IPUMEPHO
orpenenutb 00bEM. OHU CTOAT BO3JIE PEUKHU, B UX PACTIOPSIKEHUU €CTh
METaJIINYECKH 0aK, B KOTOPbII MOKHO BMECTUTh KAMEHb, HECKOJIBKO
Béep U oxHa OyTbulka oO0bEéMoM 1 murp. Kak reosmorm cmoryr
oIpesIeNuTh 00bEM KaMHs?

8. HIOBEPXHOCTbh U OFbEM IIUJINH]IPA

8.1. [ToBepXHOCTh MUJIHMH/IPA

Emé ogue BaXKHBIN KJIACC MPOCTPAHCTBEHHBIX (PUTYp — Teja BpallleHUsI.
[{unuHp ABISETCS OMHUM U3 HUX, MBI TO3HAKOMUMCS ¢ HUM iTyOxe. CBoiicBa
HWIMHIPA MTOX0KU HAa CBOMCTBA MTPU3M, MBI [TOCJICIOBATEILHO U3YUYHNM HUX.

Teno, momy4yeHHOE BpameHHEM MPSMOYTOIbHAKA BOKPYT OJHOW M3 €ro
CTOPOH HA3bIBAIOT YunuHOpom (TOUHEe, IPSMON KPyTroBOM MUIHHID) (pHc.
75). I1pu BpalieHuu NpsIMOYTOJIbHUKA OJHA €r0 CTOPOHA OCTAETCS HEMOI-
BIkHOU. E€ Ha3wIBaIOT ocvio yununopa. IloBepXHOCTH, 00pa30BaHHYIO MTPH
BpAIllEHUU MPOTUBOIOIIOKHOW CTOPOHBI MPSIMOYTOJIbHUKA Ha3bIBAIOT yu-
JUHOPUYECKOU NOB8EPXHOCMbI0, a CaMy CTOPOHY 0bOpa3zyrouell TAIUHAPA.
JIBe apyrue CTOPOHBI MPSIMOYTOJILHUKA MTPH 3TOM BPAIICHUH 00pa3yroT /1Ba
PaBHBIX Kpyra, KOTOpbI€ Ha3bIBAIOT OCHOBAHUAMU yurunopa (puc. 76).

@

OCHO6AHUe

obpasyrouast

Ocob

boxoeas
NOBEPXHOCHb

3ameuanue. Teno, MOIyYEHHOE BpAIEHUEM MPSIMOYTOJIbHUKA BOKPYT
OJTHOM M3 €ro CTOPOH HA3bIBAIOT HNPAMbIM KPY208blM yuiuHopom. bonee
HIMPOKOE MOHATUE IUJIMHIPA BBOIAT CIEAYIOIMIUM 00pazoMm.

[IycTh B mpocTpaHCTBe MapaslieibHbI MEPEHOC MEPEBOAMUT IUIOCKYIO
durypa F', B purypy F,. Teno, cocrosiiee u3 3Tux GUryp u oTpe3KoB, COEIH-
HSIOIIHUX UX COOTBETCTBYIOIIME TOUKH, HA3bIBAIOT yununopom (puc. 77).
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Ecnmu mpu mapannensHOM mepeHoce oOpasyromasi MepreHIuKyIsp-
Ha TUIOCKOCTH (purypbl F|, MWIHHIP HA3BIBAIOT mpsamuim (puc. 78.a), B

MIPOTUBHOM CIIy4ae HaKka1oHHbIM yununopom (puc. 78.b). Ha pucynke 78.c
n3o0paxkéna [Muzanckas OanrHs, UMeroIIas BUJ HAKIOHHOTO IIUJIUHAPA.

@

2) b) o)

Ecnu purypa F, ssBnsgeTcs Kpyrom, To HHJIMHIP HA3BIBAIOT KPY208bIM
YUTUHOPOM.

Tonbko mpsIMOM KPYTroBOW LHWJIMHAP SBISETCSA TEJIOM BpalleHus. B
JnalibHeWIeM Mbl OyieM paccMaTpuBaTh MPSAMBIE KPYTOBbIE IUJIUHIPHI,
KOTOPBIE JJIsl KPATKOCTH Oy/ieM Ha3bIBaTh LUJIMHIPAMU.

OcHoBaHus NUIUHApA SABJIASICH PABHBIMU KpyraMu, JieXaT Ha
napaieabHbIX MI0CKOCTAX. [lepreHuKymnsp, OonyleHHbI U3 HEKOTOPOi
TOYKH OJHOTO OCHOBAHUS Ha APYroe, Ha3bIBAKOT €r0 8b1COMOLL.

PaccrosHue Mexay mnapauieIbHbIMU IUIOCKOCTSIMH PaBHO BBICOTE
nuauHApa. OCh MWIMHAPA TOKXKE SBISETCS €r0 BHICOTOM.

O6pazyrolue MWIMHAPA TapauiebHbl U paBHbI. TOUHO Takke, JTUHBI
BBICOTBI, OCH ¥ O0Pa3yIOIIUX IIHHPA OYIyT paBHBI MEXTYy COOO.

CeueHneM UWIMHAPA IUIOCKOCTBIO MapaiIeIbHOM €ro OCHU SBISeTCA
npsiMOYTolibHUK (puc.79.a). JIBe MPOTHUBOMONOXKHBIE €r0 CTOPOHBI — 3TO
oOpa3zyromie UWIMHIpa, a JIBe JIPyrHe CTOPOHBI — COOTBETCTBYIOIIHE
napasuiesbHbIEe XOP/Ibl OCHOBAaHUN ITUIUMHAPA.

()



B wactHOCTH, 0cesoe ceuenue Takxke MPSIMOYTOIBHUK, 0Opa30BaHHBII
CEUEHUEM IWINH/IPA III0OCKOCTHIO, TPOXOSINEH uepes ero och (puc. 79.b).

JlnaroHayii OCEBOTO CEUEHUS IIWIMHJIpA MPOXOAAT uepe3 Touky O,
SIBIISIOTIYIOCS CEPEIMHON OTPE3Ka, COSAMHSIONIETO IICHTPhl OCHOBAHUH 1T~
muHapa. CrnenoBarenbHO, 3Ta Touka (J €CTh LIEHTP CUMMETPUU LWJIMHApA
(puc. 79.c).

[InockocTh, mpoxosmias uepe3 TOUKy () MEpPHEeHIUKYISIPHO OCH
HWIMHIpA SBISETCS €ro IUIOCcKocThio cummerpuu (puc. 80). Jlrobas
MJIOCKOCTh, MPOXOJIAIINS YePE3 OCh IMIHMHAPA TaKke OyIeT 0Ch CHMMETPUH
uunusapa (puc. 81).

