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Peuenzenmo:
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".g A & ITOBTOPEHUE KYPCA
: 7-TO KJIACCA

B

1. IlepumeTp, MeaumaHa, OHCCEKTpHCA
H BBICOTA TPEYroJbHHKA

1

2.

Bonpocst, 3a0auu u 3adanus

. Uto Takoe: 1) mepumerp; 2) meauana; 3) ouccekrpuca; 4) BbicoTa Tpe-

yrojbHMUKa?

TpeyrosbHUK, TEpUMETP KOTOPOTro paBeH 18 cm, AeauTcsl OMCCEKTpU-
COIi Ha JIBa TPEYrojbHUKA, MEPUMETPHI KOTOPBIX paBHbI 12 cm u 15 cm.
Haiinute OGuccekTpucy 3Toro TpeyroibHuka (puc. 1).

. TpeyroibHUK AEIUTCS MeIMaHOM, MPOBEICHHON K OCHOBAHMIO Ha JBa

TpeyrojbHUKa, MepuMeTpbl KOTOpbiX 18 cm u 24 cm. Hailinute 6oJib-
1Iyl0 OOKOBYIO CTOPOHY, €CJIM MeHbllasi O0KOBasi CTOpOHA paBHa 6 cm

(puc. 2).

. B tpeyronbuuke ABC AB= BC u menuana BD paBHa 6 cm. Haiimure

MEepPUMETP AAHHOTO TPEYroJbHUKA, €CJIM MePUMETp TpeyroibHuka ABD
paBeH 24 cm (puc. 3).
Hano: ¢ AABC: AB= BC, BD=6 cm — MmenuaHa, P, =24 cm.
Haimu: P ="?
Pewenue. 1) P,,, = AB+ BD + AD, orcrona:

24=AB+ AD+6, AB+AD=24-6, AB+ AD=18 (cm).
2) AB= BCu AC = 2AD, Torna

Pp-=AB+ BC+AC=2(AB + AD)=2-18=36 (cm).

Omeem: P .= 36 cm.

. [IBe cTopoHbl TpeyrojbHuKa paBHbl 0,5 dm u 8,7 dm. Haiinure TpeTbio

CTOPOHY, €CJIA ee JUIMHA HaTypaJbHOEe YKMCJIO.

. TpeyroybHUK, MepuMeTp KoToporo paBeH 30 cm, AeaUTCS OUCCEKTPU-

COll Ha JBa TPEYrojbHMKA, IEPUMETPhl KOTOPBIX paBHBI 16 cm u
24 cm. Haiinute OMcCeKTpUCY 3TOro TPEyrojbHUKA.
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7.

8.

TpeyroinbHUK, MepUMETP KOTOPOro paBeH 36 cm, JeaUTCs BBICOTOM Ha
JIBa TPEYrojibHUKa, MepuMeTpbl KOTOPbIX paBHBI 18 cm u 24 cm. Haii-
JIUTE BBICOTY 3TOTO TPEYroJbHUKA.

[lepumeTp paBHOOEAPEHHOTO TpeyrojbHUKA paBeH 22,5 cm, a OoKoBas
cTtopoHa paBHa 0,6 dm. Haiinute ocHOBaHME 3TOrO TPEYroJIbHUKA.

2. Ilpu3Haku paBeHCTBA TPEYroJbHHUKOB, CyMMma

\ yrja TpeyroJibHHKa

-

YIJIOB TPEYroJibHUKAa M CBOWCTBO BHEIIHErO

9.

10.

11.

12

13.

14.

15.

16.

17.

18.

19.

PaBubnl n1u TpeyronbHuku ABC u DEF, ecim AB= DE, AC= DF,

LA= 2 D?

OnvH M3 BHEIIHMX YIVIOB TpeyrojibHMKa paBeH 117°, a He CMeXHbIe

C HHUM BHYTPEHHHUE YIJbl OTHOCATCS Kak 5 :4. Halinure 3TU BHYTpeH-

HUE YIJIbI.

B paBHOcTOpOoHHEeM TpeyrosnbHuKe ABC 6uccektpuchl AD u BE nepece-

karoTcss B Touke O. Haiinure yron AOE Mexny OuUCCEKTpuUcCaMU Tpe-

yroibHuKa ABC.

MoryT 1 yIiibl IIpY OCHOBAaHUM PABHOOEAPEHHOIO TPEYrOJbHUKA ObITh

TYIIbIMU?

Pewenue. Kak HaM U3BECTHO, B PaBHOOEAPEHHOM TPEYTOJbHUKE VYIJIbI

MpU OCHOBAaHMM paBHbBI. Tak Kak cyMma ABYX TYMbIX YIJIOB OOJbliie

180°. A 3TO OPOTUBOPEUUT TEOpEeME O CYMME YIVIOB TPEYroJbHMUKA.

Omeem: He MOTYT.

OnuH U3 BHEIIHMX YIJIOB TpeyrojibHUKa paBeH 108°, a He CMeXHBbIe C

HUM BHYTPEHHHUE YIJIbI OTHOCITCS Kak 2 : 7. Haiinute BHyTpeHHUE YIJIbL.

JIBe CTOPOHBI M yToJl OAHOTO TPEYroJbHUKA paB-

HbI, COOTBETCTBEHHO, ABYM CTOPOHAM W YLy

IPYyroro TpeyrojbHUKa. MOryT Ju 3TH Tpe- @

YTOJIbHUKU OBbITh pPaBHBIMU?

Hoxaxute, uyto TpeyroibHuku ABC u A, B,C,

paBHbI, eciu AB= A,B,, BC= B,C,, u meauaHbl E D

CDu C,D,, npoBeneHHbIe K cTopoHaM AB u A, B, = =

PaBHBI.

Ha pucynke 4: AB= AC u AE= AD. Jlokaxute, | g C

yto BD = CF.

Ha pucyuke 5: AD= CF, AB=FE nu CB= DE. @B

Jokaxure, yto £1 = Z2.

B tpeyronbHuke ABC yron B paBeH 42°,

a BHELIHWUI yros mpu BeplunHe A paBeH 100°.

Haiinute yron ACB.

B npsmoyroibHoMm TpeyroabHuke ABC yron 1

C — npsiMOii, a BHEIIHUI NpHU BeplurMHe A paBeH V- Y
o o D C

136°. Haiinure yron B.
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§ 1 OCHOBHBIE YETBIPEXYI'OJIbHUKHA U
* X CBOMCTBA

1. CBOVMICTBA BHYTPEHHUX " BHENIHUX
YIJIOB MHOT'OYI'OJbHUKA
1. Muoroyrossnuku. PaccMoTpum ¢urypy, Koropasi COCTOUT U3 OTPe3-
KoB A A,, AA;, ..., A,_ A, AA. OTpe3KU pacloNOXeHbl TaK, YTO HUKAKUE

IBa coceonux ompeska (TO €CTh TaKUX, KOTOpPhIE MUMEIOT OOIIMII KOHEIl), He
JIieXkaT Ha OJHOM TPSIMOI, a HECOCENHUE OTPE3KM HE MMEIOT OOIIMX TOYEeK

(puc. 1). Takyo ¢urypy HasblBalOT MHo2oy2oabnuKkom. Touku A, A,, ..., A,
HAa3bIBAIOT GePUIUHAMU MHO20Yy20abHUKa, a oTpe3ku AA,, AA;, ..., A _ A,
A, A, — cmoponamu MHO20y204bHUKA.

Yuco CTOPpOH MHOTOYTOJIbHMKA PAaBHO YMCIY €ro Bep- A

IIWH, T.€. YUCIy ero yrioB. MHOroOyroJbHUK Ha3bIBaIOT I10 @

YUCJTY €TI0 YIJIOB: MPEyeoAbHUK, YemblpexyeoabHUK W T.JI.
Ecnu 3aMKkHyTas JoMaHasl He mepeceKkaercs cama co0oid,

TO TaKasl JIOMaHasi Ha3bIBAECTCS HPOCMOU 3AMKHYMOU A0MAHOU. 4
Bcgkas nmpocTas 3aMKHyTasl JloMaHasi JEAUT MIOCKOCTb Ha

JIBE YaCTU — GHYMPEHHIOH W GHEUHION, SIBJISIICh UX OOllei
rpanuueid. Ha puc. 1 BHyTpeHHSIS 4acTh 3aKpallieHa. 4,

~
Onpenenenue 1. Muocoyeonvhuk Ha3vieaemcs 6bINYKAbIM, e€CAU OH
AeJcum no 00Hy CMOPOHY Om AH00U NPSAMOL, KOTOpasi COIEPKUT €ro CTo-
POHY.
Cama sma npamas npuHaoiexicum NOAYNAOCKOCMU, codepicaujell

\MHOZOyZO./leLIK.

(2) < Dy, (3) B C
B~ .» (D




Ha puc. 2, a u 3 uzobpaxxeHbl BbIMTYKJIble MHOTOYTOJIBHUKHU, a pUC. 2, 6
HEeBBINYKJbIH. TpeyroJbHUK SBIASETCS BBIMTYKJIBIM MHOTI'OYTOJbHUKOM

(puc. 3).
2. CpoiicTBa BHYTPEHHMX H BHEIIHHX YIJIOB MHOTOYIOJIbHHKA.

Onpenenenne 2. Buympennum yeaom MHO20y204bHUKA npuU OAHHOU

eéepwune  Hazvleaemcs yeoan, 00pPA308AHHbII  COCEOHUMU — CMOPOHAMU,
UCXO00AWUMU U3 IMOU BEPULUHDI.
Teopema 1.
CyMMa BHYTPEHHMX YIJIOB BBINYKJIOIO n- YrOJbHAKA paBHA

180°(n —2), rae n — YUCJIO CTOPOH MHOTOYTOJIbHHKA.

Hokazamenvcmeo. Ilycts A A,A,...A, — NaHHBIA BBITYKIIBIA A-YIOJbHUK
u n >3 (puc. 4). I3 HEKOTOPO¥i BEPLUMHBI, HAIIPUMEDP U3 A, IPOBEIEM BCe
€ro AMaroHajgu, KOTopble pa3oObIOT ero Ha (n — 2) TpeyroJibHUKA.

@} A, A, JlecTBUTENBHO, TPU 3TOM KaXIblid Tpe-

AAA,_A), KoTopble 00pa3oBaHbl ABYMs CTO-

/ YTOJbHUK OOpa3zoBaH OJHOU CTOPOHOM MHOIO-
Al \

yroJibHUKa W JABYMSI IUMAroHaJIMM, 3a MCKJIIOYe-
HUEM 08yx kpaunux mpeyeonvHukoe (AAAA, n
A A

n—1

pOHAMM MHOTOYIrOJbHMKA M OIHOM JaMaro-
HaJIbIO.

I[ToaToMy 4uMCI0O TpEeyroJbHUKOB OyaeT (n—2), T.e. HA JBa MEHbIIE
Yyucjia CTOPOH MHoOroyrojbHMkKa. CyMMma yYIJIOB MHOTOYroJibHMKAa paBHA
CYMME YIVIOB BCEX COCTABJIAIOILIMX €0 TPEYroJabHUKOB: S = 180°(n —2), uto

" Tp. A.

Onpenenenne 3. Yroa, CMeXHBI ¢ BHYTPEHHUM YIJIOM MHOTO-
VTOJbHUKA TIpU JAaHHOW BepIlIMHE, HA3bIBAIOT GHEUWHUM Y2A0M MHO20-
Y20AbHUKA NpU OAHHOU GepuilHe.

TeopeM’Z.,

CyMMa BHEIIHMX YTJIOB BBINYKJIOTO 7-YrOJbHHKA, B3STBIX IO OJXHOMY
Npu KaX10il BepmuHe, paBHa 360°.

O™
B

oxazamenvcmeo. IlocTpouM IIpuU Kaxmoi
BEpILIMHE AM-yTOJIbHUKA IO OJHOMY BHELIHEMY
yray (puc. 5). CymMma Kaxaoro yrjia MHOIO-
YTOJIbHUKA U cMexHoro ¢ HuM pasHa 180°. Ilo-

AL A
D | 2TOMy cyMMa BceX BHYTPEHHMX M BHELIHMX
/X VIJIOB, B3SITHIX 110 OMHOMY TIpU KaXXJ0il Bepllu-
AY E He, paBHa 180°n. YTOOBI TIOJYYUTH CYMMY

BHEIIHUX YIJIOB BBIUTEM M3 3TOM CYMMBI CyM-
My BHYTPEHHHUX YIJIOB:

180°n — 180°(n —2) = 180°n — 180°n + 360° = 360°, yro u Tp. A.

6



3apaya 1. Yemy paBHbl BHYTpEHHHME yIJbl (0,) PaBHOCTOPOHHETO
(MpaBUJIBHOIO) M- yroJbHUKA?

Pewenue. 1lo nokazaHHO Teopeme 1, cymMma yrjoB NpPOU3BOJbHOIO
BBIMYKJIOTO #- yrojbHMKa paBHa 180°(n—2). Tak Kak B MpaBUIbHOM
180°(n-2)
—

3anaua 2. Yemy paBeH KaxXAblii BHEIIHUNA yroua (f3,) paBHOCTOPOHHETO
(MpaBUJIBHOTO) M- yroJbHUKA?

Pewenue. Tlo nokazaHHOi Teopeme 2, CyMMa BHEIIHUX YIJIOB BbIMYK-
JIOTO - YTOJIbHUKA, B3STHIX 10 OAHOMY MPM KaxXI0il BepinHe, paBHa 360°.

TakuM 00pa3oM, KaXIblii BHEIIHWM Yroj IMpaBUJIbHOIO 7- YrOJbHMKA
360°

— .

n-yTOJILHUKE BCE YIJIbl PaBHbI, TO KaXIblii U3 HUX PaBeH: o, =

paBeH: B, =

Bonpocst, 3a0auu u 3adanus

1. 1) Yrto Takoe: a) BHYTPEHHMII Yroyl BBIIIYKJIOTrO MHOIOYTOJbHMKA IPU

¢ JaHHOI BepUIMHE; 0) BHELIHUI YroJl BHIIYKJIOTO MHOTOYrOJIbHUKA?

* 2) UYemy paBHa cyMMa BHYTPEHHUX YIJIOB BBIMYKJIOIO A-YrojbHUKA?

2. HaiinuTe KOJIMYECTBO CTOPOH BBIMYKJIOIO MHOTOYIOJIbHMKA, CymMMa
yrjioB kotoporo paHa: 1) 1080°%; 2) 1620°; 3) 3960°.

3. Haiinute cyMMy BHYTPEHHUX YIJIOB BBIMYKJIOTO: 1) 4eThIpeXyroJbHMKA;
2) nBeHaallaTUYTroJbHUKA; 3) TPUIALIATUYTOJbHUKA; 4) MNATUACCATU-
yTOJIbHMKA.

O6pazeu. 1) §,=180"-(13—2)=180°- 11 =1980°.

4. HaiinuTe HaMMEHBLIMI YroJl 4YeTbIpeXyroJbHMKa, €CIU CyMMa ero yr-
JIOB, B34THIX IO TPU, COOTBETCTBEHHO paBHa 240°, 260° mu 280°.

5. Haiiaute KOJIMYECTBO CTOPOH BBIIMYKJIONO MHOTOYIOJIbHMKA, KaKIbIi
yros kotoporo pasen: 1) 150°;  2) 170% 3) 171°.

6. YeMy paBHO 4HMCJIO CTOPOH BBIIIYKJIOTO MHOIOYTOJbHMKA, €CIM CyMMa
BCEX €ro BHYTPEHHHUX YIJIOB B TpM pa3a OOJbIle CyMMBbl €ro BHEIIHMX
YIJIOB, B3ATBIX IO OJHOMY IPU KaXKIOi M3 €ro BepILInH?

Pewenue. Tlo ycnoBuio 3amaun: 180°(n—2) =...- 360°. Otciona
180°(n-2)=...-2-180°, n-2=6, n=....
Omeem: n= ...

7. CKOJIbBKO CTOPOH Yy BBIIIYKJIIOTO MHOTOYTOJIbHUKA, €CJIM KaXXIblii ero
BHEILHMI yroa paBeH: 1) 18°; 2) 24°; 3) 60°?

8. Eciu Tpu yria 4eThIpeXyrojbHMKA SIBJISIFOTCSI TYIBIMHU, TO YE€TBEPThIi
yIroJl — OCTpbIi. Jlokaxure.

9. Haiinure KOJMYECTBO CTOPOH BBIMYKJIOTO MHOTOYIOJbHMKA, €CJIM KaK-
JIbIii ero BHEWIHUH yroia paBeH: 1) 157 2) 45°%; 3) 72°?

10. Haiinute yriabl BBIIYKJIOTO UYETHIPEXYTOJIbHMKA, €CJIM OHU IIPOIOPLIMO-
HaJIbHBI yucaaM 1, 2, 3 u 4.
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1. IMapannenorpaMM. PaccMOTpMM Ha IUIOCKOCTM JBE€ IapayljiejbHbIe
IpsIMbIE, II€pPECEKAIOLIMECS OBYMs APYITMMU IapauIeJIbHBIMU IIPSAMBIMUA

(puc. 1). B pe3yabpTaTe Takoro repecedyeHusi o0pa3yercsl YeTbIpeXyroJbHUK,
KOTOPBIN UMEET cneyuarbhoe Ha3BAHUE — NAPALLeN0ePaAMM.

( 2. IAPAJUIEJIOTPAMM UM ET'O CBOHMCTBA

Onpenenenne. Ilapassesocpammom Ha3bi- @ B C
gaemcsa Hemblpexy2o0abHuK, TIPOTUBOJIEXALINE
CTOPOHBI KOTOPOI'0 MOMAapHO IapauleIbHEI.