@9 a) b) )

3aoaua 1. OceBoe cedyeHUe MWINHAPA — KBAJAparT, IIIOMAlb KOTOporo Q.
Haitaure mmoniaas 0OCHOBaHUS LIUIUHAPA.
Pewenue. CropoHa KBajpara paBHa \/é . OHa paBHa nuamerpy

o) w0
2 4

ocHoBanwMs. [109TOMY €ro miomanp paBHa S =mr’ =1

Teopema. boxoBas MOBEPXHOCTh IMJIMHJIPA pPaBHA MPOU3BEICHUIO
JUIMHBI OKPY>KHOCTH OCHOBaHMsI U €ro oOpazyrouieit: S, = 2zrl

JlokaxxuTe caMOCTOSITEILHO 3Ty TEOPEMY, MOJIb3YACh PUCYHKOM &2.



Cneocmeue. llonHas TNOBEPXHOCTh LWIMHApPA PaBHA CyMME €ro
OOKOBOI1 MOBEPXHOCTH U IUIONIAJIEH ABYX €T0 OCHOBAHMIA:
S o = +28,., wwm S, =2xrl+2¢r=2xr(l+r).

nonH. O0K. nonH.

[lycTh 1aH MpoW3BOIBHBIM HWJIMHAP. BrivieM B OHO U3 €ro 0CHOBaHUM
MHOTOYTOJIbHUK A A,...4, A, (puc. 83). Uepe3 BepIIMHBI MHOTOTPAHHHUKA
A, Ay, ..., A, 1 A, npoBeaém obpasyromue uuiuHapa A,B,, A,B,, ..., A,
B, m A,B,, ipyrue KoHIpl KOTOPLIX B, B,, ..., B, | 1 B, 1ociaenoBareasHo
COEIMHUM OTpe3kaMu. B pesynbrare nomyuum npusmy A,4,...4, A, BB, ...
B \B,. DTy npu3my Ha3bIBAIOT NpL3MOL, NUCAHHOU 6 YUIUHOP. A TTMITUHIP
Ha3bIBAOT YUIUHOPOM, 6NUCAHHLIM 6 npuszMy. Ecium mpu3ma BHHMcaHa B
UWIMHJIP, TO OCHOBaHUE MPU3MBbI Oy/IeT BIMCAHO B OCHOBAHME LIMJIMHIPA U
OokoBbIe pEOPa MPU3MBI Oy/IyT JIexKaTh HA OOKOBOI MOBEPXHOCTH LIMIIMHPA.

SIcHO, 4TO eciii BOKPYT OCHOBAHHUS TPU3MbI MOKHO OMHCATh OKPYKHOCTb,
TO BOKPYT IIPU3MbI MO’KHO OIHUCATH LUIUHJIP.

AHaIOrMYHO BBOASTCS MOHATUS NPU3MbL, ONUCAHHOU 8OKPY2 YUTUHOPA U
yununopa, enucannoco 6 npuzmy (puc. 84). Ecnu npusma onmrcaHa BOKpYT
UWIMHIpPA, TO OCHOBAaHHWE MpPHU3MbI OyleT OMNKMCAaHO BOKPYI OCHOBAHMUS
WIMHAPA ¥ OOKOBBIE IPaHU IPU3MBI Oy/1yT KacaroTcst 0OKOBOI MOBEPXHOCTH
UWIHH]IPA.

SIcHO, YTO €cau B OCHOBAHME MPU3MbI MOXKHO BIIMCATh OKPYKHOCTb, TO

BOKPYI' TUJIMHAPA MOKHO OIIMCATh IIPU3MY.

8.2. O0LEM UJIMHIAPA

Teopema. O6vém UMIMHAPA paBeH MPOU3BEICHHUIO IUIOMIATN €ro0
OCHOBaHMsI 1 oOpasyromieit mumuapa: V=S, *L

Jloxazamenvcmeo. Ilycts nan nununip ¢ ocbto OO, (puc. 85). Briumem
B Hero npusmy A4, A4, ... A, A, B, B, ... B, , B, u onuiemM BOKpPYT HETro
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npusmy C,C,...C ,C D, D,... D, ,D, . O6o3HauuM o0b&M mmmHapa V,
a 00bEMBI BOUCEHHOW M ONMMCAHHOW mpusM V, u V,, Toraa uMeer Mecro
JBOMHOE HepaBeHCTBO V, < V' < V,. O0bEMBI MPU3M HAXOASAT IO CIACAYIOIIIM
dbopmynam:
V= SA1A2 o Apidy
Bbynem Bcé Oosblie 1 OoJblle YBEIMUMBATh YUCIIO 72 CTOPOH OCHOBaHUIA
npu3M. Torna o6bEM BIUMCAHHON MPU3MBbI OyIET YBEIMUMBATHCS, a 00BEM
ONMHMCAHHOW MPU3MBbl YMEHbIIAThCs. EciM 4uciio n CTOPOH YyBEIWYUBATh
HEOrpaHUYEHHO, TO Pa3HOCTb MEXAY 00bEMaMU OyAEeT CTPEMUTCS K HYIIO.
Yucno, Kk KOTOpOMY MNpUOIMKAIOTCA OOBEMBI BIUCAHHOM M OINKMCAHHON
pU3M, IPUHUMAIOT 32 00BEM JaHHOU npu3Msbl. [Ipu 3TOM mitomaau MHOTO-
rpaHHuKoB A,A4,...4, A, n C,C,...C, ,C, OyayT CTpeMHUThCS K Iuiomaau S
Kpyra, JIeXKaIllero B OCHoBaHuM inHapa. CienosarensHo, V=S, - /.

332!3‘[1/1 K TEMEC M NIPAKTUYECCKUE 3/ IAaHUSA

277. Haiimute 60KOBYIO U TIOJTHYO MTOBEPXHOCTH IIWIMH/IPA TI0 PUCYHKY 86.

a) b) ¢)

[ n V= Sclcz..ic

n-1 Cn

278. Panuyc ocHoBaHus uiauHpa 6 cM, BeicoTa 4 cM. Beruucnure miomaib
JIMarOHAJIbHOTO CEYEHUS LIUIMHIpA.

279. Paguyc ocHoBaHus LHIMHApPA 2 M, BbicoTa 3 M. Haiinute auaroHanb
0CEBOI0 CCUCHHS.

280. [Tnomaap ocHOBaHMS UIKHPa 64 T cM?, ero BeicoTa 8 cM. Beruuciure
TJI0IA (b TMArOHAJIBHOTO CEUEHUS IWJINHIPA.

281. IInomaaps 0ceBOro ceueHus NUIMHApPAa — KBaJpaT, IJI0Iaab KOTOPOro
paBHa Q. HaiiguTe mionianb OCHOBaHUSI IIUIMHIPA.

282. OceBbIM CEUCHMEM IMIMHJpA SIBISETCS KBaJpaT, IUIONIAb KOTOPOTo
paBHa 36 cM?. BerurciauTe miomais 00KOBOM MOBEPXHOCTH IIUIHHIPA.

283. Haiigute OOKOBYIO IMOBEPXHOCTh ITWJIMHAPA, €CIAU IUIOHIAAb €ro
OCHOBaHUs paBHa 4.

284. Bricota nununapa 6, paauyc ocHoBaHus 5. HaiiauTe nomaas ceyeHus,
MPOBEAEHHOTO MapalJIeIbHO OCH IIIJIMHAPA HAa PACCTOSTHUU 4 OT Hee.
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285. Pagnyc ocHOBaHMS HWJIMHAPA paBeH 2, a Beicota 3. Haliaure momanb
OOKOBOI1 MOBEPXHOCTH IMIIMHJIPA.