Eciu ABCD napasnenorpamm, 10 AB|| DC u
AD | BC (puc. 1).

3amaua 1. Ha puc. 2 AABC= ACDA. lo-
KaXUTe, YTO YETHIPeXyroilbHUK ABCD — mapa- A D
JIEJIOTPaMM.

Pewenue. I3 paBeHctBa tpeyroibHukoB ABC u CDA cnenyetr paBeHCT-
BOo yrioB: Z1=/3 u Z2=/4. Yrael 1 1 3 SBASIOTCS BHYTPEHHUMU
HaKpecT JiexXalluMU TpU MapauiebHbIX NpsiMbiXx AB u CD u cexyieit AC.
AHaJIOTMYHO, YIJIbl 2 U 4 SIBJISIIOTCS BHYTPEHHUMU HAKPECT JeXallMMU MpuU
napasuieabHbIX npsiMbix BC u AD u cexyieit AC. [lo npusHaky napauiesb-
HocTh TpssMbIX umeeM: AB| DC u BC| AD. CremoBaresbHO, B YeThIpEX-
yrojbHuke ABCD mnpoTuBoiexalle CTOPOHBI IIOMAapHO MapaliesbHBI,
T.. ABCD — napajuiesorpaMmm 1o OnpeieeHuIO.

Boicomoti napannenoepamma Has3bpIBaeTCs MEPHEHAUKYISAP, TPOBEACHHBIM
M3 TOYKU OTHOM CTOPOHBI K MPSIMOi, KOTOpas COAEPKUT MPOTUBOJICKAIILYIO
cTopoHy. OYeBUIHO, YTO K OJHOI CTOPOHE MapalijieiorpaMMa MOXHO MpO-
BeCTH OECKOHEUYHO MHOTO BBHICOT (puc. 3) — BCe OHM OyIyT paBHBI KaK pac-
CTOSIHME MeXIy TapajuleJIbHbIMU MPSIMBIMM, a M3 OIHOI BEepIIMHBI Mapa-
JieJiorpaMMa MOXKHO ITPOBECTH JIBE BBICOTHI K pa3HbIM CTOpPOHAM M B 0O0IlEeM
clyyae OHM MMEIOT pasHylo miuHy. Hanpumep, Ha puc. 4 BP u BF — BbICOTHL.

2. CpoiicTBa mapajuiejiorpamMma.

Teopema 1.
(CBoiicTBo 1.) Cymma yrioB mnapajjejiorpamMMa, NpHJeXamMx K
O/HO#i cTopoHe, paBHa 180°.
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Jlokazamenvbcmeo. YTIbl, TpUJIeXalllie K CTOPOHE Iapauiejiorpamma,
SIBJISIIOTCSI. BHYTPEHHUMM OJHOCTOPOHHMMM Yyriamu. [lostomy ux cymma
paBHa 180°. Teopema moka3aHa.

Teopema 2.

(CBoiicTBO 2.) B mapamienorpaMmme NPOTHBOINOJOXKHbIE CTOPOHBI
H NPOTHBOMNOJIOKHbIE YIJIbI PABHBI MEXKIY COOOId.

Jokazamenascmeo. Tlycte ABCD — mapamnenorpamMm, T.e. AB|| CD u
BC|| AD. Tlposenem B mapayienorpamme ABCD nuaronans AC (cMm. puc. 2)
u paccMoTpuM TpeyroibHuku ABC u CDA. Y Hux ctopoHa AC — oOias,
/1 = /3 KaK BHYTPEHHME HaAKpECT JexXallllie MpU MNapasuleJbHbIX MPSIMbIX
ABwu CD n cexyueit AC, /2 = /4 Kak BHYTPEHHME HAKPECT JiexKallne Mpu
napauieabHbiX MNpsMbix AD u BC u cekyweir AC. CrnenoBaTesbHO,
NAABC= ACDA 1o BTOpOMYy IIpM3HAKy paBEHCTBA TPEYroJbHUKOB. OT-
cioga, B 4YacTtHoctu, ciuenyer, uyto AB= CD, AD=BC u <«B= ZD.
A nockonbky £1 + £4= 22+ /3, 10 LBAD= ZBCD, 1.¢. LA= £C).

3amaua 2. CymMa AByX YIJIOB mapajuiejgorpamMmma paBHa 172°. Haiigure
yIJIbl MapajiiesiorpaMma.

Pewenue. Tlycts nan nmapamienorpamm ABCD. T1ocKoJibKy cyMMa ABYX
COCEeIHMX YIJOB mapajiesorpaMma paBHa 180°, To maHHbIE YIJIBI MOTYT
ObITb TOJBKO mpoTuBojexaimmu. Ilycte £ZA+ £ZC=172°. Torma 1o
BTOPOMY CBOICTBY napajienorpamma, ZA=2C=172°:2=86".

CymMmMa Bcex yrJioB mapajuiesiorpaMma paBHa 360°, TO3TOMY OCTaJIbHBIE
JIBa yrja napajuiejiorpaMMa paBHbI:

ZB= /D= (360" —172°) :2 =94,

Omeem: 86°, 94°, 86°, 94°.

Teopema 3.

(CBoiicTBo 3.) JlnaroHaid mnapajjejorpaMmMa mnepecekalTcs H
TOYKO#i mepecedyeHns AeaaTcs MomoJjiam.

Llokazamenvcmeo. Ilyctb O — Touka mepecedyeHust auaroHaneir AC u
BD napamnenorpamma ABCD (puc. 5).

JoxkaxeM, yuto AO= OCu DO = OB.

TpeyroabHuku AOD u COB paBHBI 110 BTOPOMY IIPU3HAKy paBeHCTBA
TpeyroJibHUKOB (AD= BC 1O BTOpPOMY CBOHCTBY MNapajuieJiorpaMmma,
£l = /2 n £3 = Z4 KaK HakpecT Jiexallue
VIJIbl TPU  TEepecedyeHur MapajliebHbIX @ B ¢
npsimbix AD u BC cexkymuumu AC u BD
cooTBeTCTBEHHO). OTcioga cieayer, 4TO
AO=CO n DO= OB, T.e. Touka O 4gB-
JISIETCS CEPEIVHON KaXIOl M3 auaroHasein
ACwu BD.

TeopeMa JOKa3aHa.




a

3anaya 3. Mcnosb3yst CBOMCTBO 3 MOCTPOUTE mapasuiejorpaMM.

Illae 1. TIpoBeneM aBe mepecekamlidecs: MpsiMblie 1 0003HAYMM TOUKY
uXx nepecedeHus: OykBoit O (puc. 6, a).

Illae 2. Ha ogHOM 13 NpSIMBIX OTJIOXUM LIMPKYJIEM paBHble OTpe3ku OA
u OC, a Ha apyroit — paBHbIe oTpe3ku OB u OD (puc. 6, 6).

Illge 3. CoenyHuM TocaenoBareabHo Touku A, B, C u D (puc. 6, 6).
YeroipexyronbHUK ABCD — mapaiiesorpamm.

Bonpocst, 3a0auu u 3adanus

1. 1) Yro Takoe napayienorpamMmm? Yemy paBHa cCymMma YIJIOB IMapaylienao-

¢ I'paMMa, IPUIIEXALINX K OHOM cTopoHe?

* 2) Uto MOXHO cKa3aTb O JMaroHajsX INapajieaorpamma?

2. Ilepumerp mnapasuienorpamMma paBeH 152 cm. Haiigure cropoHbl ma-
pajuiesiorpaMmMa, €cjii OflHa U3 HUX:

1) Ha 25 cm OoJibllie APYToOif; 2) B TpU pa3a MEHbIIIEe APYTroi.

3. Haiinute yribl napauieaorpamMma, €cjiu cyMma JBYX YIJIOB paBHa:
1) 70°% 2) 110°%; 3) 170°.

4. B napamnenorpamme ABCD: AB=7 cm, BC=11 cm, AC=14 cm,
BD=12 cm; O — Touka mepecedyeHusl auaroHajeil. Haiinure nepu-
MeTpbl TpeyroibHUKoB ABO u BOC.

5. B nmapasienorpamMmMe cyMMa CMEXHBIX CTOpOH paBHa 20 cm, a pa3HOCTb
paBHa 12 cm. HaiinuTe CTOpOHBI 3TOrO IapajjejorpaMmma.

6. IlepumeTrp mapajuiesorpamMma paBeH 6,4 cm. HaiimuTe ero CTOpOHBI,
€CJIM IB€ €r0 CTOPOHBI OTHOCSITCS Kak 35 : 3.

7. Ha puc. 7 0603HauYeHbl BEJIMUYUHBI HEKOTOPBIX 3J€MEHTOB. Kakue euie
BEJIMYMHBI MOKHO HAMTH?

@ B

C




@ 3. IPUSHAKHA TTAPAJUIEJIOTPAMMA ll

s Toro 4ToObl MCMOJIB30BaTh CBOMCTBA MapajiiejaorpaMma, BO MHOTHX
CIyyasix HeoOXONMMO CHayaja yOeIUThCs, YTO JAHHBIA YEThIPEXYrOJbHUK
NEUCTBUTEILHO SBJSIETCS TMapajlieJIorpaMMOM. DTO MOXKHO ONpPeAe]UThb
100 1o omnpeneaeHuto (cM. 3agady 1, ctp. 8), 11bo 1o nmpu3Hakam — ycJo-
BUSIM, TapaHTUPYIOLIMM, YTO JAaHHBIA YETHIPEXyrOJbHUK — Mapasuiesio-
rpamM. JlokaxeM Npu3HaAKM IapajieorpaMmMa, KOTOpble Yallle BCero Ipu-
MEHSIIOTCSl Ha MpPaKTUKeE.

Teopema 1.

(1-i mpu3nak.) Ecim JaBe mpoTHBOJIEKAIIHE CTOPOHBI YEThIPEX-
YrOJbHAKA NApajljie/IbHbl H PaBHbI, TO 3TOT YETHIPEXYTOJbHHK — Mapai-
JieJiorpamMm.

Zokazamenascmeo. Tlyctb B uerbipexyronbuuke ABCD (puc. 1) AB| CD
u AB= CD. Ilpoeaem nuaroHanb BD u pacCMOTPUM TpeyroabHuku ABD u
CDB. OHu umeror o6y cropoHy BD, AB= CD no ycnoBuw, /1 = /2
KaK BHYTPEHHME HAKpeCT Jiexalllue IMpU MnapasuiesibHbIX NpsiMbix AB u CD
u cekyueir BD. CnenoBarenbHo, AABD= ACDB no nepBoMy MpU3HAKY
paBeHCTBa TpeyroJbHUKOB. M3 paBeHCTBa
3TUX TPEYTOJbHUKOB CJIEAYeT PaBEHCTBO @ B ¢
yrioB 3 u 4. Ho 3T yriabl SIBASIIOTCS 7 4
BHYTPEHHMMHU HAKpPeCT JIeXKAIUMU TPU
npsimbix AD u BC u cekyuweir BD. Tor- 7 7
Ja 10 MPU3HAKY MapaylieIbHBIX MPSIMBIX

AD| BC. Takum o006pa3oM, B 4YeThIpEX- 3

yrojibHUKe ABCD TpoTHBOJNEXAIINE CTO- | 4 D

POHBI TIONMAPHO MapajlieibHbl, OTKYy/Ia

CIIEIyeT, YTO YETHIPEXYroJbHUK ABCD — @ B , E C

napasuiejgorpamMm mo onpeacjaicHMnIO.

Teopema moka3zaHa.

3amaua 1. Ha cropoHax mapasieno-
rpamma ABCD OT10XUM paBHbIE OTPE3KU
BE= DF (puc. 2). fIBnsgeTcss U 4YeTbl-
pexyronbHUK BEDF napanienorpaMmmom? 4 F D

Pewenue. ]Jla, Tak Kak HOPOTUBOIO-
JIOXHBIE CTOPOHBI YeThIpexyroibHuka BEDF paBHbl W HOapajicabHBI.
I[loaTroMy mno mepBOMy IIpM3HAKy MapajuieJorpaMMa, 4YeThbIPeXyroJbHUK
BEDF — napannenorpamM. Omeem: a, SIBISIETCSI.

leopema 2.

(2-ii npusnak.) Eciu nmporuBonexaniye CTOPOHbI YEThIPEXyroJb-
HHKA MONMAPHO PaBHbI, TO 3TOT YETHIPEXYTOJbHUK — MapPaJIIe0rpaMM.
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7

Jokazamenavcmeo. IlycTh B 4eTBIPEXYTrOJib-
Huke ABCD AB=CD u BC= DA (puc.3).
ITposenem nuaroHanb AC U pacCMOTPUM Tpe-
yronbHUKU ABC u CDA. Torna oHU paBHBI IO
TPETheMY IIPU3HAKY PaBEHCTBA TPEYroOJbHUKOB
(ctopoHa AC — obmasi, a AB= CDu BC= DA —
no ycinoBuio). M3 paBeHCTBa TPEYroJbHUKOB
caenyer paBeHCTBO yriioB CAB u ACD, KoTopbie
SIBJISIIOTCSL BHYTPEHHUMM HaKpecT JieXKallluMK
npu npsmbix AD u BC u cekyumein AC. Ilo
MPU3HAKY IMapajieibHocTh MpsiMbix AD || BC.
CrnenoBaTenbHO, B 4YeTblpexyrojbHuke ABCD
cropoHbl AD nu BC mapaielibHbl U PaBHBI, U 10
TOJIKO 4TO JOKa3aHHOMY IpU3HaKy | yeTbipex-

a4 D

yroibHUK ABCD — mapaiieaorpamm.

Teopema mokaszana.

3amaua 2. IlocrtpoiiTe npsiMyio, MPOXOMSIIYI0 Uepe3 MNaHHYI TOYKY U
MapauIeJIbHYIO TaHHOM ITPSIMOMA.

Pewenue. Tlyctb a — nipsimasi, B — He nmpuHamiexaiast el Touka. Ot-
METUM Kakue-HUOyab Touku A u D Ha nipsimoit a (puc. 4). C ueHtpamu B u
D mpoBeneM okpyxkHocTu ¢ paguycamu AD u AB coorBercTBeHHO. MXx
Touky nepeceueHusi ooo3zHauuMm C. Ilposemem mnpsimyio BC. OHa u Oyner
HUCKOMOM. [leficTBUTEIbHO, B YeTbipexyroibHuke ABCD paBHbI MPOTUBOIMO-
JIoXHbIe cTOpoHBbl. ClienoBaTeNbHO, OH SIBJSIETCS IapaylieJJorpaMMOM, M,
sHauut, BC| AD.

Teopema 3.

(3-ii mpu3Hak.) Ecim auaroHaid 4YeTbIpexyroJbHHKA TOYKOM
nepecevyeHuss IEJATCA MON0JAM, TO 3TOT YEThIPEXYrOJbHHUK — mNapajuie-
JiorpamMm.

Hoxazamenvcmeo. IlycTb B UYETBIPEXYrojb-
Huke ABCD nuaronanu AC u BD nepecekamoTcs
B Touke O U BBINONHSIOTCS paBeHcTBa A0 = OC
1 u BO= OD (puc. 5). PaccMoTpuM TpeyrojibHu-
ku AOB u COD. D1t TpeyrojbHUKU PaBHBI 1O
3 MepBOMY TPU3HAKY PABEHCTBA TPEYrOJbHUKOB:
Z1 = /2 (xak BepTukaiabHbeie), AO= OC u
/' BO= 0D (no ycnosuw). CienoBaTeJbHO, paB-
Hbl M COOTBETCTBYIOIIME CTOPOHBI M YIJIbI 3TUX TPEYrojbHUKOB: AB = CD,
£3 = /4. VI3 paBeHcTBa yriaoB 3 u 4 BeITeKaeT, uto AB| CD (1o mpusHaky
napajjieiabHbIX npsMbIX). Takum oOpa3zom, cTopoHbl AB u CD uerbipex-
yroibHuKa ABCD paBHbI M TapajliebHbl, 3HAYUT, IO MEPBOMY IMPU3HAKY
napajuiejjorpaMmmMa 4eTblpexyrojibHuk ABCD — mnapasienorpamMm. Teopema
JIOKa3aHa.
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Bonpocst, 3a0auu u 3adanus

1. 1) Ecnu aBe npoTuBosiexallue CTOPOHbI YeThIPEXyTOJIbHUKA Tapalie/ib-
Hbl U PaBHbI, TO OTOT YEThIPEXYrOJbHUK — MapajuiesorpamMm. CMoxere
JIA 3TO JI0Ka3aThb?

2) lokaxure, 2- 1 U 3- il IpU3HAKM TapajieJorpaMmma.

2. anbl 1Ba paBHBIX 1M MapasuleJbHbIX OTpe3ka. X KOHIIbI COeIMHEHbI He
rnepecekalomMMucs oTpe3kamMu. BepHO JiM, 4TO MOJyYMBILMIACS Y€Thl-
PEXyTOJbHUK SIBJISIETCSl TapaljieJorpaMMoM?

3. B uerbipexyronbHuke ABCD ctoponbl AB u CD napaienabHbl. Haitnu-
T€ MEPUMETP YeTbIpexyrojbHuka, eciu AB= CD=11 cm, AD=15 cm.