286. JInrHa OKpYKHOCTH OCHOBaHUS LIMIIMHpa paBHa 31, a BeicoTa 2. Haiinure
TJI01a]Tb OOKOBOM MOBEPXHOCTH ITUIUHIPA.

287. [nomanp pa3BEéPTKH IpIMHApa 247 1M?, a BeicoTa 4 M. Halinure paauyc
€ro OCHOBaHUSI.

288. Pagnyc ocHoBaHMs nuiauHIpa 5 cM, BeicoTa 6 cM. Haiinure nuaronanb
OCEBOT'0 CEUEHUSI [IUIUHIPA.

289. Bricota nununapa 8 oM, paauyc ero ocHoBanus S 1M. [lunuup nepeceuén
MJIOCKOCTHIO TaK, YTO B CEUEHUH NoNyumiics kBaapart. Haiinure pacctosinue
OT 3TOT0 CEUEHHUSI 10 OCU IIUIHHPA.

290*.HatiguTe muiomnaan 00KOBOM 1 TTOJHOM MOBEPXHOCTHU ITUIMHAPA IO €T0
OCEBOMY CEUECHHUIO HA pUCYHKE 87.

291%*. Haiinure muiomaau OOKOBOM M MOJHOM MOBEPXHOCTH IWIMHAPA IO
€ro pa3BEpPTKE HA pUCYHKE 88.

292. Paqnyc OCHOBaHMS LIWJIMHApPA 3 CM, a BBICOTA HA 2 CM JIJIMHEE pajauyca
€ro OCHBaHUA. Bpruuciaure 00bEM HUIMH]IpA.

294*, Korma B cocyn mwmHApudeckoi ¢opmel Hamwiu 2000 cM® Bojpl,
ypOBeHb BOJbI cTai paBeH 12 cM. Korna B cocyn morpyswin aerainb, TO
OH moaHsICs emté Ha 9 cm. Haiinre 00bEM eTaiy U BEIPA3UTE €TI0 B CM°.

295. Kora B cocy IMUIMHAPUYECKOM (hOpMbI HAJTMIIH 3 J1 BOAbI, €€ YPOBEHb CTal
paBeH 15 cm (puc. 89). Korna B cocyn norpy3uiu JieTajib, OH MOAHSJICS
emé Ha 4 cMm. Haiiaure 00bEM eTanu 1 BhIPa3HuTe €ro B CM’.

296 *.Korna B cocyn MWIMHIPUYECKON (HOpMBI HaMUIU 4 J1 BO/IBI, €€ YPOBEHB
ctan paseH 20 cm (puc. 90). Korma B cocyn morpy3wiu Aetaib, TO OH
nofHsics emé Ha 5 cM. Haiigure 00bEM J€Taiu B BEIPA3HUTE €0 B CM°.

()



297*.Ha pucynke 91 n300pax€H KaTOK IUIHHApHIecKoi ¢popmbl. Mcmoms-
3ysl JaHHbIE HA PUCYHKE, HAlIUTE TUIOIAh KOTOPYIO OH pa3paBHUBAET
3a oguH 000poT. (ITpumeuanue: 1 ft = 12 mromos (in) = 30,48 cm).

298*. BuyTpeHHul 1uaMeTp pe3MHOBOTO TaHTa JUIsl TOJIMBa paBeH (puc. 92)
3 cm, BHemHui 3,5 oM, a gmuHa 20 M. CKOJNBKO JIUTPOB BOJbI OH
BMentaeT? Haiinure maccy 3TOro muiaHra, €ciid IUIOTHOCTh PE3UHbBI
7 v/em’.

) @ ®

299*.Ha pucynke 93 nzo0paxén cocyn B popme nonyrunuHapa. CKOIbKO
KpacKd HYXKHO Ha OKpallMBaHHE BHYTPEHHEHW M BHEIIHEH IMOBEpX-
HOCTEH cocyaa, eciii Ha OKpallMBaHUE IUIOIMAAN B 1 ¢M? HYXHO 6 T
kpacku? CKOJIBKO JUTPOB BOJIbI BMEIIAET ATOT COCY?

Z) ® D)



300*./luameTp OCHOBaHHSI OJHOTO U3 COCYIIOB B popMe IMIHH/IpA B 2 pa3a
Oonbllle MaMeTpa OCHOBAHHUS BTOPOTO, HO OH B 3 pa3a HUXKE €ro
(puc. 94). Kotopslii u3 HUX UMeeT 00BN 00bEM?

301*./11s1 anenbCMHOBOI'O COKA MMEIOTCS JIBa BUa OAaHOK C paJinyCcOM OCHO-
BaHUSA 5 ¢M M BbIcOTOM 20 cM, OJWMH BUJ CAEIAH U3 METalIa, a APyrou
u3 kaproHa (puc. 95). Haitnure neny omHol O0aHkH, eciiu 1ieHa 1 cm?
MeTasuia 5 CyMoB, a KapToHa 2 cyma. CkoJbKo coka BMelaer | 6anka?

302*.Mmeercst koHCepBHasi OaHka B (popMe LWIMHIApPA C PaJIdyCcOM OCHO-
BaHus 1,5 mroitma u BeicoToit 4,25 aroiima (puc. 96). Haiinure nonnyro
MOBEPXHOCTh U 00bEM Oanku. Haiinure 1ieHy oHO# OaHKH, €CJIH 1IeHa
1 cm? merama 5 cymoB. (IIpumeuanue: 1 groitm = 2,54 cMm.)

303*.BricoTa nucTepHbI i XpaHeHus HedpTH paBHa 16 ¢yToB, a pagmyc
ocHoBanus 10 ¢yroB. Halimure BMECTHMOCTH ITMCTEPHBI, eciu 1
Kyouueckuii Pyt paseH 7,5 rajuionoB. (Hamomunanue: 1 amep. rajuion =
3,785 1, 1 amep.6appenb = 42 amep. rauiona = 159 i.)

304*.bak pepmepa umeeT GopMy UIMHAPA, BHICOTA KOTOPOro 6 gyToB, a
paauyc ocHoBanus 1,5 ¢yra. Haiinure BMecTUMOCTh 06aka B TOJUIOHAX.

305. Haitnure 00bEMBI TPOCTPAHCTBEHHBIX (pUTyp HA pUCyHKE 97.

a) b) c) d)

306*.B umiauHIpuueckuid cocyn Hamuaum 6 cM® Boabl. Korma B Bomy
MOJTHOCTBIO TOTPY3WIN AETalb, TO YPOBEHb BOABI yBenuumics B 1,5
pasza. Haiigure 00bEM JeTaiu U BBIPA3UTE €r0 B CM° .

307*.YpoBeHs BozIBI B coCye IMIHHIpIYeckoi popmbl 16 cm. B cocyn norpysxen
JIPYTOM COCY/T ITMHIPHIECKON (POPMBI, TaMETP KOTOPOTO B 2 pa3a MEHBIIIE.
Kaxum craner ypoBeHb BOJIbl B O0JIbLIEM cOCyne?

308. O6béM oanoro mwmmHApa 12 M°. Haiimure 00bEM BTOPOro IMWIMHIPA,
€CJIM ero BbIcOTa B 3 pa3a Ooiblile, a paJilyCc OCHOBAHMS B 2 pa3a MEHBIIIE.
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309*. Cocyn uwmnmuHapudeckoir (opMmbl B 2 pasa
BBIIIIE JIPYroro, HO €ro auameTp B 1,5 pasa Oosnblie.
Brruncnure 00bEMBI 3TUX COCYIIOB.
310. Haiinute o0beM MPOCTPAHCTBEHHOW (UTYPHI,
n300paskeHHBIN Ha pUCYHKE 98.
311. Haiimute 00BbEMBI MPOCTPAHCTBEHHBIX (UTYD,
M300pakeHHBIN Ha pUCyHKe 99.

@ a) b) c)

312. Haiinurte 0OBEMBI NIPOCTPAHCTBEHHBIX (PUTYp, M300pa)KCHHBIM Ha
pucynke 100.

a) b)

313. Haiigure 00bEM NpsIMOYTONIBHOIO MapasuieseuIeia, ONMCAaHHOTO BOKPYT
LWITMHJPA, BBICOTA U PAIyC OCHOBaHMs KOTOpOro pasHsl 1 (puc.101).



314. Bokpyr mwinHapa ¢ paanycoM OCHOBaHUS 4 ONMKUCaH MPSMOYTOIbHBIN
napanenenunen (puc. 102). HaliquTe BBICOTY HUIMHAPA, €CITH 00BEM
napajuiesenunesna paseH 16.

315. OcHoBaHuE NpPSIMOM NPHU3MBI — NPSIMOYTOJIBHBIM TPEYTOJbHUK C
karetamu 6 u 8, 60koBoe pedpo mpu3msbl paBHO 5 (puc. 103). Haiigure
00BEM OMMCAHHOTO BOKPYT HEE IMIIMH/PA.

316. OcHoBaHMe NPSAMON MPU3MBI — KBaJpaT, CTOPOHA KOTOPOro paBHA 2.
Haiinure 00b€M HWIMHAPA, OMUCAHHOTO BOKPYT 3TOM MPU3MBI.

317. Paguyc ocHOBaHMS LMJIMHAPA PABEH 2, BOKPYT HETO oNKcaHa Impsmas
yeTbipexyroibHas npusma (puc. 104). Haiigute BbICOTY HMIMHIpA,
eciu OOKOBast MOBEPXHOCTh MPU3MBI paBHa 16.

©9

318. Bokpyr uuinmHapa, BbICOTa U PaInyC OCHOBAaHHs KOTOPOIO pPaBHHI 1,
olnMcaHa MpaBUiIbHAs YeThIpéXyronbHas npusma (puc. 105). Haiigurte
OOKOBYIO MIOBEPXHOCTh MPU3MBI.

319. Bokpyr uunuHapa ¢ painycoM OCHOBaHHUS J3 1 BbIcOTOI 2 ommcaHa
npaBWibHAsE TpeyrojpHas npusma (puc. 106). Haiigure OoKOBYIO
MOBEPXHOCTh MPU3MBI.

320. B munnHap pamuyca 2+/3 M BBICOTOH 2 BIIMCAHA TIPABHIbHAS TpPEY-
rosibHas npusma (puc. 107). Haitnure 60KoBYI0 HOBEPXHOCTH ITPU3MBI.

©



321. Bokpyr munmHapa ¢ paguycoM OCHOBAHMS J3 1 BBICOTOI 2 ommcana
npaBuiibHAs miectuyroipHas npusma (puc. 108). Haiinure OokoByro
MOBEPXHOCTh MPU3MBI.

322*, Haiimute 00bEM neTanu, n3o0paxkéHHol Ha pucynke 109.

323*.CKonbKO KpacKu MOTpedyeTcsl Ha OKpalBaHue Tpyosb! 1iiuHou 10 M,
JTUaMEeTPOM OCHOBaHHMS 1 M, €CJId TONIIMHA MOKPHITUS | MM?

324* Haligute: a) miomaas OOKOBOM MOBEPXHOCTH; b) 00BbEM JIOKTEBOM
TpyOBl, n300paxkénHoit Ha pucynke 110 (mpumute = 3).

325%. Jlnuna yyryHHOW TpyObl 2 M, BHewmHui auametrp 20 cm. Haiigure
Maccy TpyObl, eciii e€ TOJNIIMHA 2 CM U TUIOTHOCTh UyryHa 7,5 r/cm?.

326*.ITokaxure, UCTIONB3Ys] PUCYHOK 111, 4TO AJIsI HAKIIOHHOTO LUJIUHIPA
MMEET MECTO paBeHCTBO S -h = (Q - [.

327*. Haiimute Kpardailieid myTb OT TOYKU A 1O TOYKW B Ha IUIUHIpE,
n300paxxéHHOM Ha pucyHke 112. (Yka3aHue: ucnonb3yire pa3BEPTKY

LUAJTUHIPA. )
@)



Hcmopuueckue ceedenus

B npousseoenuu A6y Paiixna bepynu «Knuea o
Hadanax uckyccmea acmpoHomuuy («Acmponomusy)
KaK 86€0eHUe 8 CmepeomMempuio 8 pasoeie 0 2eomempuu
npusooamcs ciedyroujue onpeoeiieHus pueyp:

Kyo — ¢usuueckas gueypa, noxoocas Ha KyoOux
0715 Uepbl 8 HAPOLI, OCPAHUYEHHAS C UleCmU CMOPOH
K8aopamamu.

Ilpusma — npedcmasnsem  coboii  pueypy,
02PAHUYEHHYI0 NO  OOKaM NIOCKOCmAMU 6 ¢hopme
K8aopama uiu NpAMOY2ONbHUKA, d C8ePXY U CHU3Y —
08yMs mpey2onbHuKamu. B asmom onpedenenuu bepynu
NpU8eOéHO ONUCAHUE YACMHO20 6UOd NpU3Mbvl, d
UMEHHO mpey20NbHOU NPUSMBI.

Knuea bepynu «Kanon Macvyoa» uanucana 6
1037 200y. B Heil npusedénvi npasuia Haxoicoeuus
00véMo6 napannenenuneda u npusmvl: « Eciu meno ne
Uemulpéxy2onbHoe Uiy 0py202o 8udda, mo e2o paciém
Makos: Hauou niowadsb, YMHONCL €20 HA 2TyOUHy, 8
umoze noayuub 00bEM».

A0y Anu n6H Cuno

I'usic an-/{un
ajab-Kammu

B npoussedenuu A6y Anu uon Cuno « Knuea snanusy 6 pazoene « OcHogul
U3YYEHUsI 2eoMempuYecKux mein» OAaHO ONUCaHue mena U mpeyeonbHOl
npusmvl. A maxoice onucamvl YCi08Usl 83AUMHO20 PABEHCMBA 08YX NPU3M.