4. SIBnsiercss M 4eThIpeXyrodbHUK ABCD Ha puc. 6 mapajuieiorpaMMOM,
ecm: 1) 21 =70°, £3=110°, 22=/4;2) £/1 =22=060°, Z3=/115%?
Pewenue. 1) B uernipexyronbHuke ABCD nBe ctopoHsl AB u CD
napajuieibHbl, Tak Kak Z1 + £3=70°+ 110°=180°, a 3Tu yrinl —
OMHOCTOPOHHME MpU IepeceyeHUu npssMbix AB u DC cekymeit AD.
IMockoneky AB| DC, to £1 = Z4 (KaK COOTBETCTBEHHBbIE YIJbI). JIBe
npyrue ctopoHbl AD u BC yetbipexyronbHuka ABCD He mapaliiejbHbI,
TaK KakK HakpecT Jiexaliue yriabl 1 u 2 He paBHBl (L1 = £4 # £2).
CrnenoBaTeibHO, 4YeThbIpeXyroibHUK ABCD He sBisercs mnapasiesno-
rPaMMOM.

Omeem: 4yeTbipexyroJbHUK ABCD He sIBASETCS MapajieJorpaMMOM.
2) AHQJIOTMYHO pelIaeTcs KakK B MPeIbIAYIIEM.

5. Huaronanu mnapamnenorpamma ABCD mnepecekaiorcss B Touke O (CM.
puc. 5, crp. 9). 1) Kakoii oTpe3ok sBsieTCS MeAMaHON TpeyroJibHMKa
ACD? 2) B kakoMm TpeyrojibHUKe MeAuaHOu siBisieTcsl oTpe3oK AO?

6. B napamienorpamme ABCD touku E u F — cepeaunbl ctopoH ABu CD
COOTBETCTBEHHO (puc. 7). JoKaxuTe, YTO YeThIpeXyroJbHUK EBFD —
rnapajuiesiorpaMm.

7. B uyetbipexyronbHuke ABCD ctopoHbl AB i CD napasienbHbl. Haii-
JIUTE TIepUMETpP YeThIpexyrojibHuka, eciu AB= CD=9 cm, AD =4 cm.

8. B uernipexyroibuuke ABCD: AB= CD, AD = BC. Haiinute yribl 4eTbl-
pexyroyibHUKa, eciu LA = 34B.

9. B mnapauienorpaMMme OuCCEKTpuca yrjaa JIeJUT IPOTUBOIOJOXHYIO
CTOPOHY Ha OTpe3KH, paBHble 4 cm 1 5 cm. Haiinute nepumerp napai-
JIeJIorpaMMma.

@2—3/ LC’@B CB/QC




v T
1\ 4. IPAMOYTOJIbHUK U ET'O CBOUCTBA >
-

Onpenenenne. IlpamoyzoavHukom Hazvieaemcs napaiieioepamm, y Ko-
\_MOpo20 6ce y2abl npsmble.

= Ha puc. 1 uzoOpaxeH MpsIMOYTrOJbHUK
@ B C| ABCD. Tak xak MPSMOYTOJbHUK  SIBJISIETCS
YaCTHBIM CJIy4yaeM IapajuiejiorpamMma, TO OH

LA=LB=,C= 006J1a1aeT BCEMM CBOMCTBAMMU Mapasuieorpam-

b =2D=90 Ma: MPOTUBOJIEXKALINE CTOPOHBI MPAMOYIOJIb-
P=2(a+b) HUKA TapajuleJibHbl U PaBHBI, MPOTHBOJIEXA-
LK€ YIJIbl PABHbI, IMATOHAIM TOYKOI Mepece-
A a D | yenma penarca mnomonam W T.0. OpHaxo,
NPSAMOYTOJILHUK MMEET HEKOTOPbIE 0OCOObIE
cBoiicTBa. /JlokaxkeM OJHO UX HHX.
Teopema.

(CBoiicTBO MpAMOYroJibHHKA.) J/IMaroHaam mpsMOYTrOJIbHHKA PABHbI.

@ B c Zokxazameavcmeo. 1lycTh naH HPsSIMOYIOJIb-
HUK ABCD c¢ punaronamsmu AC u BD. Hoka-
xeM, uto AC= BD (puc. 2). TpeyrolbHUKU
ACD u DBA tipsiMOyTOJIbHBIE M PaBHbI I10 JBYM
kareram (AD — obwiasi, CD = BA Kak NpoOTUBO-
JIexallue CTOPOHbI MpsAMOyrojbHUKa). OTciona
CJeMyeT PaBEHCTBO T'MIIOTEHY3 BTUX TPEYroJib-
HUKOB, T. €. AC= BD. NUMeeT MecTo 1 oOpaTHOE
yTBepXIeHue (MpU3HAK MPSIMOYTOJbHUKA).

A D

OGpaTnas Teopema.

Ecin mmaronamm napajuiejiorpaMmMa paBHbl, TO 3TOT NapaJjliejiorpaMm
NPAMOYTOJIbHHK.

Lokazamenvcmeo. Ilycts B mapamnenorpamme ABCD puaroHanun AC u
BD paBHbl (puc. 2). TpeyronbHuku ABD i1 DCA paBHBI 110 TpEM CTOPOHAM
(AB=DC, BD= CA, AD — ob6was crtopoHa). Otclooga cJeayeT, 4TO
/A = £D. Tak Kak B NnapajuieJiorpaMmme IpOTHUBOIOJO0XHbBIE YIJIbl paBHbI, TO
LA=/Cwu £B= /D. Takum obpazoM, LA= ~£B= £C= /D. Ilapamneno-
rpaMM — BBINMYKJIbIA YETBIPEXYTOJIbHUK, TTO3TOMy LA+ ZB+ £C+ 2D = 360°.
CnenoBatenbHo, /A= /B=/C=/D=90°, 1.e. napamnesorpamm ABCD
SIBJISICTCSI MPSIMOYTOJIbHUKOM. Teopema moka3aHa.

3anaua 1. Ilepumetp npsimoyronbHuka ABCD paBeH 24 ¢cm, a ero aua-
roHanb BD paBHa 9 cm. Haiinute nepumerp TpeyroibHuKa ABD.

Pewenue. AB+ AD= P ,:2=24:2=12 (cm) — cyMMa CMEXHBIX CTO-
poH (cM. puc. 2). P,,,=AB+ AD+ BD=12+9 =21 (cm).

Omeem: P, =21 cm.
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3anaua 2. Haiinute nmepumeTp npsiMo- @ B
yronbHUuKa ABCD, eciu OuccekTpuca 2
yria B nepecekaeT CTOpoHY AD B TOuke ]
P v pgenut ee Ha orpesku AP=17cm u
PD =21 cm (puc. 3).

Pewenue. 1) Tak kak ABCD — 3
pSAMOYToJbHUK, T0 AD| BC u mosrtomy A P D
/2= /3 (KaKk HakKpecT Jexallue YIJIbl).
Ho £2= /1 no ycnoButo, cienosareibHo, /1= /3 u AABP — paBHO-
OellpeHHBbI TPEYroJbHUK ¢ ocHOBaHMeM BP. 3Hauut, AB= AP= 17 cm.

2) AD= AP+ PD=17 + 21 = 38 (cm);

Pocp=2AB+AD)=2-(17+38)=2-55=110 (cm).

Omeem: P, ., = 110 cm.

3anaya 3. JlokaxuTe, 4TO €CJIM Yy IapajjieJorpaMMa BCe YIJIbl paBHBI,
TO OH SIBJISIETCSI MIPSIMOYTOJIbHUKOM.

Pewenue. Yribpl mapasuienorpamma, Ipuiexallue K OIHON CTOpPOHE,
SIBJISIIOTCS.  BHYTPEHHUMM OJHOCTOPOHHMMM, MO3TOMY HX CyMMa paBHa
180°. Tak Kak MO YCJIOBMIO 3aJauyd 3TU YIJIbl PaBHbI, TO KaXXIbliA M3 HUX
NpsIMOil. A mapajuiesiorpaMM, Y KOTOPOro BC€ YIVIbl MpPsIMbIE, €CTh MPSIMO-
YTOJIbHUK.

Bonpocst, 3a0auu u 3adanus

1. 1) Kakoii mapanienorpaMm Ha3blBaeTCs MPSIMOYTOJbHUKOM?

? 2) CohopmynupyiiTe 0ocodoe CBOMCTBO MPSIMOYTOJbHUKA.

2. B npsmoyronbHuke ABCD: AB=9 cm, BC=7 cm. Haiinure:

1) paccrosinue or Touku C OO0 CTOPOHBI AD;
2) paccrosiHue Mexay npsimbiMu AB u CD.

3. Ilepumerp mnpsiMoyroibHuka paBeH 24 cm. Haiinute cymmy pac-
CTOSIHUI OT TPOM3BOJILHOM BHYTpEHHEN TOYKM IIPSIMOYTOJIbHUKA MO
€ro CTOPOH.

4. Tlepumerp mnpsimoyrojbHuka ABCD @ B P C
paBeH 24 cm. Touka P — cepeauHa

cropoHsl BC, a ZAPD=90° (puc. 4).
Haiinute cTOpOHBI MPSIMOYTOJbHUKA.

S. JlokaxuTe, 4TO €CJIM Y YEThIPEXYroJib-
HUKa JAWaroHaJM paBHbBlI U JENSITCS
TOYKOM IepeceyeHus IMoIojaM, TO 3TOT % D
YEThIPEXYTOJbHUK — IMPSIMOYTOJIbHUK.

6. CropoHbl mapaiesorpamMma paBHbl 4 cm u 7 cm. Moryt au ero
JMaroHanau paBHAThbCS: 1) 12 ecmu S cm; 2) 10 cm u 3 cm?

7. Haiinute cTOpOHBI NMPSIMOYTOJIbHUKA, MIEPUMETP KOTOPOTo paBeH 42 cm,
a OJTHa CTOPOHA B JiBa pas3a OOJIbILIE IPYTO.
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(( 5—6. CBOMICTBA POMBA M KBAJIPATA

1. Pom0 u ero csoiicTBa.

D)

[ Onpenenenne. Pombom Hazvieaemcs napainesoepamm, y Komopoeo eceﬁ
c

mopoHwl pasvl (puc. 1).

Tak kak poMm0 gBJISIETCS IapasleJloTpaMMOM, TO OH OO0JIagaeT BCEMU
CBOMCTBaAMM Tapajuiesorpamma. PaccmMoTrpum ocoboe CBOMCTBO poMoOa.

Teopema.

I[uarona.lm p0M6a B3aUMHO NEPNECHIUKYJAPHBI U JCJIAT €ro yrjbl Imo-
noJjiaM, T.€. ABJIAIOTCA GHCCCKTplflcaMH €ro yYriioB.

Jlokazameavcmeo. Ilyctb auaroHaniu pomba ABCD nepecekaloTcsl B
Touke O (puc. 2). IlocKoybKy CTOPOHBI poMOa paBHbI, TO TPEYTroJbHUK
ABC paBHOOenpeHHbII ¢ ocHoBaHUeM AC, a N0 CBOMCTBY auaroHajei
napauienorpamma Touka O — cepenuHa AC. CienoBaresibHO, OTpe30K BO —
MeIMaHa paBHOOEAPEHHOIO TPEyrojibHUMKA, KOTOpasi OIHOBPEMEHHO
SIBJISIETCSI €r0 BBICOTON UM OMCCEKTpUCOi. DTo o3Hayaer, uto BD 1 AC, T.e.
NUaroHaad pomba nepneHaAuKyasspHbl, u ZABD = 2CBD, T1.e. BD — 6uc-
cektpuca yrina ABC.

AHaJIOTMYHO JOKa3bIBa€M, UTO IMAroHaad poMoOa siBJsIIOTCS OMCCEeKTpU-
camMu U Apyrux ero ymioB. Teopema nokaszaHa.

3amaga 1. Juaronanp BD pomba ABCD ob6pa3yeT ¢ ero CTOpOHOI
yroJ, paBHblil 35°. Haligure yribl pom6a (puc. 3).

Pewenue. Ilycts ZABD = 35°, Ttorma £ CBD = 35° (110 cBOICTBY poM0a).
CnenoBatenbHo, ZLZABC=2 ZABD =2 -35"=70°, ZADC= ZABC="70°
(2- e cBoiicTBo mnapamienorpamma), /DAB=180°— ZABC (1-e CcBOICTBO
napasienorpamma). 3Hauut, L DAB = 180° — 70° = 110°, LBCD = ZDAB = 110°
(2- e cBOMCTBO TapajiesorpaMma).

Omeem: 70°, 110°, 70°, 110°.

3anava 2. Moryt 1M pa3janyHble poOMObI UMETh PaBHbIC TTEPUMETPHI?

Pewenue. POMOBI. KOTOpPbIE MMEIOT paBHbIE MEPUMETPHI, Pa3TUYAIOTCS
MeXIy coOoi ToJbKO yriaaMu. Hampumep, ecim ocTpblii yroa pomoba:
1) paBeH 40°, To ocranbHble yribl paBHbl 140°, 40°, 140° COOTBETCTBEHHO;
2) paBeH 15°, To ocTanbHbIe Ykl paBHBI 165°, 15°, 165° COOTBETCTBEHHO U

@B , CC2>B , cl|B C@
0 '35\
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(4) B C B c (50 B
y ' O
A —0— C
AB = BC = CD = DA
+ JA=sB=sC=—+
=/D =90 0
1 | r D
% a D 4 6 D AC=BD, ACL BD

T.0. [Togo6HO 3TOMY, MOXHO BMECTO OCTPOIO yrja Oparh pa3JMYHbIE TYITbIE
yribl. Omeem: na, MOTYT.
2. Ksazpar u ero cpoiicTna.

Onpeneneﬂne. Keat)pamom Hassvleaemcs npAmMOycOAbHUK, Y KOmopoco
6Ce CMOpPOHbL pAa6HbLL.

MoXHO cKa3aTb, YTO KBaJpaT SIBJISIETCSI pOMOOM, Y KOTOPOTO BCE YIJIbI
npsMbie ( puc. 4, a). KBagpaT OZHOBpPEMEHHO SIBJISIETCS Mapajieorpam-
MOM, TNPSIMOYTOJbHUKOM M pOMOOM M, 3HAYUT, 00JIalaeT BCEMU CBOMCTBaA-
MU 3TUX Guryp. [IpuBeaemM oCHOBHbIE CBOMCTBA KBajaparTa.

1°. Bce yribl KBaapaTa npsiMbie.

2°. JImaroHa;id KBajJpaTra paBHbI MEXKIY COOOii.

3°. luaronajam KBaJapaTa B3aMMHO NePHEHIUKYJAPHBI, NeJST YIJbl KBaJ -
paTa momoJiaM M JieJAaTcs TOYKOH mepecedyenuss nonojaam (puc. 4, 0).

JloKaxKuTe 3T CBOMCTBA CAMOCTOSITEJIBHO.

3amaua 3. JlokaxuTe, 4TO €CIM B poMOe IuaroHajaud paBHBI, TO 3TOT
pOMO SBJISIETCSL KBAIPATOM.

Hoxazamenavcmeo. Tak Kak poMmO SBISIETCS MapajieorpaMMoM, TO U3
MpU3HaKa MNPSIMOYTojJibHUKA CleayeT, YTO poMO, Y KOTOPOro paBHbI Iua-
TrOHaJIU, SIBJISIETCS TIPSIMOYTOJIbHUKOM, a 3HAYUT, OH SIBJISIETCS] KBAaJpPaTOM.

3anaya 4. B BBIMYKJIOM YeTbIPEXYTOJbHUKE AUATOHAIU MEePHEHIUKYJISp-
Hbl U paBHbI MeXIy cO0Oil. SIBnseTcss U 3TOT YEThIPEXYrOJbHUK KBaapa-
TOM?

Pewenue. Ha puc. 5 npuBeaeH oauH U3 MPUMEPOB, YAOBIETBOPSIOIINX
yCJIOBUIO 3aAauyu. B aToM ciyyae ogHa M3 aMaroHajei pasaesieHa IornoJjiam
Ha yactu. Ho B 3TOM cilyyae BBINTOJHSIOTCSI TOJBKO HEKOTOpPbIE CBOMCTBA
kBagparta: 2° U 3°, T.e. BBINOJHSIETCSI YCJIOBUE B3aMMHON MepIeHIUKYJISIP-
HOCTM JAuaroHajei u ux paBeHCTBO. [103TOMYy 3TOT YeThIpeXyroJbHUK HeE
SIBJIIETCSI KBajJpaToM. B ornpeneneHHBbIX ciiyyasix, o0e AuMaroHajid 4YeTbIpex-
YroJbHUKA MOTYT JEJUThCs momnoiaM. TOJIbKO B 3TOM CJyyae 4eTblpex-
YTOJbHUK OyIeT KBaJpaTOM.

Omeem: He 0053aTEIILHO.
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Bonpocst, 3a0auu u 3adanus

1.
c,

2.

10.

11.

12.

13.

1) Yo takoe pom6? Ilepeunciaute cBoiicTBa poMoa.

2) Urto Takoe kBangpar? JlaiiTe onpeneneHue KBaapara, UCXOAsI U3 MOHSI-
TUIA: a) mapajuiesiorpamMmma; 0) pom0a; B) NMPSIMOYTOJbHUKA.

3) IlepeuncauTe CBOICTBA KBaapaTa.

CropoHa kBaapata paBHa 20 cm. Hailigute paccTosHue OT TOUYKU
MEePeCceUYeHUs AUaroHaJIel 10 OJMHOM M3 CTOPOH KBaapara.