Hon Cuno 0aém cnedywuee onpeoeieHue NpusMvl.

«Illpusma — meno,

OcpaHU4YeHHoe a@y]l/l}l NIOCKUMU MPEY2OTbHbIMU CMOPOHAMU. »

B npouzeedenuu Anv Kawu « Knuea cuémay npugedéno MHo20 npumepos
pacuema naowjadeli nosepxHocmel u 006wémos men. bnacooaps ceoum
2NYOOKUM 3HAHUAM 8 MameMamuke, 2eoMempuu, MpueoHOMempuu, MEXaHuke
U aCmMpOHOMUU OH NONL30BAICS GHUMAHUEM U yeadceHueM Yiyebexa. Anv
Kawu napsoy ¢ muozoyzonvHukamu uzyuan npusmsl, NUPAMuobl, YuiuHopbol,

KOH)Cbl, yceué’HHbze KOH)Cbl.




9. YIPA’KHEHU S 1J151 TIOBTOPEHUS ITJIABBI

9.1. 2 NIpoBEepPOYHBII TECT

1. CKOBbKO MIIOCKOCTEN CUMMETPUHN UMEET KyO?

[\°]

)

4.

U

=)

~

o

A)8; B)9; C)7; D)I0.

. Haitgute 00BEM Ky0a, eciiu IIomaab ero IMaroHaIbHOTO CEUEHUS paBHA

242,
A)2\2; B)V7; C)4\2; D)5\2.

. CTopoHBI OCHOBaHMSI MIPSIMOYTOJILHOTO Mapaienenunena 7 cM u 24 cm.

Bricora napaiutenenunena 8 cMm. Haligure monaae ero 1uaroHaIbHOrO
CEYCHHUS.

A)168; B)1344; (C)100; D) 200.

JlnaroHayibp NpaBUJIBHOM YETBIPEXYToJbHOM MNMpU3Mbl paBHAa 4 U OHa
cocTaBisieT ¢ 60koBoi rpanbio yrou 30°. Haiiute 60KOBYI0 MOBEPXHOCTh

IMPpU3MBEI.
A)16\2; B)16; C)18; D)I&\2.

. CropoHa ocHOBaHUS MPaBUIBHOM YETHIPEXYTOIBHON PU3MBbI paBHA \2,

a yroJI MeX/1y AMaroHajbio U O0KOBOM rpaHbio yroia paseH 30°. Haiinute
00BEM MPU3MBIL.

A)8\V2; B)4; C)16; D)4\2.

. CKoJIbKO TpaHel uMeeT mpu3Ma, €Clid YUCio Beex e€ pédep paBHO 367

A)12;  B)16; C©)9; D)Io0.

. Pebpo HaksoHHO# mipu3mbl paBHO 20 U OHO COCTAaBIISET C IJIOCKOCTHIO

ocHoBaHus yroa 30°. Halinute BbICOTY NIPU3MBI.
A)12; B)10vV3; (C)10; D)10\2.

. CTOpOHBI OCHOBaHUS NPSIMON YEThIPEXYTOABHOM MPU3MBI paBHbI 15, 20 u

25 u 60koBOE peOpo paBHO BbIcOTe OcHOBaHMs. Haliaure 00bEM Mpu3Msl.
A) 600; B)750; C)1800; D) 1200.

9. Hanbonp1as AuaroHainb NpaBUIbHOM MIECTUYTOIbHON NPU3MbI paBHA 8 U

10.

11.

12.

OHa cocTaBisieT ¢ 60koBBIM pedpom yroa 30°. Haiiaure 00bEM MPU3MBI.
A)72; B)64; C)76; D)380.
Haiinure momanbs G0KOBOM MOBEPXHOCTH IIIMHAPA, €CIU IUIOHIATb
€ro JuaroHajbHOro ceueHust pasa 10.
A)10m; B)20m; C)30m; D) 157

Bricota mmnuHzapa paBHa 8, a AuaroHadb pa3BEPTKH  OOKOBOMU
nosepxHoctH 10. Haiinure miomanas 60KOBOM MOBEPXHOCTH LIMIIUHIPA.
A)48; B)48n; (C)24; D) 24n.

[IpsimoyronbHUK cO cTopoHamMu 2 W 4 BpamaeTcss BOKPYT OOJbIei
cTOpoHbl. HailiiuTe nosiHyto moBepXHOCTh MOJYUYUBLIETOCS Tea.
A)22mw; B)23wm; C)24n; D) 20m.



13.

14.

15.

16.

17.

18.

[Inomans OOKOBOM MOBEPXHOCTH IIWJIMHIAPA paBHA 72T W JAMAroHalb
MPSIMOYTOJILHUKA B €r0 pa3BEPTKE COCTABISIET C OCHOBAHHEM yroi 45°.
Haitgure pagnyc ocHOBaHUS LUIUMHIPA.

A)5; B)4;, C)6; D)S.

Bo ckonpko pa3 yBenuuuTcs 0O0BEM ILMIMHJpA, €CJIM YBEJIUYUTH €TI0
paanyc OCHOBaHHMsI B JiBa pa3a’?

A)4; B)2; C)3; D).

O6bém mmnuHapa paBeH 120w, 6okoBas moBepxHocTh 60m. Haiigure
paanyc OCHOBAHMSI LIMJIMHAPA.

A)4; B)S5; C)6; D)4;2.

Bricora nunuHapa paBHa 5, a CTOPOHA MPAaBUIIBHOTO TPEYrOJIbHUKA,
BIHCAHHOTO B ero ocHoBaue 3V3 . Haiiaure 06bEM HWIAHAPA.

A)25n; B)35m; C)45m; D) 40n.
JlnaroHaJibHBIM CEUCHHEM IWUIMHJpA SBJSICTCS KBaJpar, JUaroHajb
KoToporo paBHa 12. Halimute 00bEM UIUHApA.

A)108\2w; B)54\2m C)36\2m;  D)216\2m

[TonHas noBepxXHOCTh HMUJIMH/PA paBHA 247, a G0KOBasi IOBEPXHOCTH O1L.
Haiinure 066E€M 3TOro HUIUHIpA.

A)7n; B)llmn; C)8n; D) 9m.
9.2. 3anaum

328. B mnpsmoyronbHoMm mapasenenunene ABCDA,B,C,D, (puc. 113).

DC=V40, DC=2, P, scp=10. Halimnre nuaronane napasienenunena.

329. ABCDA,B,C\D, — npssMoyronbHbslii napauienenunesn. Haitaure nnuny

pé6pa B,C, 1o naHHBIM Ha pucyHke 114.

@

330. OcHoBanue npsiMoit ipu3Mbl pom6 ABCD (puc. 115). [Tnomanu gua-

TOHAJIBHBIX cedeHM npu3msel paBHbl 60 u 80, a BeicoTa 10. Hanpgure
OOKOBYIO MOBEPXHOCTb MTPU3MBI.

331. OcHoBaHue npsamoii npusmel pom6 ABCD. ITno1aau quaroHaibHbIX Ce-

——



YeHMI TPU3MBbI paBHEI 24 1 32, a BeicoTa 4. Haiinnte 60KOBYIO MOBEPXHOCTh
PU3MBI.

@

332. ABCDAB,C,D, — npaBunbHas npusma (puc. 116). £B,DB = 45°,
S =32(2\2+1). Haitaure AD.

TIOJIH.

333. ABCDA,B,C,D, — npasuibHas npusMa (puc. 117). 2C,DC = 60°,
S =128(2V3 +1). Haiiaure AD.

334. Haiigure G0KOBYIO MOBEPXHOCTH MPSIMOYTOJILHOTO Mapalijielienunesna
ABCDA,B,C,D, (puc. 118), ecu DB,= 13, DA,=3\17, DC,= 4.

335. Haiigure 6G0KOBYIO MOBEPXHOCTh MPSIMOYTOJILHOTO IMapaJljiesienumnesna
ABCDA,B,C\D, (puc. 119), ecu AB=6,AD =8, DB,=9.

336. Touka K cepenuna pédpa BC (puc. 120). Haiigute oTHOIIeHNE 00bEMa
npusmel ABKA,B,K, k 00béMy napamenenunena ABCDA,B,C,D,.

337. Touku N u M cepenuHbl nuaroHajiei napasuienenunena (puc. 121).
Haiinure otHomenue oObéma mpusmbel AA,BNDD,C\M x 00bémy
napamenenunena ABCDA,B,C,D,.

@ @ ®

338. bokoBasi MOBEPXHOCTh NMPABUIBHON YETHIPEXYTOIBbHOM MPU3MBI paBHA
72 cM?, a TuToaas ocHoBaHus 64 cm?. Haiigute 00bEM MPU3MBL.

339. IlepumeTp OCHOBaHUS MPaBUIIBHOW YETBIPEXYTOIBHON NpHU3MBI 12 cMm,
nepumeTp 60koBoit rpanu 18 cm. Haliqute 00bEM Mpu3MBI.

340. [lan ky0 (puc. 122). CM = MC, u mniockocts ADM nenut ky6 Ha 11Be
yactu. Haliqute oTHoleHne o0béMa Gomblieil yactu Kyba Kk 00bEMyY
€ro MEHBIIIEH YaCTH.

341*.Jlan ky0 (puc. 123). AO : OD =2 : 1 u miockocth BB,0 nenut kyo
Ha /1Be yacTu. Haiiaure 00bEM KyOa, eciii 00bEM €ro MeHbIlel 4acTu

paBeH 6.
(186)



342*.BpicoTa NpPaBWIBHOM YETHIPEXYTOJIbHOW MPU3MbI paBHA &, yroi
HaKJIOHA JMAaroHaJ v K IJIOCKOCTH OCHOBaHHS paBeH 45° (puc. 124).
Haiinure 00bEM MpU3MBI.

343*.CtopoHa OCHOBaHHUs MPABUIBHOW YETHIPEXYTOJIbHON MPU3Mbl paBHA
2\6, nMAaroHamb COCTAaBISET C IUIOCKOCTBIO OCHOBAHHS yroan 30°
(puc. 125). Haiinute 00bEM NPU3MBI.

& & @

344. Haiigure mmoniajp OCEBOTO CEYEHUS LMJIMHAPA, €CIU TUIOMIAIb €0
60KkoBOIf MoOBepxHOCTH 917 (puc. 126).
345. OceBble CeueHHUS LIUIWHIApa — KBajapar romanso 173 (puc. 127).
Haiigure miomasas ero 60KOBOH MOBEPXHOCTH.
346. BricoTa nnnuHapa paBHa 24, auaroHaib 0CeBOro ceueHus 26. Haiinure
00BEM MIITUH/IPA.
347. Ilnomaae 0ceBOro ceueHus HuiarnHapa pasHa 10, a 1MHa OKPYKHOCTH
ocHoBaHus 8. Haligute 00bEM HUIUHIpA.
348. Paguyc nunuHapa paBeH 3, mionaas ero 6okoBoi morepxuoctu 200.
Haiinure 06bEM munHapa.
9.3. O6pa3en 2 KOHTPOJILHOW PadoThI
1. Touka 4 nByrpaHHOrO yIja HaXoAuTCs Ha paccTosHuu 10 cM OT ero
pébpa, a 5 cM ot rpanu. Haliaure rpagycHyo Mepy IByTpaHHOTO yIJa.
2. Haiinure noma/ib MOJHOM OBEPXHOCTH ITPABUIIBHOM IIECTUYTOIBHOM
MIPU3MBI, €CITU BCE €€ TpaHu PaBHBI 2.
3. llucrepHa wHUIMHAPUYECKON (OPMBI, TUAMETP
OCHOBaHUA KOTOpoil 18 M W BbicOTa 7 M, HANOJHEHa
HedThio. Halimure maccy HedTu B TOHHaX, eciu e€
IUIOTHOCTH paBHa 0,85 r/cm®?
4. Haiinure 00BEM 1MAWHIpPA, BIUCAHHOTO B
MpPaBUJIbHYI0  IIECTHUYTOJBHYIO IPU3MY €CIIH Bce €€
TPaHU paBHBI 4 CM.
5. ({{lononnumenvnasn 3adaua 0 XoOpouLo ycnesaroujux
vuawuxcs).  HalauTe MOTHYHO MOBEPXHOCTh U O0BEM

JleTalid, pasMepbl KOTOPBIX IIPEACTABICHBl HAa PUCYHKE
128.




Tabanna npuoIHKEHHBIX 3HAYEeHU TPUTOHOMETPUYECKUX (PYHKIMHT

A sin 4 tg A A sin 4 tg A A sin4 | tgA

0° 0 0 30° 0,50 0,58 60° 0,87 | 1,73

1° 0,0175 | 0,0175 | 31° 0,52 0,60 61° 0,87 | 1,80

2° 0,035 0,035 | 32° 0,53 0,62 62° 0,88 | 1,88

3° 0,05 0,05 33° 0,54 0,65 63° 0,89 | 1,96

4° 0,07 0,07 34° 0,56 0,68 64° 0,90 | 2,02

5° 0,09 0,09 35° 0,57 0,70 65° 091 | 2,15

6° 0,10 0,11 36° 0,59 0,73 66° 0,91 | 2,25

7° 0,12 0,12 37° 0,60 0,75 67° 0,92 | 2,36

8° 0,14 0,14 38° 0,62 0,78 68° 0,93 | 2,48

9° 0,16 0,16 39° 0,63 0,81 69° 0,93 | 2,61

10° 0,17 0,18 40° 0,64 0,84 70° 0,94 | 2,78

11° 0,19 0,19 41° 0,66 0,87 71° 0,95 | 2,90

12° 0,21 0,21 42° 0,67 0,9 72° 0,95 | 3,08

13° 0,23 0,23 43° 0,68 0,93 73° 0,96 | 3,27

14° 0,24 0,25 44° 0,69 0,97 74° 0,96 | 3,49

15° 0,26 0,27 45° 0,71 1,00 75° 0,97 | 3,73

16° 0,28 0,29 46° 0,72 1,04 76° 0,97 | 4,01

17° 0,29 0,31 47° 0,73 1,07 77° 0,97 | 4,33

18° 0,31 0,32 48° 0,74 1,11 78° 0,98 | 4,71

19° 0,33 0,34 49° 0,75 1,15 79° 0,98 | 5,15

20° 0,34 0,36 50° 0,77 1,19 80° 0,98 | 5,67
21° 0,36 0,38 51° 0,78 1,23 81° 0,99 | 6,31