Cropona pomba ABCD paBHa 24 cm, @

a yron A paeH 30°. Haiinute pac- B ¢
CTOSIHME OT BEpUIMHBI B 10 IMPOTUBO-

Jiexaitieii eir croponsl AD (puc. 6). q

B mycThle MecTa mocTaBbTE COOTBETCT- 1 520 PD

BYIOLLIME YMCIIA.
Pewenue. Pacctosinue oT Touku B no npsimoir AD paBHO JJIMHE Tiep-
MEeHAMKYJIsIpa, MPOBEAEHHOIO M3 TOYKM B Ha 3Ty IpSMYylO, T.e. IJIMHE
otpe3ka BP. Paccmorpum TpeyroibHuk ABP. ZAPB= ..°, ZA=..",
AB= ...

Torma BP=0,5-...=0,5-...= ... (cm) (10 CBOMCTBY KareTa, JieXallero
npoTuB yria...’). Omeem: BP= .... cm.

1) (/lIpakmuueckue 3adanus.) Kak MOXHO IOCTpOUTh: 1) poMO U3 IBYX
pPaBHBIX TPEYroOJbHUKOB; 2) poMO M KBaapaT U3 YEThIpeX PaBHBIX Tpe-
yroibHUKOB? TToKaxkuTe BO3MOXKHBIE PEIICHMSI.

B paBHOOeApeHHbI MPSIMOYTOJbHBIN TPEYroJbHUK BIIMCAH KBaapaT
TakK, YTO JB€ €ro BepIIMHBI JieXaT Ha TMIIOTeHY3e, a JBe Apyrde — Ha
Karetax. Haiigure ctopoHy KBagparta, eCiyd rMnoTeHy3a paBHa 21 cm.
VYribl, o6pa3zyemMble AuaroHajasIMu poMOa C €ro CTOpOHAMM, OTHOCSTCS
Kak 2 : 7. Haitgure yriael pomoa.

Kaxkast moayuurcst ¢purypa, ecid cepeauHbl CTOPOH KBajpara IMocjieno-
BaTeJIbHO COCAMHUTb OTPe3KaMU?

JlokaxxuTte, 4TO BCE BBICOThI pOMOa paBHBI.

CTOpOHBI YEThIPEXYroJIbHUKA OTHOCATCS Kak 2:4:5:7, a mepumerp
paBeH 108 cm. Haiiaute cTOPOHBI 3TOr0 YEThIPEXYrOJbHUKA.

Haiinute mepumerp pomba, y KOTOPOro OIWH M3 YIJIOB paBeH 60°,
a MeHbllasi TUaroHajab paBHa 16 cm.

Yrabl, o6pazyeMble JMaroHaJsIMM poM0Oa C OMHON M3 €ro CTOPOH, OTHO-
csTcs Kak 5 : 4. Haiigute yriabl pomoa.

HaiinuTe cTropoHy KBaapaTa, NMEepUMETP KOTOPOTO paBeH MEPUMETPY
MPSIMOYTOJIbHUKA, UMEIOIIEro IauHy 32 cm, a IUpUHY 28 cm.
HaiinuTe nepumeTp YeTbIpeXyrojibHMKa, €CJAM €ro HauMMeHbIas CTO-
pOHa paBHa 5 cm, a Kaxjasl clAeaylollasi CTOpoHa Ha 2 cm OoJibllie Mpe-
JBIAYILIEHA.
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Q 7—8. TPAIIELIUS U EE CBOIICTBA )

1. Onpenenenne tpanemun. Kaxk uzBecTHO, J1000H MapaiesorpaMmm
MMeeT JBE Iapbl MapasuleJIbHbIX CTOPOH. PaccMOTpuMM Terepb YeThIpeX-
YTOJIbHUK, KOTOPBI MMEET TOJBKO OJHY Mapy IapaiiebHbIX CTOPOH.

Onpenenenne 1. Tpaneuueii Ha3zvieaemcs yemvlpexy20ibHUK, ) KOMO-
p02o 06e CMOpPOHbL NAPALLeNbHbL, A 08e Opyeue He NapaiielbHbl.

[NapamienbHble CTOPOHBI Tpaleldu Ha3bIBAIOT €€ OCHOBAHUSAMU, A HE
napajuieJibHble CTOPOHbI — 60KoebiMu cmopoHamu. Ha pucyHke 1 B Tpaneuuu
ABCD ctoponbl AD u BC gpnsiiorcst ocroganusmu, AB n CD 60ko06bimu
CMOPOHAMU.

Onpenenenne 2. Ilpamoyeoavnoii mpaneyueil Ha3viéaemcs mpaneuyus, y
Komopoil 00Ha u3 OOK0BbIX CHOPOH NEPNeHOUKYASAPHA OCHOBaHUsAM (puC. 2).

Onpenenenne 3. Paenobedpennoii mpaneuueil Hazvieaemcss mpaneyus,
Yy Komopoli 60K08ble CIMOPOHbL PAGHDL.

Ha pucynke 3 uzo6paxkeHa paBHoOenpeHHas: Tpaneuusi ABCD: AB= CD.
2. Ilpusnak tpanenun. Ternepb pacCMOTPUM, MpPU KaKUX YCJIOBUSIX YEThI-
pexyronbHUK ABCD Gyner Tpareuuei.
Teopema.
Ecin B yeTbipexyroibHUKe CyMMa JBYX YIVIOB, MpPHJIEXKAIUX K OJHOM
cTopone, papHa 180°, a cymma aByX yrJjioB, NPIIEXAIIMX K CMEXKHOI CTOPOHE,
oTimyHa ot 180°, TO 3TOT YeTHIPEXYrONbHUK SIBJASETCS Tpamneluei.

Lokazamenvcmeo. Ilyctb B yeTbipexyroibHuke ABCD ZA + ZB=180° u
LA+ 2D # 180°. lokaxem, 4yTO YeThlpexyroibHUK ABCD sBisiercs Tparne-
uueii. Bo-TepBBIX, TMOKaxkeM, UTO Tapa €ro IPOTHMBOMOJOXHBIX CTOPOH
napayutencHa. Ilposenem mnpsimyro AB, BC(l) u AD (l) (puc. 4). Ilo
ycnoBuio LA+ £B= 180°, torna orpe3ku AD u BC napaijiebHbl MO MPU3-
HaKy MapajuleJIbHOCTU (ecau npu nepecedenuu 08yxX npamuix a u b mpemoeii
NpAMOU €, CyMMa 08YX GHYMPEHHUX OOHOCMOPOHHUX Yenoe paena 180°, mo
npsmole a u b napansenvol.).

1) B C B C 3) B C
(0 3 @) (3
AD | BC
ABY DC
-
A D A o D| |4 D
ADn BC —ocHOBaHUS, £A=90°, AB= DC,
AB u DC — 6oKoBBIE HPAMOYTOJIbHAA paBHOGeIpEeHHAs
CTOPOHbI Tparenust Tpanewnust

19



Bo-BTOpBIX, YCTAHOBUM, 4YTO ABE JIPYrde€ CTOPOHBI YETHIPEXYroJbHUKA
ABCD ue napamienbHsl. [1o yenoBuio £ZA + £D # 180°, B 3TOM cllyyae OTpe3Ku
AB u DC O0yaytr He mnapajuielibHbl (no namoiu akcuome FEexauda, m.e. He
8bINOAHSeMCsl Heobx00umoe ycaosue napaiieavHocmu npamuix). CaenoBaTeslbHO,
yeTblpexyrojbHuk ABCD Oynet Tpaneuueit. Yto u TpedoBaaoch 10Ka3aTh.

M3 2T0i1 TeopeMbl BhITEKAET ClIeIyIollee CIEACTBUE.

Cnencreue. Ecau odun uz yenoe mpaneyuu pasen 90°, mo ewe 00uH yeon
mpaneyuu paser 90°.

Onpenenenne 4. Bbicomoi mpaneuuu Hazvieaemcs nepneHOUKyYAsp,
NpoBedeH bl U3 MOUKU 00H020 OCHOBAHUS K NPAMOL, codepicaujei opyzoe
OCHOBaHUe.

JI1060i1 OTpe30K MpsIMOM, MEPIEHAUKYJISIPHBIA OCHOBAHUSAM U 3aKJIO-
YEHHBI MEXAY HMUMM, MOXHO B3SITb B Kau€CTBE BBICOThI Tpameluu, T.€. B
TpaneLyy MOXHO ITPOBECTU 0€CKOHEUHO MHOTO BBICOT (puc. 5).

3. CpoiicTBO paBHOOEIPEHHOH TpaNeIHH.

Paccmorpum paBHOOenpeHHyto Tpaneuuto ABCD, rne AD = a — 00jb-
mee ocHoBaHue, BC = b — meHbliee ocHoBaHue. [IpoBememM M3 BepIIMHBI
B menbliero ocHoBaHusl Beicoty BP (puc. 6). Ilycth OCHOBaHME BBICOTHI
P pazouBaet ctopoHy AD Ha oTpe3ku AP u PD.

Teopema.
BbicoTa paBHOOenpeHHO# Tpamemud, OMYIMIEHHAS] W3 BEpPHIMHBI TYNOIO

yria, JeJuT OoJibliee OCHOBAHME TpamelMd HAa YacTH, PABHbIE MOJIY-
Pa3HOCTH M NOJYCyMMe€ OCHOBAHMIi, TO €CTh:

AP=a_b PD=a+b

b 2 *

Jokazamenvcmeo. OnyctuMm u3 BepiumHbl C CF 1 AD. TlpssMoyroyibHbie
TpeyroibHUKU ABP u DCF paBHbI, TaK KaK paBHbl WX TMIIOTEHY3bI:
AB= DC (no ycinoBuwo) u KateTbl: BP= CF (KaKk paccTosiHUSI MeXay Iapa-
JeabHbiMU mpsiMbIMU BC u AD.) VI3 paBeHCTBa TPEYroJIbHUKOB CJEIyeT,
yto AP = FD. Ilpsmbie BP u CF, nepneHIuKyJspHble OIHONH M TOW Xe
npsiMoii, napamienbHel. Torna BC = PF= b. Utak,

AP:FD:ﬂJ;”, PD:AD_Apza_“;bza;b_

B C B C
n/ | |n |B\ & 7 \
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Takum obpazom, AP = HTJ’ u PD= a;b.

YTto 1 TpedoBaIoCh 10Ka3aTh.

3anaya 1. JlokaxuTe, 4YTo B paBHOOEAPEHHOU Tpameluu paBHbI YIJIbI
MPU OCHOBAHMSIX.

Pewenue. Tlyctb ABCD — paBHOOenpeHHasi Tpaneuusi, 1.e. AB= DC u
AD || BC. [lokaxeM, 4TO B paBHOOEAPEHHOM TpaIlelU PaBHBI YIJIBI IIPU OC-
HoBaHUusIX AD u BC (LA=4«D, £B=2C).

ITpoBeaem BbicOThl M3 BepiuH (B u C) TYNbIX YIJIOB K OCHOBaHUIO AD:
BP1 AD, CF1 AD (cMm. puc. 6). PaccMOTpUM TIPSIMOYTOJIbHBIE TPEYIrOJib-
Huku ABP u DCF. Y Hux AB= DC, kaKk OOKOBBLIE CTOPOHBLI paBHOOEHI-
peHHoil Tpaneuuu, BP= CF, Kak pacCTOSIHUSI MeXAy MapasuieJbHbIMU
npsameiMu BC u AD. CnenoBateibHo, AABP= ADCF no rumnoTeHy3e u
katety. OTcloma cienyer, uro LA = ZD.

Vbl Ttpaneuun A u B, C u D 9BISIIOTCS. BHYTPEHHUMM OJHOCTO-
POHHMMM yIJaMu, TPU NapajiejbHbIX NpsMbIXx AD u BC u cekyluMu
AB u CD coorBercTBeHHO, Moatomy LA+ /ZB=180° u £C+ £D=180°.
Orcrona cnenyet, uto /B=/C. Takum o0pa3oM, yIJbl NMpPU OCHOBAHWUU
paBHOOeApeHHON Tpaneuuu paBHbl: LA=/D n £ZB=/C. Yto u Tpebdo-
BaJIOCh JTOKA3aTh.

3amaua 2. MeHblllee OCHOBaHME PaBHO- B
OOKOI1 Tparneuuu paBHO OOKOBOI CTOpPOHE, a @
JNUaroHaab IMeprneHauKyJasipHa OOKOBOM CTO-
poHe. Haiinurte yribl Tpaneuuu.

Pewenue. Ilyctb gaHa paBHOOOKAsSI Tparie-
st ABCD, B kortopoii AD || BC, AB= BC= CD,
AC L CD (puc. 7). Ilo ycnoBuio 3agauu Tpe- |A D
yroibHUK ABC paBHOOEAPEHHBIN C OCHOBa-
Huem AC, cnenoBatelbHO, LBCA=/CAB. Ho ZA= /D, KaKk yriel npu
OCHOBaHUM paBHOOOKo# Tparneuuu, a £LCAD= /ZBCA, Kak BHYTpeHHUE
HakpecT Jexaume yriel npu  AD| BC u  cekyweit AC. 3Hauwur,
£LA=2/CAD. [lanee, 1o ycioBuIO TpeyroJbHUK ACD — NpsSIMOYTOJIbHBINMA,
Ttak 4T0 LCAD+ 2D = 90°, HO TaKk Kak ZD= /A, To 90°=32£CAD, cineno-
BatebHO, L CAD=30° u Ttorna /D=/A=60°, ~.C=,/B=120".

Omeem: /A=,D=60°, /B=,/C=120".

3anaya 3. OTHOIIEHHWE CTOPOH pPaBHOOEAPEHHON Tparenuu paBHO
1:1:1:2. Haitgute yrjisl 3Toii TpaneLuu.

Pewenue. Ilyctb B Tpaneuuun ABCD B C
AB=BC=CD=1 u AD=2. O603HauuM ue-
pe3 P cepenuHy ctopoHbl AD (puc. 8). B ye-
ThIpexyroibHuke ABCP TpOTUBOIOJOXHBIE s X
ctopoHbl AP u BC paBHBI U Mapaljie/IbHBI.
3HA4YUT, 3TOT YETHIPEXYTOJbHUK — IMapalijie- | |
JjorpamMMm, WM, ciaegoBaTelbHO, PC=AB=1.
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B tpeyronbauke PCD Bce cTopoHBI paBHBI 1, moatomy ~PDC = 60°. Takum
o6pasom, B Tpaneunu ABCD /A= /D=60°u £B= 2C=120".

Omeem: LA=,/D=60°, /B=,2C=120".

Bonpocst, 3a0auu u 3adanus

10.

11.

12.

1) Kakoit yeTblpexyroJibHUK Ha3bIBaeTcs Tpanenuei? Kakue cTOpoHbI
Ha3bIBAIOTCSI: @) OCHOBAHUSIMU;, 0) OOKOBBIMU CTOPOHAMMU?

2) Kakas Ttpaneuuss Ha3bIBaeTCsl: a) paBHOOEAPEHHOM; ©0) mnpsaMo-
YTOJIbHOM?

Bbicora Tpaneinuu, He Mpoxofsiiasl yepe3 ero BeplivHy, pa3ouBaeT Tpa-
MEeLMIO Ha ABE MpPsSIMOYToJibHbIe Tparnenuu. [TokaxuTe 3To Ha YyepTexe.
bokoBble CTOPOHBI NPSMOYTOJIbHOWM Tpaneuuu OTHOCITCS Kak 1 :2.
Haiinure HanOOJIbIIMIA yroa Tpareuuu.

OcHoBaHus Tparneuuu paBHbl 12 cm 1 20 cm, a O0KOBbIE CTOPOHBI 4 cm
1 11 cm. M3 KOHLIa MEHbILIETO OCHOBAaHMS IIpOBEACHA MpsMasl, mapai-
JieJIbHasl MeHbllIeil 60KOoBOM cTtopoHe. Hailaute nepumerp OTCEYEHHOTO
TpeyroJjbHHUKa.

VYl A u D 1npu OCHOBAaHMHU TpamneLuu B C

ABCD paBubl 75° u 55° (puc. 9). Haiinure @
IpallyCHble MEpbl OCTAJIbHBIX €€ YIJIOB. 3a-
MOJHUTE MPOITYCKMU.

Pewenue. Yrael Au B, C u D gBnsiorcs on-
HOCTOPOHHUMM MpU TepecedyeHuu mapa-
JeNbHBIX NpsIMbIX AD u BC cexyliuMu ... U | 4 D
. CrnenoBarenbHo, <ZA +/ZB=.." 1u
£C+«D=..". Tak kxak 1o yciaoBuwo ~LA=75 wu «£D=155°", TO
ZB=."-/A4=.."-.."=.."n £LC=."-4D=.."-."=.".

Omeem: «B= ..., 2C = ...

Haiinute ocHoBaHUs paBHOOEIPEHHOW Tpameluu, €cld OAWH U3 ee
yrioB paBeH 60°, nMHa 60KOBOI CTOpOHBI 16 cm, a cyMMa JUIMH OCHO-
BaHMit 38 cm.

B paBHOOeapeHHON Tpaneuuu BbICOTA, MPOBEACHHAsT M3 BEPILIMHBI TY-
IOro yrjia, JeJUT OoJiblliee OCHOBaHME Ha OoTpe3ku 3 cm u 17 cm. Haii-
JIUTE€ OCHOBAHUS TpameLuu.

JokaxuTe, 4TO JMaroHaJIM paBHOOEAPEHHON Tparelyuu paBHBbI.

Moxert 1 B Tpaneluu ObITh: 1) Tpu NpSIMBIX yIIa; 2) TPU OCTPBIX YIJa;
3) cymma tpex yrioB paBHO# 180°? OOGOCHYITE OTBETHI.

HaiinuTe yriabl mpsIMOYrojibHOM Tparelyu, €CJid OTHOILIeHWEe HauboJIb-
1IIEr0 M HAaMMEHBIIEro UX HUX paBHO 3 : 4.

HaiinuTe HeusBeCTHbIE YIVIbl PaBHOOEAPEHHOMN Tpameuuy, B KOTOpOW
BbICOTA, MPOBEACHHAsI M3 BEPILUIMHBI TYIOro yrjia, oopasyeT ¢ OOKOBOM
CTOpOHOI yrona 19°.

AunaroHanb paBHOOEAPEHHON Tpameuuy IEIUT IMOoMojaM ee TyHoi yroJ.
Haiiaute nepumetp Tparenuu, eciv ee ocHoBaHus paBHbl 10 cm 1 20 cm.
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S 2. TEOPEMA ®AJIECA U EE IPUMEHEHWE

[ 9. TEOPEMA ®AJIECA )

Teopema.

Ecim mapaiienbHbie mpsMbie, MepeceKaionme CTOPOHBI Yrja, OTce-
Kal0T Ha OJHOH CTOPOHE PaBHbIE OTPE3KH, TO OHH OTCEKAIOT PaBHbIE OT-
Pe3KH W HA JIPYroii ero CTopoHe.

Jloxazamenvscmeo. IlycTb Ha cTOpoHE (JTyye)
a yrna aOb c BepumHoit O OTJIOXEHbI paBHbIE
otpesku AA, u A,A;,, U 4Yepe3 HUX KOHIUBbI
(A,, A,, A;) npoBeneHbl Mapaysie/ibHbIe MpsIMble
AB,, A,B, u A,B,, mnepecekawllle CTOPOHY
(iyya) b B Toukax B,, B,, B; (puc. 1).

Tenepb moKaxeM, 4TO MOJYYEHHbIE OTpe3-
ku BB, u B,B; paBHbl, T.e. ecnu  A\A, = A,A;,
T0 BB, = B,B;.

IIpoBenem uepe3 Touky B, mpsamyio CD, @
napajieiabHyto jyay a (puc. 2). Ilyctb 3T1a
npsiMasi mepecekaer mnpsimple A,B, u A,B; B C\ BX 24A\D

toukax C u D. Yersipexyronpuuku A, CBA, u |~ \J53 19 9

A, B, DA, — napajieiorpaMMbl 10 OTPEACIEHUIO, B,

TaK KakK IO YCJIOBUIO MPOTUBOIMOJIOXKHBIE CTO-

POHBI PaBHBI U MO MOCTPOCHUIO MapasUIeTbHbI. 0 A i A, i A\ a

I[lo ycnoBuro A A,=AA4;, AA=CB, nun
A,A;= B,D, xak NOpOTUBOIOJOXHBIE CTOPOHBI
napauienorpamma. CienoBateiabHo, CB, = B)D.

Paccmotpum tpeyroasiuku B,B,C u B;B,D. Y nux CB,= B,D no noka-
3aHHOMY, Z£1 = £2 KaK BepTUKaJIbHble, a £3 = /4 KaK BHYTPEHHME HaKpecT
Jiexxalle Mpy napauiebHbIX NpsMbIX A, B, u A,B; u cexyieit CD.

CnenoBatenbHo, AB,B,C= AB;B,D 110 BTOpOMY IPU3HAKY PaBEHCTBa
TPEYTroJIbHUKOB, OTKyna BB, = B,B;.

Takum obpasom, eciu A,A4, = A,A;, To BB, = B,B;. Teopema nokasaHa.

Ilpumvevanue! Ob6pamum eHumanue, umo 6 ycaosuu meopemvl Daneca
émMecmo CMOPOH Y2Aa MOJUCHO paccmampueams aA00vle 08e NpouU38oabHbIe
npsamble, NPU IMOM 3aKAUeHUe meopembvl 6ydem mo ice.

[Toaromy Teopema @asieca MoxeT (OPMYJIUPOBATHCS U CICAYIOLIUM
o0paszom.

Cnencteue. IlapaanenbHble mpsiMbie, Nepecekalmiue JBe JAaHHbIE
npsMble M OTCEKAIoIMMe HA OJHOW MNpPAMOM paBHbIE OTPE3KH, OTCEKAIT
paBHbIe OTPE3KHM ¥ HA JAPYroi nmpsiMoi.
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3anaua 1. ([Jenrenue ompesxka na pasnvie yacmu.) Paznenum orpe3ok AB
Ha n paBHbBIX YaCTEM.

Pewenue. Tlyctb naH otpe3ok AB. Ilokaxem, Kak pasfaeiauTbh €ro Ha
n paBHbIX yacteid. st aToro u3 Touku A nposeaem jyd AC He Jiexallui
Ha npsiMoii AB, 1 Ha HeM OT TOYKU A OTJIOXMM MOCJEIOBaTeJIbHO # paB-
HbIX OTpe3KOB AA,, A\A,, A)As, ..., A, |A,, T.€. CTOJIBKO, HA CKOJIBKO PaB-
HBIX YacTeil HYXKHO pa3ie/]uTh JaHHBII oTpe30oK AB (puc. 3, n=6). I1poBe-
neMm mnpsimyio A,B (Touka A, — KOHell MOCJEIHEro OTpe3Ka) W Iapal-

JieNIbHbIE el TIpsiMble uyepe3 TOUku A,, 4,, A;, ..., A,_,. I1lo Teopeme Daneca
5TU MpSIMbIE JENSIT OTpe30K AB B Toukax B, B,, B;, ..., B, | Ha n paBHBIX
yacreit: AB,=B,B,=...= B, |B.

AHAJIOTMYHO, MOXXHO pa3le/IUTh IPOM3BOJIBHBIN OTPE30K Ha Jiroboe
KOJINYECTBO PaBHBIX YacCTei.

3anaua 2. B TpeyronbHuke ABC cropoHa BC pasjieneHa Ha 4eTbipe
paBHbIE YaCTU, U Yepe3 IMOJIyUeHHbIe TOUYKM ACJCHUS MPOBEACHBI IpsIMbIE,
napajieyibHbie cTopoHe AB paBHoit 18 cm. Haiinute oTpe3ku npsiMbIX, 3aKJII0-
YeHHbIE BHYTPU TPEYrOJbHMKA.

Jano: B ANABC: BB, = B,B,= B,B;= B,C, AB=18 cm;
B, G || B,G, ||B;C, || AB.

Haumu: B,C;, B,C,, B,C, (puc. 4).

Pewenue. 1) Tlposenem A,B;|| A,B, || A;B, || AC.

2) ITo Teopeme PDaneca:

AA = A A, = A,A, = AB=AB:4=18:4=45 (cm).

3) YerbipexyroiabHuk AA, B;C, — nmapasuiesorpaMmm 1o OonpeaesieHuIo, Tak
Kak AA, | C,B; (1o ycnoBuio) u A,B; | AC, (1o moctpoenuio). CienoBaTebHO,
AA, = C,B;=4,5 (cm).

4) YetwipexyrojbHUk AA,B,C, — napajjenorpaMm 10 oIpeaeeHnuIo, Tak
Kak AA, | C,B, (1o yciosuio) u A,B, || AC, (o mocrpoenuio). CiienoBatesibHO,

AA2 = Csz = 2AA1 = 2 : 4,5 = 9 (Cm).




A'Al' A2| ABI i a

5) YertslpexyroibHuk AA,B,C; — napajuieaorpamMmM 1o ONpeaeeHuIo, Tak

Kak A4, || C;B, (o yciosuio) u A, B, || AC, (o nmoctpoenuio). CrienoBaTtesbHO,

'~

AAs= C3B, = 344,=3-4,5= 13,5 (cm).
Omeem: C\B;=4,5 cm, C,B,=9 cm, C;B,= 13,5 cm.

Bonpocst, 3a0auu u 3adanus

1) Chopmynupyiite Teopemy Pareca.

2) Kak, ucnonnsyst teopemy PDaneca, pa3neauTb OTPE30K Ha A7 PaBHBIX
qacTeit?

Paznenute ¢ moMollbio TUPKYIAST U JIMHEMKU OTPe30K AB: 1) Ha naBe
paBHbIE YacTH; 2) Ha TPM paBHbIC YacCTH; 3) Ha LIECTh PaBHbIX YaCTEH.

. Hano: ZA, AB=BD=7 cm, BC|| DE, CE=5 cm (puc. 5).

Haiumu: AC.
lano: £a0b, OA= AA, = A A, = A,Ay= AsA,,
AB|| A\B, | 4,8, || A;Bs|| A4B;, OB, =8 cm (puc. 6).
Haiimu: OB,, OB,, OB;.
Touku M u N — cepeaunnl ctopoH BC u AD napamienorpamma ABCD.

HokaxwuTte. yto npssmbie BN u MD nenst nuaroHaib AC Ha Tpu paBHbIE
yacTtu (puc. 7).

B tpaneuuu ABCD uyepe3 BepllMHYy B npoBeneHa
npsMast BK, napauienbHasi ctropoHe CD (puc. 8). @ B C

1) Hokaxure, yto KBCD — napajuiesorpamm.
2) Haiigute nepumerp tpaneuuu, eciu BC =4 cm,
Pi=11 cm.

Paznenure naHHbIii oTpe3oK AB: 1) Ha uerbipe
paBHBIE YacTy; 2) Ha ISITh PaBHBIX YaCTeil.

IMo gaHHBIM pucyHKa 9 HaauTe X, eciau al| b.

. Hano: 2a0b, OA= AA, = A\A, = A,As= A3A,, @
AB|| A, B, || A,B, || A;B; || A4B,, OB, - B3B, = 18 cm 3 2
(cM. puc. 6). x
Haiimu: OB,, OB,, OB, 4 N\a b
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10—11. CBOUCTBO CPEJHEUN JIMHUMN TPEYT'OJIbHUKA.
\ CBOUCTBO CPEAHEU JIMHUUN TPAIIEIINN

1. CBoiicTBO cpeJHell JMHHHM TPEYroJbHHKA.

Onpenenenne. Cpeodueil aunuenl mpey2oibHUKA HA3bIBACMCS 0mpe30x,\

| coedunstouuil cepedutbl 08yx €20 CMOpPOH. )

Ilycts B TpeyronbHuke ABC Ttouku D u E — cepeauHbl CTOpOoH AB u
BC coorBerctBeHHO, T.e. AD=DB u CE= EB. CoenyuHUM 3TU TOYKU
otpe3koM DE. OtHocutenbHo cpenHeir JuHuuM DE ctropoHa AC gBisieTcs
ocHosanuem mpeyeoavhuka (puc. 1). B 11060M TpeyrojbHMKE MMEIOTCS TpU
cpenHue JUHUM (puc. 2).

Teopema 1.

Cpeansia JMHASA TPEYroJbHHKA NMAapajljie/ibHA OIHOH M3 ero CTOPOH M
pPaBHA NOJIOBHHE 3TOH CTOPOHBI.

Jano: B AABC: AD= DB, CE= EB, DE — cpenHssi auHusi (puc. 2).
Tpebyemcsa dokazams: 1) DE || AC;, 2) DE = %AC.

Jlokazamenvcmeo. 1) Ilycts DE — cpenHsia nuHusl TpeyroibHuka ABC.
ITpoBenem uepe3 Touky D mpsmyro, napaiienbHyio AC. 1o teopeme Da-
Jleca oHa repecekaeT oTpe3ok BC B €ro cepeiauHe, T.e. COAEPXKUT CPEIHION
quauio DE. 3Hauut, cpenHsist auHus DE napanienbHa cropoHe AC.

2) IlpoBeaem Ttenepb cpenHiow JuHUO EF. Ilo TOJbKO 4TO nOKa3aH-
HOMY OHa Oyner mapauiesibHa ctopoHe AB, 1.e. EF | AB, orciona EF || AD.
YeroipexyronbHuK ADEF ¢ monapHo napajuieJibHbBIMU CTOPOHAMU MO OIlpe-
NeJICHUIO sIBJISIETCS MapajuiesorpaMmMomMm, otkyna DE= AF. A TOCKOJbKY
F — cepequna AC, To DE = %AC . Uto u TpeboBaaoCh J0OKA3aTh.

3anaua. IlepuMeTp TpeyrojibHUKa paBeH p, CEpeIMHbl CTOPOH COEAU-
HeHbl oTpe3kamu. Haitnure repuMeTp MoayYMBIIErOCs TPEyroJbHUKA.

Pewenue. CTOpOHBI MOJIyUMBILIETOCS TPEYrOJbHUKA SIBJSIIOTCS CPEIHU-
MM JIMHUSIMA HMCXOAHOro TpeyrojbHuka (puc. 3). CremoBarejlbHO, OHU
paBHbI TOJOBMHAM COOTBETCTBYIOIIMX CTOPOH. I10aTOMY MCKOMBIN Tepu-
METp paBeH ITOJOBMHE MepUMeTpa UCXOIHOIO TPEYrojbHUKA, T.€.:

Pppr= DE+ EF+ FD=0,5(AC + AB+ BC)=0,5p. Omeem: 0,5p.

® A ©) A ®) A




2. CBoiicTBO cpeJHeill JUHUH Tpaneluu.

Onpenenenne. Cpeoneii auHuel mpaneyuu Ha3vbl8AemMcs OMPe30K, coe-
OUHAIOWUL cepeduHbl ee OOK0BbIX CHOPOH.

IIycts nana tpaneuus ABCD, tne AD u BC — oCHOBaHUSI TpameLuu;
Touku E u F — cepenuHbl 00KOBBIX CTOpoH (puc. 4). Torna EF — cpeaHsis
JIMHUS Tparneuumu.

Teopema 2.

Cpeanssi JMHHSA Tpanenud Napa/uiejbHA OCHOBAHMSM M paBHA WX
HOJIyCyMMe.

Iloxazameavcmeo. Ilycts EF — cpen- B C
Hss uHUsT tpaneuuu ABCD (AD| BC) ¢ @

ocHoBaHusiMu AD u BC. IlpoBenem mnps-
Mylo BF 1 oTMeTUM TOUYKY P — TOUKy Iiepe-
ceyeHust BF u AD (puc. 5). TpeyrojbHUKU
BCF v PDF paBHBI IO BTOPOMY MPU3HAKY o
paBeHcTBa TpeyroibHukoB (CF= DF nmo
ycloBUl0, Z1= /2XKaKk BepTUKAJIbHBIE, | 4 D
Z3=/4 Kak BHYTpPEHHUE HaKpecT Jexa-
1IKMe YIJIbl TIpYU MapasuieibHbIX NpsiMbiX BC

u AD un cexkyueit CD). I3 paBeHCTBa 3TUX @
TPEYroJbHUKOB clieayeT, 4to BF= PF u,
3HauuT, EF — cpemHsasd JMHUS TPEeyroJib-
Huka ABP. VI3 TeopeMbl O cpelHeill JUHUUN
TpeyrojibHUKa CJIeAyeT, YTO < =2

EF| AP w EF :%AP.

Tak xak AD | BC, To EF Gynmer mapaj-
JielbHa 0O0OOMM OCHOBAaHMSIM U, KPOME TOTO,

EF = %AP =%(AD + DP) = %(AD + BO).
3uauur, EF || AD | BC u

A\

EF = %(AD + BC). Teopema nokasaHa.

Cnencreue. Ilpsimas, mpoxonsiiasi yepe3 cepeauHy OOKOBON CTOPOHBI
Tpareuyry U napajiejibHash OCHOBAHUSM, NEJUT BTOPYI0 OOKOBYIO CTOPOHY
MOITOJIaM.

Z[OKa)KI/ITe 9TO CaMOCTOATC/IbHO.

Bonpocst, 3a0auu u 3adanus

1. 1) Yo Ha3bIBaeTCsl cpeaHei JIMHUENH TPeyroJbHUKA?
? 2) Urto Ha3bIBaeTCsl CpenHel JMHUEeNH Tpaneuuu?
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2.

10.

11.

12.

CTtopoHbI TpeyrojbHMKa paBHbl 5 c¢cm, 7 cm u 11 cm. Haiinure

CTOPOHBI TPEYroJibHUKA, BEPIIMHAMM KOTOPOIO SIBJSIIOTCS CEepearHbI

CTOPOH JAHHOTO TPEYroJibHUKA.

HaiinuTe CTOpOHBI TpEYrojibHUKA, CpeaHUEe JUHUM KOTOPOTO pPaBHBI

6 cm, 7 cm 1 9 cm COOTBETCTBEHHO.

AuaroHanyd Tpaneuuud IOeasT ee CPEeIHIOW JIM-

Huto EF Ha OTpe3KU, IMHBI KOTOPBIX PaBHbI @

5cm, 7cm u 4 cm (puc. 6). Haitnute mimHbI

OCHOBAHMIA Tameluu. 3arnoJHUTE POIYCKMU. E
Pewenue. B tpeyronbHuke ABC otpe3ok EP P T

asisgercd ... . CinemoBareibHo, BC=2-.. cm =

=.. cm (MO CBOWCTBY ...). B TpeyronbHuKe

ACD otpe3ok PF gapnsercsi ... PF=..+ ... = A D

=..cmt ..cm=..cm.

[Mostomy AD=2-...cm=..cm. Omegem: ...cm, ... cCm.

Kaxnas u3 cropon tpeyrojbHuka ABC pasaeiaeHa Ha TpU paBHBIX OT-

pe3ka, U TOYKU JeJeHUsI COeNMHEeHbl oTpe3kamu. Haitaure nepumerp

oOpa3oBaBlleiics Mpu 3TOM (Urypnl (puc. 7), €ciid IepuMeTp MCXOM-

HOTO TPEYroJibHUKA paBeH p.