22° 0,37 0,40 52° 0,79 1,28 82° 0,99 | 7,12

23° 0,39 0,42 53° 0,80 1,33 83° | 0,992 | 8,14

24° 0,41 0,45 54° 0,81 1,38 84° | 0,994 | 9,51

25° 0,42 0,47 55° 0,82 1,43 85 | 0,996 |11,43
26° 0,44 0,49 56° 0,83 1,48 86° | 0,998 |14,30
27° 0,45 0,51 57° 0,84 1,54 87° | 0,999 19,08
28° 0,47 0,53 58° 0,85 1,60 88° 1,00 |28,64
29° 0,48 0,55 59° 0,86 1,66 89° 1,00 |57,29

(188)




OT1BeThI

OTBeTHI Kk I1aBe 1

3. A(5; 7; 10), B(4; —3; 6), C(5; 0; 0), D(4; 0; 4), E(0; 5; 0), F(0; 0; -2). 6. (3; 2; 0),
(3: 0; 4), (0; 2; 4). 8.126. 9. a) 3, 3, 3; b) 312, 312, 312; ¢)332.10.2,3, 1. 11. (3; 3; 3),
(=3;3;3),(3:-3:3),(3;3;-3),(-3;-3; 3),(-3; 3, -3), (3, -3;-3), (-3; -3, -3). 12. 0(0; 0; 0),
B(2; 0; 0), A(2; 2; 0), C(0; 2; 0), O,(0; 0; -2), B,(2; 0; =2), A4,(2; 2; -2), C,(0; 2; -2).
13. D nugta. 14.3V6. 15. Yo*q. 17. ¢) teng 60kli, P=6 (1+V3), S = 9\2. 18. (-0,25; 0,25; 0).
19. D\(1; —1; 1), 4,(1; 1; =1), B,(-1; 1; —1), D,(1; —1; —=1). 21. x*+y*+z>=25,
X2H+)2+22<25. 22, (x=1)+(y-2)+(z—4)?=9; (x—1)+(y—2)*+(z—4)><9. 23. (x+2)>+(— 1)+
+H(z=3)2=9; x>+ (-2)+(z—1)* = 9. 25. 1)(0; 1; 0); 2) (1; 1; 1); 3) (0; 0; 2), 4) (-0,7; 0,1; 0,6);

5) (2V3; 1,5; 1). 28. A(5-4,0), B(-7:5:6), 31. K(O;—S;%). 32. a) D(-1; -3;-9).

33. a) M(-1; 2; 0); ¢) M(S,%; 0). 35. L(L;;ig;%). 36. %. 37. a) \2; b) 30°; 30°; 120°;

¢) 243. 38. MK:@. 39. A(S; 4; 10), B(4; -3 6), C(5; 0; 0), D(4; 0; 4). 40. OA=(1; 1;
1), OB=(-1; 0; 1), OC=(0; 1; 1), BO=(1; 0; -1), CO=(0; —1; 1), AB =(-2; —1; 0).

42. 2) AB =(2; 5; 3), b) AB =(4; —6; 2). 43. |a|=\3; [b|=275, |c|=\14, |d|=\30. 44. +3.
45. a) a(3; 6; -3), b) a(-3; —6; 3). 47. a) 1 wm —1; b) 3 nm —1; ¢) 2 wm —4; d) 3 wm 5/3.

48. D(-2; 0; 1). 50. n=%; M%. 52. a) D(3; 0; 0). 56. ¢(=3; —4; 8), [c|=\89; 2) c(4; 5; 5),
lc|=V66. 57. ¢(=3; 4; 0), [c|=5; 2) ¢(0; 2; 6), |c|[=2N10. 59. a=i—j+k, b=2j-4k,
c=2i+3j-k, d=i+2j+5k. 60.59, 219,122, V918. 63. AC = AO + OC = 4i + 2k
AC(-4; 0; 2); CB = CO + OB =2k + 9j, CB (0; 9; 2); AB = AO + OB = —4i + 9j,
AB(—4, 7, 0). 65.=180N. 66. a) 60°; b) 30°; ¢) 90°; d) 60°; ¢) 45°. 67.a) —6; b) 3; ¢)—6; d) 3.
68. a) 40°; b) 140°; c) 150°. 69. a) 30; b) 3; c¢) 15; d) —28. 70. a) 1/3; b) —1; c) 2; d) 4.
71.a) 16. 75. a) 1; b) 0. 76. BF =2(DO—DC). 77. %(2% _4B).78. %(E +AC)YAD .
83.2) (1;-1; 7); b) (-2;3; 1); ¢) (0; —4; 4). 84. p(—1; 5; 3). 86. B(-8; 4; 1). 88. (2; -5; 9);
(=2;-2;7); (6;—12; 2). 93. OtHOCcuTensHo mwiockocTu Oxz. 100. (0; —3; 1). 106. a) 36 cm;
b)48cm; c)6¢em; d)4 em. 110.a) B(-5;7,5;12,5); b) B(5;-7,5;-12,5); ¢) B(-0,5; 0,75; 1,25);
d) B(0,5;-0,75;-1,25). 111. a) B(-2,5; 1; 3); b) B(—7;2;6). 112. a) O,(0; 0; 0), A,(—4; 0; 0),
B,(0;-4;0), C, (0;0;-4);b) 0,(-4; 0 0), 4,(4; 0; 0), B,(-4; 8 0), C, (-4; 0; 8). 115. (2;-3; 3).
116. 3. 117. (7; 1; 2). 118. (1; -2; 3). 119. (-1; -2; -3). 120. (1; 2; -3). 121. (-2; -3; -5).
122. D(0; 9;-7). 123. C(2; 0;-8). 124.19.125. (-7;7;-7).126.(1;2; 1). 127. (-2; 7; 1).
128.4+2.129.43. 130. 13. 131. 10. 132.9.133. 0. 134. —2.135. 1. 136. 4. 137. 90°. 138. 4.
139. 4. 140. -2; 4. 141. 81 +9 — 4k .

Oteethl K 1 NpoBepoYHOMY TECTy
112 [3/4[5[6|7[8]9 1011 [12[13[14[15[16 17|18
C/IDIDIBID/B/B/AIA/ID/ B|/B/B|/C|A|C|B|D
OTtBeThI K 1 KOHTPOJILHOM padoTe
1) (1;2;-3); 2)13; 3) \2; 4)90° 5) 1.