OcHoBaHus Tparneuuu paBHbl: 1) 4,5 dm u 8,2 dm; 2) 9 cm u 21 cm.

Yemy paBHa JJIMHA CPEAHEN JUHUU Tpareuu?

B tpameuuun ABCD (puc. 8) orpe3ok EF mapamneneH cropoHe CD,

aTouka F — cepeauna AB. okaxure, uto EF= 0,5CD.

BbruncivTe HeM3BECTHbBIE IIMHBI HA PUCYHKeE 9.

JAuaroHanu Tpameuuu AENSIT €€ CPeIHIO JUHWIO Ha YacTH, Kaxaas U3

KOTOpBIX paBHa 6 cm. Haiinure ocHOBaHMS Tpameluu.

B paBHOOenpeHHOI Tpameluuyd aUaroHajdb IMHOK 6 cm obpa3syer

¢ ocHoBaHMeM yroi 60°. Haiinure cpeaHIo JMHUIO TpaIelyu.

bonbiiee ocHoBaHue Tpareluu B 3 pa3a Oojblie MeHblero. Haiinure

OCHOBaHMs Tpaneuuu, ecii CpeaHsst JMHUs paBHa 20 cm.

Ilepumetp Tpaneuuu 40 cm, cymMMa He MapasuleJIbHbIX CTOPOH paBHa

16 cm. Haitnute cpeaHIo JUHUIO TpaTECIUM.

A\

(1)

‘@ C @ B__4 C’
p—>_"p
T y b .S T -
F 4 F,
% L E 3 A E,
% g A 8 D
I I i A zl‘;BQD — Tpaneuwusl.
aumu: X, y, 2.
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[ 12. IPAKTUYECKHME 3ATAHUA U UX ITPUMEHEHUME J

I. 3agaum n1s HcclenoBaHuA.

3anaua 1. [TocTpoiiTe MHOTOYTOJIbHUK, UMEIOIIUI # CTOPOH, eciau: 1) n=15;
2) n=17; 3) n=2_8. Paccyxnasi, BbIBOAUM (POpMyJy OJIsI BHIYMCIEHUSI YKCIIa
pa3HbIX AuaroHajieil (d, ) MHOTOYyTOJIbHUKA.

Pewenue. 1) n=5. Y3 BepiuHbl A BoixoguT 1o 2 auaroHanu: AC u AD, u3
BeplUMHBI B BhixoguT mo 2 auaroHanu: BD u BE u T.n. WTak, U3 KaXXIbIX
MSITA TOYEK BBIXOAUT MO 2 auaroHanu (puc. 1).

Orciopa ciaeayeT, 4TO YMCIO JMaroHajeil, wuc-
XONSIIUX M3 OOHON BEPIUMHBI BBIIYKJIOIO MHOTO- @
YTOJIbHUKA, MEHBIIE YeM YUCIIO CTOPOH (BEPLIMH) HA | 4 C
TpU, T.6. paBHO S5—3=2. YToOB HalTU oOIIEE
YUCJIO BCEX MOUArOHAJIEM, WCXONAIIMX U3 KaxXIou
BEPLIMHBI, YMCJIO CTOPOH YMHOXHUM Ha 2:

5:(5—3)=5-2=10.

Ho 4TOOBI MOMy4uTh OTBET, HAIO IIPOU3BEACHUE D
5+2 pa3geauTh Ha 2, TaK KaK KaxIylo W3 JuaroHaiei
B 3TUX TMEPEUUCICHMSIX 3aCUUTHIBUIU OBaXabl (AC u E
CA, BD u DB wu 1.10. pa3Hble 0003HAUEHUSI OJHON U
TOM ke OMaroHaju, T.e. OHU HE SIBJISIFOTCSI HOBBIMU):

5:2:2=15.
Yuciao pa3HbIX AUaroHajeil BHITYKJIOTO ISITUYTOJIbHUKA MOXHO HAWTH U TaK:
1
d -2CD 32 s
1

Omeem: 5.

2) n=7. Ilpu pelleHun 3aga4y IMPOBOAUTCS aHAJOTMYHOE PaCCYXKIEHUE.
YuursiBass HaliIeHHYIO0 3aKOHOMEPHOCTh (I10 aJIrOPUTMY), Mbl MOXKEM HAXOIUTh
o0lliee YMCIO pa3HBIX AUMAroHajel CeMHUYroJbHHKaA, He IIPOBOMASL PacCyKACHUIA
(puc. 2):

2) c
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7(7-3) 7-47
d, = =Tyt 14.

Omeem: 14.

3) n=28. Ilpu peuieHUN 3ama4u IIPOBOAUTCS aHAJOTMYHOE PACCYXKICHUE.
YyuTeiBas HalileHHYIO 3aKOHOMEPHOCTh (IO aJrOPUTMY) Mbl MOXEM HaXOAUTh
0011Iee YMCJI0 pa3HbIX AMaroHajell BOCbMUYTOJbHUKA, HE IIPOBOIS PACCyKISHUI
(puc. 3):

4
d - 3683 85 9,

2 24
Omeem: 20.
Wrak, Bcero 4ymnciao pa3HbIX IMAroHaljieil BeIUUCISIETCS MO opMmyie:
n(n-3
d, =3
2

Ilpumeuanue! Juaconaau, ucxoosawue u3 00HOU 6epWUHbBL 68 BHINYKAOM

n-yzoavHuke, deasam ez20 Ha (n —2) mpeyzoabHUKa.
3amaua 2. MoXeT Jid YKCJIO pa3HBIX JUaroHajeli MHOTOYTOJIbHUKA PaBHO 257

n(n-3)
—-
=25. Torma n(n-3)=50 wm n(n-3)=2-5-5. Orcrona
BUAHO, 4TO 4mcjao 50 Helb3s BBIPa3UTh IPOU3BEACHUEM OBYX Pa3HBIX HATY-
pajJIbHBIX 4Mces, pasnuyaromuxcsa Ha 3. IloaTomMy y MHOIOYrojbHMKa YHCJIO
pa3HbIX AMAaroHajeil paBHBIM 25 HEe MOXET OBITh.

Omeem: HeT, HE CYLLIECTBYET.

3amaua 3. B kxabuHere MarteMaTuku 15 depTexkeil TpeyrojJbHUKOB U 4e-
TBIPEXYTOJbHUKOB. YMCI0 BCeX CTOPOH 3TUX MHOIOYTOJbHUKOB paBHO 33.
CKOJIBKO TPEYroJIbHUKOB U CKOJIBKO YEThIPEXYrOJbHUKOB Ha 4YepTeskax?

Pewenue. KonmuecTBO CTOPOH YETHIPEXYTOJbHUKOB IIPU JIIOOBIX HATypaib-
HBIX 3HAYCHUSIX KPATHO YeThipeM. YToObI cymMMa ObLia HEYETHAS, T.¢. KOJIMYECTBO
TPEYroJIbHUKOB JOJLKHO OBITh HEUETHBIM YKCJIOM.

CocTaBUM ypaBHEHUE IO YCJIOBUIO 3amauu: 3x + 4y = 53.

PaccMoTpuM BO3MOXKHEIE CIy4Yau.

Cayuaii 1. Ilyctb x=1uy=14. Torma 3-1+4-14=53, t.e. 59 = 53.

Cayuaii 2. Ilyctb x =3 u y=13. Torma 3-3+4-12=153, 1.e. 57 # 33.

Cayuau 3. Tlyctb x=5u y=10. Torna 3-5+4-10=153, T.e. 55 # 53.

Cayuaii 4. Tlyctb x=7 nu y=8. Torna 3-7+4-8=53, .e. 53=353.

YcaoBue 3agayy BBINOJHEHO, MO3TOMY APYrue CilIyd4au HE paccMaTpuBa-
10Tcsi. Omeem: 7 TPEYroJlbHUKOB, 8 YeThIPEXyTrOJbHUKOB.

JlonoJIHUTEIbHBIE 3aJaHUS I CAMOCTOATEIbHOIO PEIleHHs:

1. B BeINYKJIOM MHOIOYTOJIbBHUKE YMCJIO IMAroHajeil, MCXOASIIUX M3 OTHOM
BepILUMHBI, paBHO 13. YUeMy paBHO YHCJIO CTOPOH 3TOr0 MHOIOYTOJbHMKA?
Yucno Bcex ero auaroHajei?

2. CyuecTByeT JM MHOIOYIOJbHUK: 1) YMCJIO OuaroHajeil KOTOpPOIro paBHO
YUCIy €T0 CTOPOH; 2) YMCIO AuaroHajieifi KOToporo OoJibliie YHCjIa €ro
cTOpoH?

Pewenue. Yncno pasHbIX AMAroHajeil n- yroJlbHMKa paBHO d, =

-3
3HauwuT, an=3)
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I[OHOHHHTEHIBHbIﬁ MATEPUAIL,
PASBUBAIOIIINUN ITPAKTUYECKHUE
KOMIIETEHIIUN

INPABUWJIBHBIE MHOTOYTOJIbHBIE
ITAPKETbI

Bbl, KOHEeUHO, 3HaeTe, 4YTo Takoe MmapkeT. OOBIYHO
MmapKeT BBIKJIAALIBAIOT U3 JOLIECUYEK, MMEIOLINX (opMy
MPSIMOYTOJIbHUKA, W Yallle BCEro «EJI0YKOM» M T.I.

C TOUKM 3peHUSI MaTEeMaTUMKHU MHapKeT — 3TO ITOK-
pBITHE TIJIOCKOCTH TeOMeTpUUYeCKMMHU Qurypamu 0e3
3a30pOB U IlepecedyeHuii. PaccMoTpuM cHavana map-
KEThl 13 IPaBWIbHBIX MHOTIOYTOJIbHUKOB — TPEYIOJib-
HUKa, YEThIPEXYroJbHUKA U IIeCTUYrojbHUKA. CaMblil
IIPOCTOI TIpUMep IapKeTa, COCTABJICHHOTO M3 OJMHAa-
KOBBIX KBaJIpaTOB, — 3TO Ballla TeTpalb B KJIeTOUKy. Ha
puc. 1 uzo0paxkeH IMapKeT M3 MPABWIBHEIX TPEYroJjb-
HUKOB; Ha pHUC. 2 HapKeT W3 IPaBUJIbHBIX YEThIPEX-
VIOJIbHUKOB Y 1IECTUYTOJLHUKOB; HAa pUC. 3 MapKeT U3
TPEYroJbHUKOB, UYEThIPEXYIOJbHUKOB U IIE€CTUYTOJIb-
HUKOB; Ha pUC. 4 MapKeT U3 TPEYroJIbHUKOB M ILECTH-
YTOJILHUKOB.

ITapkeToM Ha3BIBAeTCS TaKOE 3aIlOJHCHHUE ILJIOC-
KOCTM MHOIOYIOJIbHUKAMHU, MPU KOTOPOM JIIOObIe IBa
MHOTOYTOJIbHMKA JU0O0 HMMEIOT OOIIYyI0 CTOPOHY, J10O0
MMEIOT OOIIYI0 BEPIINHY, JIMOO HE UMEIOT OOIIMX TOYEeK.

INapkeT Ha3bIBACTCS MPABUAbHBIM, €CIIM OH COCTOUT
M3 IPAaBWIbHBIX MHOTOYTOJbHUKOB U BOKPYI KaXKIoOM
BEPIIMHBI IIPABUJIbHBIE MHOTOYTOJIBHUKU PACITOIOXE-
Hbl OJHVMM U T€M K€ CIIOCOOOM.

I[IpuMepbl mpaBUIBLHBIX IApKETOB OAIOT 3aIlOJ-
HEHMS IUIOCKOCTH: IMPaBUJILHBIMU TPEYrojJbHUKAMMU,
KBaJpaTaMy U MPaBUIbHBIMU IIECTUYrOJbHUKAaMU. [10-
KaXeM, 4TO OPYTMMM PaBHBIMM IIPaBWIbLHBIMM MHOTO-
YTOJILHUKAMHU 3aIlOJIHUTh IUIOCKOCTh Henb3s. Bocmoib-




3yeMcsl TeéM, YTO CyMMa YIJIOB MHOTOYTOJIbHUKOB,
CXOISIIMXCS B ONHOM BEpIIMHE MapKeTa, JOJDKHA
OBbITH paBHa 360°.

PaccMoTpuM mpaBuUIbHBIE IISITUYTOJbHUKU.
Vbl IpaBUJILHOIO MSATUYTOJIbHMKA paBHbI 108°. B
OJHOM BepLIMHE IMapKeTa HE MOXET CXOIUThCS
TPpU MPaBWIbHBIX MISATUYTOJIbHMKA, TaK KaK CyMMa
yIJIOB B 3TOM ciydae Oymer 324° < 360°. Eciu xe
YHCJIO IPaBUJIbHBIX MSITUYTOJIBHUKOB OOJIbIIE WU
paBHO 4, TO cymMMma YyIJIOB OymeT OoJjblle WIHN
paBHa 432° > 360°. [TosToMy He CYIIECTBYeT Ipa-
BWJILHOIO ITapKeTa M3 IISITUYTOJIbHMKOB. AHaJlo-
TMYHO, B OJHOI BEpIIMHE HE MOXET CXOTUTCS
TpU WJIKU OoJjiee MpaBUJIbHBIX CEMUYTOJbHUKOB,
BOCBMUYTOJIbHUKOB U T.O., TaK KaK WX YIJbI 0OJIb-
me 120° u B cyMMe OHM OYOyT COCTaBISITh BEJIU-
yuHy, G6ojblryio 360°. [TosToMy He CylIECTBYET
MpaBWIbHBIX MApKETOB U3 CEMUYIOJIbHUKOB, BOCh-
MUYIOJbHUKOB U T.A. Ha puc. 5 mzobpaxeH
MmapkeT M3 TpeyroabHuUkoB (60° + 90° + 90° +
+ 120° = 360°), 4eTBIPEXyrOJbHUKOB U IIECTH-
YIOJbHUKOB, HO OH OTJIMYaeTCsl OT pUC. 3 HAOOpOM YIJIOB; Ha puc. 6 M300-
paxkeH MHapKeT U3 IpPaBWIbLHBIX TPEYroJbHUKOB M KBaapaToB. IlompoOyiiTe
HapuCOBaTh IMapKeThl M300paXkeHHbIe Ha puc. 5 u 6.

Pacivpum CrocoObl COCTaBI€HMST MAPKETOB U3 IPAaBUIBHBIX MHOTOYIOJIb-
HUKOB, pa3pelllB MCIIOJb30BaTh MHOIOYTOJbHUKU C Pa3IMYHBIM YUCIOM CTO-
poH. O603HaYUM 4Yepe3 o,, o,, ... YIJIbl MPABUIbHBIX MHOTOYTOJbHUKOB,
MMEIIMX OOILLIYI0 BepliMHY. PacnojiokuM MX B IOpSAKE BO3pacTaHUS. YUU-
ThIBasi, YTO CyMMa BCEX TAKUX YIJIOB JOJKHA ObITh paBHa 360°, cocTaBUM Tab-
JIMIY, COIepXKalllyl0 BO3MOXHBIE HAOOpHl TaKWX YIVIOB, U YKaXeM COOTBETCT-
BYIOILLIME ITApKETHI.

a, a, Oy o, O Og | o +0a,+a,;+..=360

60° 60° 60° 60° 60° 60° | IlapkeTr U3 TPEYroJIbLHUKOB

60° 60° 120° | 120° ITapker U3 TPEYroJbHUKOB U
LIECTUYTOJbHUKOB

60° 90° 90° 120° IMapkeT U3 TPEYroJbHUKOB, YEThIpEX-
YIOJBbHUKOB Y IIECTUYTOJbHUKOB

60° | 150° | 150° ITapkeT U3 TpeyroJbHUKOB U
JIBEHAALIaTUYTOJIbHUKOB

90° 90° 90° 90° IMapker 13 KBaapaToB

120° | 120° | 120° ITapketr M3 IIECTUYTOJIbHUKOB
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(13—14. KOHTPOJIbHAA PABOTA 1. PABOTA HA/JL OI]JI/IBKAMI/IU

1.

2.

JIMHBL OBYX CTOPOH IIPSIMOYTOJIbHMKA OTHOCSTCS Kak 3:5, a ero Ie-
pumeTp paBeH 40 cm. HalimuTe cTOpOHBI MPSIMOYTOJIbHUKA.

IlepumeTp nmapanneaorpamma paBeH 30 cm. HalinuTe cCTOpoHBI mHapajuie-
JIorpaMMa, €CJIM OdHa U3 CTOPOH B 4 pa3a OoJibllle JPYTOii.

B npsimoyronpHO# Tpamenuu OCTphlii yroa paBeH 45°. Halimute OoJbliee
OCHOBaHME, €CJIM MeHblIass OOKOBasi CTOPOHA M MEHbIIEe OCHOBaHHUE
paBHBI 16 cM.

. B tpaneuuun ABCD AD — Gonbliiee ocHoBaHue. Yepe3 BepliuHy B mpoBe-

JieHa IIpsiMasi, mapajeiabHas cropoHe CD u mepecekarollasi CTOpoHy AD
B Touke E, BC=7 cm, AE =4 cm. Haiigure: 1) cpeaHIo JUHUIO Tparie-
LuY; 2) nepuMeTp Tpamneuuu, eciu PABE= 17 cm.

TECT 1 ITpoBepnTe ceds!

OIMH M3 YIJIOB BBHIIYKJIOIO YeThIPEXyrOJbHMKA — IIPSIMOM, a OCTaJbHbIE
OTHOCATCS Kak 3 :4:8. HalinuTe HaMMEHBIIMI yroa YeThIpeXyrojJbHUKA.
A) 72%; Bb) 54°; B) 144°; ) 90°.

CKOJIbKO YIJIOB MMeEeT BBIIYKJIbId MHOTOYTOJbHUK, KaxKAbIA YroJl KOTO-
poro paseH 156°?

A) 10; b) 15; B) 12; I) 8.

ITepumerp mapamnenorpamma ABCD paseH 32 cm, a aauHa guaroHaau BD
paBHa 9 cm. Haiinute nepumeTp TpeyrojabHuka ABD.

A) 16 cm; b) 25 cm; B) 23 cm; I') 41 cm.

Haiinure HamGonblIMiA yrojl MapajuiejorpaMma, €CJIM CyMMa ABYX U3 HUX
paBHa 100°.

A) 120°; Bb) 110% B) 150%; ) 130°.

. Haiinute mepumeTp pomba, y KOTOporo oauH u3 ymIoB paBeH 150°, a

MeHblIlIag AuaroHanb paBHa 4,5 cm.

A) 27 cm; b) 18 cm; B) 13 cm; I) 21,5 cm.
Cpennssg nuausg tpaneuuu ABCD neautr ee Ha ABe TpanelyM, CpeaHUe
JIMHUM KOTOpPBIX paBHBI 13 cm m 17 cm. Haligute Oosbliiee OCHOBaHUE
Tpameiuu.

A) 19 cm; b) 21 cm; B) 18 cm; I 30 cm.

CpenHssl JTUHUS MEHbIIEe OCHOBaHUS Ha 5,4 cm. Haiigure cymmy minMH
cpeaHell TMHUKM U OCHOBAaHMS TPEYTroJbHUKA.

A) 13,5 cm; b) 16,2 cm; B) 10,8 cm; I 21,6 cm.
IlepumeTp paBHOGeOpeHHON Tparenuu 36 cm, cpeaHsas auHug 10 cm.
Hatigute nivHy GOKOBOI CTOPOHHI.

A) 10 cm; b) 8 cm; B) 12 cm; I') 13 cm.

CpenHsist TMHUS Tpaneuuyd 9 cm, OJHO U3 €€ OCHOBAaHUII MEHbIE BTOPOIO
Ha 6 cm. Haiinute Gosblliee OCHOBAaHUE TPAIlCLUU.

A) 15 cm; b) 18 cm; B) 12 cm; I') 10 cm.
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N3yyaem anrmmiickmii s3bIK! n
MHoroyroJbHEK — polygon IlepumeTp — perimeter
IIpsamoyronsHuuK — rectangle Juaronans — diagonal
Pom6 — rhombus IMapannenorpamm — parallelogramm
Ksagpar — square Tpanemus — trapezoid
BricoTa — height Vroa — angle

Hcmopuueckue ceéedenus

— B matematuke HpeBHero Erunta u IpeBHero BaBuioHa
paccMaTpUBAIUCh CIEAYIOIIME BUABI Y€THIPEXYTOJbHUKOB:
KBaZpaThl, MPSIMOYTOJbHUKHU, TPSIMOYTOJbHBIE U PaBHO-
OenpeHHble Tpamenuu. Hain BeauMkmii Mpemnok, cpeaHe-
asuarckuii yuyeHbiii A0y Paiixan BepyHm Taxke 1moapoOHO
paccMaTpyBaJl pa3MyHbIe BUABI Y€THIPEXYTOJILHUKOB. B
CBOeM CcOuMHeHMM «KHura BpasymyaeHUsI HauaTKaM HayKu
o 3Be3ngax» bepyHu ciemyomuM obpa3oM OTBedaeT Ha
Borpoc: «Kakue BUIbI YeThIPEXyTOJIbHUKOB CYIIIECTBYIOT?»:
§ 53 ; : «Ilepebiii u3 Hux — Keadpam, y Komopoeo éce CmopoHbl
6y Paiixan Bepyﬂn DasHul, 6ce Yeibl Hpsambvle, a OuaeoHaiu, m.e. OMpesKu,

(973—1048) coeouHsouUe NPOMUBONONOIICHbIE Yeabl (BepUIUHbL), PABHBL
Mmedxncdy coboil.
Bmopoii — npsamoyeonvHuk, kKomopwiii ho cpasHeHur ¢ Keadpamom 0o.aee

BbIMAHYM, 6Ce Yeavl Npsmble, PAGHbL AUULL NPOMUBONOAONCHbIE CHOPOHbL U Oua-
20HANU.

Tpemuii — pomo, y Kkomopoeo 6ce uemovipe CIOPOHbBL PABHYBL, HO PA3AUYHBI ONUHDL
duaeonaneil, u yeavl, 8 obuem cayuae, He s6AAOMC NPIMbIMU.

Yemeepmotii — pombéoud, y KOmopozo pasiu4ibl OUACOHAAU, A NPOMUBO-
N0A0JCHbIe CIOPOHBL NONAPHO DAGHDL.

Omauunvle om 5mux gueyp 4emolpexyeoabHUKU HA3b8AOMcs mpaneyusm»

Cnoso «quadratus»> (keadpam) B TiepeBONIe C JJATUHCKOTO O3HAYAET «4embipex-
yeoavHuk». bepyHu UCIoNIb30Bal apabCKuil TEpMUH «murabba», KOTOPBIA U ObLIT
MepeBeieH B CpeIHMe BeKa Ha JIATUHCKUI A3bIK. [1o-apabcku mpsiMOYyTOBHUK —
3TO «mustatil> — «paCTSIHYTHI».

Kak mosiBuiics TepMUH pom6b OOBSICHSIETCS MO-pa3HOMy. B mepeBone ¢ rpe-
YECKOI0 CJIOBO <«rhombus» O3HAYAET <«B0AHOK» VI <«Meno 6paujeHus». DTOT
TEpMHUH BOLIEJI B T€OMETPHUIO, TaK KaK CeYeHHe BOJUKA ITOXOXE Ha poMo.
TepMmuH «muayyan» TIepeBOAUTCS C apaOCKOIO KaK «pomo».

Y bepyHu mpaneuyus Ha3zBaHa KaK <«muxarrifs>, 3TO JIOCIOBHBI NEpeBO.
«trapedzion» ¢ TpedyecKoro Ha apabCKUi.

TepMuH «napaiseaoepamm» IIPOUCXOIUT OT TPEUYECKOTO CIOBO «parallelos» +
«grammos», 4TO O3HAYAET «HPAMOY20AbHAA NAOUAOL>.

IMo-apabcku napainesoepamm — 310 «mutavozi al-azla», nepeBOAUTCS KaK
«UMerwull napanieibtsie 0CHOBAHUS .
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N TJIABA II )
S COOTHOWIEHUWSI MEXIY />~

|

e ]

% 7 7n CTOPOHAMM U YIJIAMU ,;;;’___,_;*
i\ B IOPIMOYIOJBHOM  4>7°
TPEYT'OJIbHUKE
§ 3 TPUTOHOMETPNMYECKUE ®OYHKIINN
y OCTPOI'O VIJIA

‘ 15. CUHYC, KOCUHYC, TAHTEHC 1 KOTAHTEHC
| OCTPOI'O VYIJIA

HaunHasa ¢ storo maparpaga v A0 KOHIIA TJIaBbl Mbl OyleM M3yyaTh
OOJIBIION M BaXHBIM pasfges TeoOMETPUU, KOTOPBbIA HA3bIBAECTCS TPHUro-
HoMmeTpuei. [To3HAKOMMMCS C OCHOBHBIMU ITOHSTUSIMA TPUTOHOMETPHUM,
COOTHOUICHUSIMU MEXIY CTOPOHAMU U YyIJIaMU B TIPSIMOYTOJILHOM Tpe-
yroibHUKe. CJI0BO «TPMTOHOMETPHSI» — B MEPEBOJAE C I'PEYECKOro sI3blKa 03-
HAYyaeT «M3MEpPeHUe TPEeyroJbHUKOB».

I'maBHy10 3amayy TPUTOHOMETPUM COCTABJISIET peuieHue mpeyeoabHUKOS.
TpeyronbHUK — BaxkHel11ast reomeTpuyeckas gurypa. [loatomy npoaokum
u3ydyeHue TpeyroabHUKoB. OCHOBHAS 11€jb 3TOW IJIaBbl — BbIPA3UTh OIHU
BJIEMEHTBI TPEYrOJbHUKOB (CTOPOHBI U YIJIbI) Yepe3 ApPYrue €ro 3JeMEHTHI.

IIyctb ABC — npsIMOYToJIbHBIM TPEYroJbHUK C @ B
npsiMbiM yriaoM C U OCTPbIM YIVIOM IPU BEpLIMHE
A, paBHbIM o; BC=a, AC=b—karetbl, AB=c — c
runoteHysa (puc. 1). a

Bo3bMeM OTHOIIIEHUSI €r0 CTOPOH IOIAapHO: o .

a

—  OTHOILCHME KaTeTa, MPOTHBONEXKALIETO yr- A b ¢

Jy o, K TUTIOTEHY3E;

b

— — OTHOILIEHNUE KaTeTa, IPUJIEXKALIEro K YIIy o, K TUIOTEeHY3e;

a

5 ~— OTHOLICHME KaTeTa, NPOTMBOIEXALIETO YIIy o, K Karery mpuje-
KaleMYy;

b

— — OTHOLICHME KAaTeTa, NPUJIEXKALIEro K YrIy a, K Karery HpOTHBO-
Jiexxaliemy;

— OTHOLUCHHEC TUITIOTCHY3bI K KaTCeTy, MPpUJICKaAIEMY K YITIY O,

Qo o

— OTHOLLIEHME TMMOTEeHY3bl K KaTeTy, MPOTUBOJIEXKAIIEMY YTy o.

Takum 0O6pa3oM, Mbl TTOTYUYMIM 6 OTHOIICHUIA.
Takum ke o00pazoM, MOXHO COCTaBUTb OTHOLICHUSI IJI BTOPOTO
octporo yria (B). Haubosee mcnoiab3yeMbIMU SIBJISIIOTCSI MEPBbIE YETHIPE
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(yHKUMK, KOTOpble MMEIOT CIellMaibHble Ha3BaHUS: CUHYC, KOCHHYC,
TaHT€HC U KOTAHTEHC.

Onpenenenne 1. CHHyCOM OCTPOro yrjia NpsiMOYTOJIbHOIO TpPeyroJib-
HUMKa Ha3bIBa€TCsl OTHOLIEHUE MPOTHUBOJIEKAIIETO KaTeTa K TMIIOTEHY3e.

Cunyc yria o 0003HayaeTcsl Tak: Sino U UMTAETCS «CUHYC anbgha».

I1o onpeneneHuIo:

. a
sima = —.
c

Onpenenenne 2. KocumHycoM oCTporo yria HpsMOYTrojJbHOIO Tpe-
yroJIbHUKa Ha3bIBAETCSI OTHOLIEHME TIPUJIEKAIIETO KaTeTa K IMIIOTeHY3e.

Kocunyc yrina o 0003HayaeTcsl Tak: €0So, U UMTAETCSI «KOCUHYC anbgha».
I1o onpeneneHuto:
b

cosa =—.
c

Onpenenenne 3. TaHreHCOM OCTPOro yrjia MpsIMOYTOJBHOTO TPEYToJib-
HMKa Ha3bIBaeTCs OTHOIICHUE IPOTUBOJIEXKAIIETO KaTeTa K IIpUjIexa-
1eMy.

TaHreHc yria o 0003HavyaeTcsl Tak: tgo, U YMTACTCS «MaHeeHC anvbha».
I1o onpeneneHuIo:
a

tga = P

Onpenenenne 4. KoraHreHcoM OCTpPOro yrjia IMpsSIMOYTOJIbHOTO Tpe-
yroJibHMKa Ha3bIBa€TCsl OTHOIICHME MpuUJexkallero kKarera K IPOTUBO-
Jiexaitiemy.

KortanreHc yrina o o0o3HauvaeTcsi Tak: ctgo, M YUTACTCS <«KOMAHZCHC
anvpa».
I1o onpeneneHuIo:

b
ctgo = —.
g a

ITocKkoJbKY KaTeT IMpSIMOYTOJbHOTO TpPEYroJbHMKA MEHbIIE TUIOTEe-
HY3bl, TO CHHYC U KOCUHYC OCMpPO20 Yy2Aa MeHblule

eouHuybL. @ B

B nipsiMoyrosibHOM TpeyrojJibHMKEe MOTYT OBbIThb paB-
Hbl KaTeThl, OJWH W3 KAaTeTOB OOJIbIlIE IPYroro Wiu
MeHblIe apyroro. IlosToMy, 3HaueHMs TaHIeHca | &
KOTaHIeHCA MOXET OBbITh MeHbue eOuHuubl, pasHo eou-
Huue u Ooavuie eOUHUUDL.

3anaua. B tpeyrombHuke ABC 2C=90°, AB=10 cm,
BC=8 cm, AC=6cm (puc. 2). Haiinute 3HaueHus
TPUTOHOMETPUUECKMX (PYHKLIMI yria A.
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Pewenue. 11o onpeneneHuIo;

BC 8 ‘8 4 1
sin A <7 =10 0,8; gA & 3 3
AC 6 6 3
_AC _ 6 _ ted =2 =2-0.75
cosAd="r= 0,6; ctgd 7, -1 073
1

Omeem: sinA=0,8; cosA=0,6; tgd=1=; ctgd=10,75.

3

Bonpocst, 3a0auu u 3adanus

1) Kakue OTHOIICHMSI MOXHO COCTAaBUTb M3 CTOPOH IIPSIMOYTOJBLHOTO
TPEYroJbHMKA U KaK OHU YUTAIOTCS?
2) Yto Ha3bIBaeTCsd CUHYCOM, KOCMHYCOM, TAHT€HCOM M KOTaHIC€HCOM
OCTPOTO yIJIa MPSIMOYTOJIbHOTO TPEYrojbHMKA M KaK OHM 00O3HayaloTcs?
Omnpenenure, Kakasi TpUTOHOMeTprUYecKass QyHK- I,
1us yria K BeIpaxaercs: 1poobto (puc. 3): @
2) Tt O gl B) i 1) g2

KM KN KM MN
B AABC 2C=90°, AB=6 cm, BC=15 cm,
AC= 11 cm (cMm. puc. 1). Haiinute 3HaueHus K N
CHUHYyca, KOCMHYyCa, TaHIT€HCAa M KOTAHIEeHCa YT-
JoB Au B.
MOXeT I CMHYC OCTPOIO yIja MpSMOYTOJbHOTO @ N
TPEYrOJbHMKA OBITh PABHBIM:

a) 0,98; 6) V2 ; B) J/5-2°?
2%

B npsmoyronbHOM TpeyroabHuke MNL sin N = 3 I
Kakue cTopoHBI TpeyroJbHUKa MOXHO HAWTU U3

aTOro paBeHcTBa (puc. 4)?

B tpeyronbnuke MNL /L =90°, MN=13 cm,
ML=12 cm, NL=5 cm (puc. 4). Haiinute | M

3HAYEHUsI CUHYyca, KOCMHYCa, TaHTeHCa U KOTaH-

reHca yriaa M.

B tpeyronbauke ABC £C=90°, AB=17 cm, BC= 8 cm, AC=15 cm.
Haiinute 3HaueHus1 cuHyca, KOCMHYyca, TaHI€HCa M KOTAaHIe€HCa YIJIOB
Au B.

3HATh 3TO MOJE3HO!

Q «Cunyc» — namuHcKuil nepegod apadbckoeo cao8a «0xcaub» — naszyxa,
8bipes naamos. Imo c1060, 8 c60i0 ovepedsb, NPOUCXOOUM OMm UHOCUCKO02O
«OJCUH@» — memuea AyKa, Xopoa, a UMEHHO 6 OPeGHUX UHOelCKUX
Mamemamu4ecKux mpaKmamax.

O «Tanzenc» — 6 nepesode ¢ AAMUHCKO20 <KACAMENbHDBIL .

O «Kocunyc» u «komanzec» — om AAMUHCKO20 <KOMHAUMEHMAPYU CUHYC»> U
<KOMAAUMEHMAPU MAHSEHC» — «OONOAHUMEAbHbI CUHYC» U <«OOMOAHU-
MeAbHbILL MAH2EHC».
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16. CUHYC, KOCUHYC, TAHTEHC 1 KOTAHTEHC
OCTPOTI'O YIJUIA (ITPOJOJIZKEHUE)

1. TpuroHomeTpryecKue (PYHKIMH OCTPOrO YIJia.

IlokaxeMm, 4yTo B MPSIMOYTOJLHOM TPEYTOJbHUKE CUHYC, KOCUHYC, TaH-
T€HC U KOTAHT'€HC OCTPOTrO YIja 3aBUCSAT TOJbKO OT BEJIMYMHBI OCTPOIO yIjia
U HE 3aBUCST OT BbIOOpA MPSIMOYTOJIbHOTO TPEYroJbHUKA.