——\




OTBeThI K 1J1aBe 2

142. 47°, 133°, 47°, 133°. 143. 128°. 144. 80°. 145. 90°. 146. 5 c¢m, 5 cm. 147. 12 cm.
148. 5 cm. 152. 45°, 153. 45°. 154. 80°. 159. 60°, 45°. 165. a) 4, 10; b) 5, 12. 166.
Her. 170. 6, xy6. 171. 15. 172. 9. 173. 180. 174. 24 cm2. 175. 44 cm?. 176. 76,8 cm>.
177. 17,64 cm. 178. 4\3cm? , 4 cm. 179. 124 nm?. 180. 20 M2, 30 M2 181. 8 cm, 8 cM.
182. 13 cm, 9 com. 184. 4500 cm2. 185. 7,5. 186. 4. 187. 480 cm>. 188. 52.
189. 45 o 190. 144. 191. a)18; b)76; c) 110; d) 132; ¢) 48; f) 96; g) 124.
192. a) 146; b) 126; ¢) 108; d) 146. 193. 84 cm. 194.3V2 cm?. 195. 216 cm?
196. a) 58; b) 62; ¢) 94. 197. a) 38; b) 92; c) 48. 198. =68 m2 199. 104 cm.
200. 68 cm?. 201. 78 cm?. 204. 5120 cm?. 207. 144. 209. 8. 210. 5. 211. 6. 212. 3. 213. 24.
214. 2. 215. 8. 216. 8. 217. 72. 218. 4. 219. 27 autp. 220. 4. 221. 60 cm?. 222. (S4(KZ:_)Z;D.

223. 30 M. 224. 1200. 225. a) 4; b) 40; c) 71; d) 88; ¢) 18; ) 33; g) 78. 226. a) 90; b)

77; ¢) 54; d) 96. 227. 6 M. 228. a) 21; b) 26; ¢) 58. 230. 6 w°. 231. \2 M’. 232. "32—@

233. 2vsin3asin’o. 234. abe\—cos2a. 235. a) #; b) *b; c)%b\@. 237. 3060 W,
238. 3 o, 239. %3 240. 3V3 v, 241. Ha | pas. 243. 24 c’. 245. 12 o, 246. 2 cwm.

.
247, acN12a>-3¢ “28“2*362 248. 2’1;;‘;[3 249. 6048 /. 250. 35200 M*. 251. 0.5 T/end.
252. 150. 253. 42. 254. 961. 255. 13. 256. 90. 257. 3315 r. 258. 60

M2, 259. 24. 260. 24 cv3. 261. 19272 . 262. 1927,2 . 263. 960 ™. 264. 144 r.
265. 19,3125 r/em®. 266. 440 m3. 267. 0,0127 3. 271. (y+w+z)x. 274. a:b:c.
277. 2401 cm? , 2801 cm?. 278. 48 cm>. 279. 5 cm. 280. 128 cm?. 281. n10/4. 282. 361 cM>.

283. 4. 284. 36 cm>. 285. 12w 286. 64. 6. 287. 3 am. 288. 2V34 cm. 289. 3 .
290. 200w, 250m. 291. 50, 50 +50/m. 292. 457 cm3. 293. 16w cm2 294. 1500 cm’.
295. 800 cm?. 296. 1000 cm?. 297. 5574 cm?, 1824 cm?. 298. 1375 cm®, 11,375 kr
299. 141900 1, 310860 cm?. 300. Ilepmeii. 301. 2041 cym, 15700 cm?
302. 349,45 cm?, 492 cm?, 1747 cym. 303. 37680 ramronos. 304. 318 rammonos. 306. 3 cv?.
307.4 cm. 308. 9 v3. 309. 1,125. 311. a) 457; b) 3,75m; ¢) 144x. 312. a) 14m; b) 937,5m.
313. 4. 314. 0,25. 315. 125%n. 316. 4n. 317. 3. 318. 8. 319. 36. 320. 36. 321. 24.
322. =30 M. 323. =3000 cm®. 324. a) 1050 cm?; b) =2250 cm>. 325. =162 kr. 328. 7.
329. 4. 330. 200. 331. 160. 332. 4. 333. 8. 334. 168. 336. 1/3. 337. 1/3. 338. 144 m>.
339. 56 cm?. 340. 6. 341. 2. 342. 256. 343. 96. 344.91. 345. 173 r. 346. 6007. 347. 20.

348. 300.
OTBeTHI K 2 IPOBEPOYHOMY TECTY

1123456789 [10]11]1213 /1415|1617 18
B/IAI D AIBIA|C|C/IA/IAIA|[C|C|A/A|C|A|D

OTBeTHI K 2 KOHTPOJILHOM padoTte
1)30% 2) 2V3 +24; 3) 1513 2;  4)64mem?®;  5) 35 am?, 6,5 ove.

Hamamrka. [eomempuyeckue 3a0auu NOGLIUEHHOU COACHOCHU OMMEYeHbl
368€3004KO1l, 3a0a4u, NPeosiodicettble O peuteHUs: 00MA GbLOEIeHbl KPACHBIM YBENOM.




Crnucok yueOHO0-MeToIUYeCKOil JIMTepaTyphbl U 3/IEKTPOHHBIX PECYPCOB, HCIIO/IH30BAHHBIX

Al

10.
I1.
12.
13.

14.

NPH CO3TAHUH YY4eOHHKA H PEKOMEH/TyeMblIii 11J151 IONOTHATEILHOTO U3y YeHHUsT
A.B. Iloropenos "I'eometpus 10-11", yueGnuk, Mocksa. "[Ipocsemenue", 2009.
JI. A. Jlarotun, b. /1. YeGoraperckuii. "Maremaruka 11", yaeOnuk, Munck, 2013.
N.M. CmupHoBa, B.A. Cmupnos I'eomerpust. 10-11 kiacc. yueOHuk, Mocksa, 2008
O.4. bunsiauna u np. "Teomerpus 11" yuebnuk, Kues, "T'eneza”, 2010.
Daniel C.Alexander, Elementary geometry for college students, Canada, Brooks/
Cole, Cengage Learning, 2011.
Mal Coad and others, Mathematics for the international students, Haese and Harris
publocations, Australia, 2010.
Norjigitov X., Mirzayev Ch. Stereometrik masallarni yechish. Akademik litseylar
uchun o‘quv qo‘llanma. —T., 2004.
Israilov 1., Pashayev Z. Geometriya. Akademik litseylar uchun o‘quv qo‘llanma.
IT qism. —T.: O‘qituvchi, 2005.
http://www.uzedu.uz — Xalq ta’limi vazirligining axborot ta’lim portali.
http://www.eduportal.uz — Multimedia markazi axborot ta’lim portali.
http://www.ixl.com — CaiiT ynanéaHoro o0pa3oBaHus (Ha aHIJTUHCKOM SI3BIKE).
http://www.mathkang.ru — CaliT MeXIyHapOIHOTO MaTeMaTHYECKOr0 KOHKypca
"Kenrypy".
http://www.khanakademy.org — Caiit ynanénnoro oopazoBanus ""Axagemus Xana"
(Ha aHTIMIICKOM SI3BIKE).
http://www.brilliant.org— Caiit ynanéHHoro o0y4eHusi MaTeMaTHKe (Ha aHTITHHCKOM
SI3BIKE).
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