Ilycts mpsiMmoyrojibHble TpeyrojbHuku ABC [~ B
n A B C (£LC=£C, =90°) uMe0T paBHbIE OCT- @ B
poie yribel A u A, (puc. 1). 1

ITo 0OCHOBHOMY CBOICTBY IPOIIOPILIMU:

BC BC,  AC _AC, BC BC, AC _AC, a

A8 4B AB 4B AC_AC, BC Be, AW ¢ ¢

IlpaBast 1 neBasi yacTU 3TOro paBeHCTBA IO
OIpeIeICHUIO PaBHbI CMHYCaM, KOCUHYCaM, TaH-
reHCaM U KOTaHIeHCaM OCTPBIX YIVIOB A U A,.

3Ha4uT,
BC B BC B
Sind =g = ~sind, ed=oE=on 1’
AC A C AC
A=21= - Am A 2= M ot
cos 1B~ AB, cos 4, ctgA BC ~ BC g4,

Ortcilona BUAHO, CMHYC, KOCUHYC, TAHT€HC M KOTAaHT€HC OCTPOro yria
A He 3aBUCUT OT BbIOOpa TpeyrojbHuUKa. EciayM 3HaueHue OCTpBIX YIJIOB
U3MEHUTCSI, TO U U3MEHSITCSI COOTBETCTBEHHO 3HAYEHUSI 9TUX COOTHOLIECHUA.

Takum o0OpazoMm, TpUroHOMeTpUYeCKHe (PYHKIMM OCTPOro yrjia 3aBHCAT
TOJIbKO OT BEJWYMHbI YIJiA.

CuHyc, KOCMHYC, TAHT€HC M KOTAHI€HC Ha3bIBAlOT mpuzoHomMempu4ec-
KumMu (yHKuuAMuU 0cmpoz0 yaia.

HMwmeet MecTo ellle oaMH BaXXHbIN (akT:

ecau 3HA4eHUs HeKOmopol mpuzoHOMempu4ecKkoi (ynkuyuu 041 ocmpoix
yeaoe A u A, paeuwt, mo LA = ZA,.

HNHaue roBopsi, kaxucoomy 3Ha4eHUr0 mpusoHOMempu4ecKkou QyHKyuu
coomeemcmeyem eOUHCMGEHHbLE 0CmPbLil Y2oa.

2. BoipaxkeHHe TAHreHCA W KOTAHTeHCA Yepe3 CHHYC M KOCHHYC.

HenocpenactBeHHO U3 onpeAeieHrii CHHyca 1 KOCMHYCa UMEEM:

sin o a b a c a sin o
:_'_:_-_:_:t = .

cosa c c c b b ga, T.e. tgo. cosa ’ (1)

sina ¢ ¢ ¢ a a sin o

Tanezenc ocmpoceo yena paeeéH OMHOUIeHUNO CUHYCA K KOCUHYCY 9mo0oeo yead.

Komanzenc ocmpoeo yena pasen omHOWleHUr0 KOCUHYCA K CUHYCY 5MO020
yena.
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YMHOXUM nowieHHO paBeHCTBa (1) u (2), moaydum:

sino  cosa

tgo - ctga = =1 tga-ctga=1. (3)

cosa sina
3HAuUT, MPOM3BEACHUE TAHreHCA M KOTaHreHca MJisS OCTpOro yrjia
O PaBHO eJMHHIIE.

Ortcrona ciaemayeT, YTO TaHI€HC M KOTAHIe€HC I OCTPOro yrjia o SIBJIsI-
I0TCSI B3aMMHO OOpaTHLIMU (DYHKIIUSIMMU.

TakuM 00pa3oM, Mbl BbIBEJIM TPU HOBBLIX paBeHCTBA (TOXKIECTBa), KO-
TOpbIE BbIpaxkaloT 3aBUCUMOCTb MEXIy TPUTOHOMETPUUYECKUMU (PYHKIIUSIMU
OCTpOTrO yIJia a.

3. CooTHOmEHHS MeXAY CTOPOHAMM H YIJIaMM B NPSIMOYTrOJbHOM Tpe-
yroJjibHHKe.

W3 onpeneneHrsi TPUTOHOMETPUUYECKUX (DYHKIIMIA BBITEKACT:

Ilpasuno 1. Karer, mpoTHBOJIEXAIMIA YIJIYy o0, paBeH MNPOH3BeIEHUIO
rMNOTEHY3bl Ha sino:

a=csina.

IIpasuno 2. Karer, mpoTHBOJEXAImMIA YIJIy o, paBeH NPOU3BEIECHHIO

BTOpPOro kKarera Ha tgo:
a=btgao.

IIpasuno 3. Karer, npuiexamuid K yriy o, paBeH NPOU3BEIEHHIO TMIO-

TeHy3bl HA COSOL:
b= ccosa.
IIpasuno 4. Karer, npunexamuii K yrjiy o, paBeH OTHOIIEHHIO BTOPOIo

KaTreTra Ha tgo:
_a
o
IIpaBuno 5. I'umoTeHy3a paBHA OTHONIEHHMIO KaTeTa, MPOTHBOJIEKANEMY
YIJIy o Ha sino:
a
sino,
IIpaBuno 6. I'umoTeHy3a paBHA OTHOIIEHHIO KaTeTa, MpUJekKameMy K
YLy o HA cosa:

cosa '
3anaya. B tpeyronbHuke ABC yron C paseH 90°. Beruucnure: 1) piu-

Hy Kateta BC ecim AB=18 cm u sin 4 =%; 2) miuHy katera AC, eciu

AB=9 cm un cos A =%; 3) mauHy runoteHy3sl AB, eciu AC=15 cm u
13

cos A = %; 4) nnuny xarera AC, ecitu BC=26 cm u tgA = T

Pewenue. 1) ctionb3ys npaBuio 1, Haxoaum KateT BC:.

BC = ABsin A = Gw/gi _ 6 (cm).
Omeem: 6 cm. :
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2) Ucnonw3ys npaBwio 3, HaxonuM kareT AC:.
AC = ABcosA=9-Z2=_"=2_ (cm).

Omeem: 2; cm.
3) Mcnoan3ys npaBuiio 6, HAXOAUM TUIOTeHY3y AB:
_AC ‘5_3‘6_‘_
AB=——=15:2= 15571_3 6 =18 (cm).

Omeem: 18 cm.

4) Ucnonw3ys npaBuio 4, HaxonuM kareT AC:.

B

_BC _ 5 13 _ang 155 o
AC=25 =261 =226 1= =2.15=30 (cm).

gA
Omeem: 30 cm.

Bonpocst, 3a0auu u 3adanus

. Onpenenure, Kakue W3 JaHHBIX PaBEHCTB BEpPHBI

. MoxXeT 1M TaHreHC OCTPOro yrja MpsIMOYTOJbHOTO

. B tpeyronbHuke ABC yron C paBeH 90°. Bbruucnure:

1) Uto Ha3bIBAIOTCSI TPUTOHOMETPUUYECKUMU (DYHKIIUSIMU OCTPOTO yrja?
2) Ot 4ero 3aBUCUT BeJIMYMHA CHUHYyCa, KOCMHYyCa, TaHreHca U KO-
TaHreHca?
3) Kak MOXHO BBIPa3UThb TAHME€HC W KOTAHIEHC OCTPOro yrjia 4epes
CUHYC M KOCHMHYC TOTO Xe OCTporo yrja? 3anuiluTe COOTBETCTBYIOIIME
(hopmybl.

(puc. 2). O6ocHyiTe OTBET. 4 @

a

a) ¢ = ; B) c=atgo; 4

sin a.

— 3 . — b
0) b= csina; r) a= i b c

TPEYroJibHUKA ObITh PaBHBIM V25 0,001; 1002 O6oc- B
HYWATE OTBET. C a B

1) karer AC, eciu BC= 10 cm u tgA =§;
2) runoteny3y AB, eciu BC=8 cm u sind = 0,16.

. BoiBenute 6 OTHOIIEHUIT MeEXAy CTOPOHAMM M YIJIAMU B TIPSMO-

YyTOJIbHOM TpeyrojbHuKe sl yriaa B (puc. 2).

. B tpeyroabauke ABC yron C paeH 90°. Bbluucaute IJIMHY TUIIOTE-

Hy3bl AB, eciu BC=4 cm u sind = 0,25.

. B tpeyronbHuke ABC yron C paeH 90°. BbluuciuTe AJMHY TUIIOTE-

Hy3bl AB, eciu AC=2 cm u cos4d = 0,4.

. B tpeyronbHuke ABC yron C paeH 90°. BbluuciuTe IJIMHY TMIIOTE-

HY3bl AB, ecitu BC=14cm u cos B = %
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S 4. TEOPEMA IHU®ATOPA Y EE IPUMEHEHUE

[ 17. TEOPEMA IIM®ATOPA U EE JTOKA3SATEJIBbCTBO ]

1. Teopema IIucdaropa — oaHA K3 BaXKHEHIIMX TEOPEeM reOMETPHH.

O4yeHb MaJlo CBEACHUI COXPAHUJIOCh B MCTOPUM O XXU3HU BEJIUMKOIO
rpeyeckoro MateMmatuka Iludaropa. M3 apeBHerpeyeckux MCTOUYHUKOB HaM
M3BECTHO, 4YTO MaTeMaTtuku 1ukoabl [ludaropa npu moxkazaTenabCcTBax
TEOpeM M pelIeHUM 3aJay 3aHMMaIUCh KilacCUpUKaLMe TreoMeTpUYECKUX
uryp u 3amMeHOl NMPSIMOJMHENHBIX (DUTYP Ha paBHOBEIUKUE UM (DUIYDHI.
B uvactHocTH, Benuk Bkiaan Ilucdaropa m mMareMaTUKOB €ro IUKOJbI B MpHU-
MEHEHUM TeoOMeTpuM KakK Hayku. Huke mnpuBoauTcss TeopeMa, KoTopas
Hocut ums Iludaropa.

Teopema.

(Teopema Ilughacopa.) B npsiMOYroIbHOM TpeyroJibHHUKe KBaApaT
THIOTEHY3bl PABEH CyMMe KBAaJpaTOB KATETOB.

DTa TeopeMa MOKa3bIBAE€T CBSI3b MEXIY
IUIOLIAASIMU KBaJpaTOB CO CTOPOHAMM, paB-
HbIM CTOPOHAM IIPSIMOYTOJIbHBIX TPEYroJib-
HukoB. [ludarop npemnoxun teopeTuyec-
KOe OO0OCHOBaHME 3TOr0  YTBEPXKACHMSI.
YacTHble ciiyyaum TeopeMbl ObLIM M3BECTHBI
B [ApeBHem Erunte u BaBuioHe, HO MMEH-
HO 1ukoJjoir Iludgaropa ObL1a gaHa oOIIAs
(opmynpoBKa TEOPEMBI.

Ilyctb maH TNpSIMOYTOJIbHBIA TPEYroJib-
HUK ABC ¢ kareramu a u b, U TUIIOTEHY301
c. Torna yreepxaenue Teopemsbl Iludaropa
MOXHO BBIpa3uTh OpMYJIOit

c=a’+ b, (D)
rae a2, b?, ¢ — mIolagu KBaapaToB cO cTopoHamu a, b, c¢. [loatoMy 3TO
PABEHCTBO O3HAYAET, YTO ILUIOMIAJb KBAJPATAa, MOCTPOCHHOTO HA IMIOTEHY3e,
paBHA CyMMe IUIOIIAJIel KBAJIPaTOB, MOCTPOEHHBIX Ha KaTeTtax (puc. 1).

2. Jloka3areabcTBO Teopembl Iludaropa

yepe3 KOCHHYC OCTPOTO yIJa. C
Jlokazamenvcmeo. Ilyctb ABC — npsimo- ‘@

VTOJIbHBII TPEYTOJBbHUK C TIPSIMBIM YIJIOM =

C. Ilposenem BbicoTy CD U3 BepIUMHBI

npsimoro yriaa C (puc. 2).
Ilo ompeneneHuo KocuHyca yrima A u3 \o

MPSIMOYTOJIbHBIX TPEYTOJbHUKOB ACD u | 4 D B

ABC umeeM:
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cos A =40 _A¢
AC  AB~

Orciona AD - AB= AC? (2).

AHaJIOTUYHO, MO OIpeAeICHUI0 KOCHHYyca yrja B U3 IpSIMOYTOJbHbBIX
TpeyroibHUKOB BCD u ABC, umeeM:

BD BC
cos B = BC= A5

Orciona BD - AB= BC? (3).

CkianpiBasi TMoJiydeHHble paBeHCTBa (2) u (3) MOWIEHHO W Yy4YUTbIBas,
AD + DB = AB, nonyyum:

AC?>+ BC*=AB-AD+ BD- AB= AB- (AD + BD) - AB= AB>.

TeopeMa mokaszaHa.

O0603HaUYMM CTOPOHBI MPSIMOYTroJibHOrO TpeyrogbHuka ABC (£ C = 90°)
cootBeTcTBeHHO a= BC, b=AC, ¢c=AB. Torna B cuny Teopembl Iludaropa
OyzneT uMeThb MecTo (popmyJia:

cl=a’+ b

3. Jloka3zareancTBo Teopembl Ilndaropa yepe3 cBoiicTBa IIomAAEi.

PaccMoTpuM TNpsIMOYTOIbHBIM TPEYrojJbHUK C KaTeTaMu a, b U TUIore-
Hy3011 ¢. Jlokaxkem, 4TO

a’+ b2 = cl.

Jlokazamenvcmeo. TlocTpouM nBa paBHBIX KBaapaTa, CTOPOHbI KOTOPBIX
paBHBIL: a + b. Pa3zaenuM ero Ha 4yacTu, COCTOSIIIME U3 MPSIMOYTOJbHBIX Tpe-
YTOJIbHUKOB, KBaapaToB U mpsiMoyrojbHuKa (puc. 3). I[lokaxeM, 4yTo 3TOT
YEeThIPEXYrOJbHUK — KBajapaT CO CTOpPOHOU c¢ (puc. 3, a). [deicTBUTEIbHO,
BO-TIEPBbIX 3TOT YEThIPEXYTOJbHUK SBIISIETCS POMOOM, TaK KaK CTOPOHbI
y HEro paBHbl TMIIOT€HY3€ ¢ MPSIMOYTOJIbHOTO TPEYroJibHMKa C KaTeTamMu a
u b. IlokaxeM, 4TO yrojl X Ha pUCYHKe NpsiMoii. JlelicTBUTENbHO, £X + £1 +
+£3=180°, £3 =42 (TaKk KaK TpeyroJbHUKU paBHbl) U L1 =90° - 22, cie-
noBatesibHO: /x = 90°. [To3TOMy JaHHBI YETHIPEXyrOJbHUK — POMO, OIUH
U3 yrJIoB KoToporo paBeH 90°, T. e. kBaapaT. Tak kak oba OoOJbLINX
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A 5cm B A @
og “_xcm o B
%, < (\Q
cm C D 1 cm C

KBaJpaTa paBHOBEJIMKH, T.€. UX IUIOIIAAM PaBHBI, TO IUIOLIAIb IIEPBOTO, PaB-
Ha 48, +c?, paBHa IUIOIIAAU BTOpOro, paBHoOWl 4S,+ a2+ b*> (puc. 3, 0).
Otkyna,

45, +c2 =4S, + a*> + b2

3HauuT, c?=a?+ b2 Teopema mokKasaHa.
3anaua. HalinuTe HEM3BECTHYIO JUIMHY OTpe3Ka Ha puc. 4.
Pewenue. 1) ANABC — npsimoyroibHbiii, £ B=90° (puc. 4). 1o Teopeme

Mudaropa: x2=75"+ 3>, orkyna x° =34 = x =34 (x> 0).

2) AACD — npsimoyroabHbiii, £ CAD =90° (puc. 4). I1o Teopeme Iluda-

ropa, y’ + (\/ﬁ)2 =77, otkyna y2+34=49, y2=15, y = J15 (y>0).

'~

Omeem: x =34 cm; y =+/15 cm.

Bonpocst, 3a0auu u 3adanus

1) Kakue nokaszarenbctBa TeopeMbl [1ndaropa Bbl 3HaeTe?

2) Yto BBl INOHMMAaETe MOJ BbIPAXKEHUSIMU <«KBaapaT TUIIOTEHY3bI»,
«KBajJpaT KaTteTa»?

B mnpsiMOyroibHOM TpeyrojibHMKE 3adaHbl KaTeThl a W b. Haiinure
TUIIOTeHY3y ¢, ecau: 1) a=5, b=12; 2) a=4x/§, b=7; 3) a=0,7,

. A . 5 12
b=2,4;4)a=5, b=6;5) a=4z, b—ﬁ.
Ykazanue. Boruucaure runoTeHy3y, UCIOJb3ys (popmyy:

c=+a*+b.

Haiinure nepumerp pomba, €Ciyd €ro 1MaroHaJu paBHbI:
1) 12cmu 16 cm; 2) 14 cm u 48 cm.

4. Haiinute HEM3BECTHYIO IJIMHY OTpe3Ka x (puc. 5).

B npsgMoyroibHOM TpeyrojibHUKE @ U b — KaTeThl, a ¢ — TUIIOTEHY3a.
Haiinute b, ecm: 1) a=1,2, ¢c=1,3; 2) a=7, ¢c=9; 3) a=1,5, c=1,7;
4) a=2,¢c=25.

HaiiguTe nparoHanb NpSIMOYTOJIbBHUKA, €CJIM €TI0 CTOPOHBI PaBHHBI:

1) 24dmu 7 cm; 2) 50 cm u 12 dm; 3) §dm u 1,5 m.
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C 18. TEOPEMA, OBPATHA{I TEOPEME ITN®ATOPA D
y g

1. HekoTopbie HemocpeacTBeHHbIE ceacTsusa u3 Teopemnl Ilndaropa.

PaccmMoTpyiM  OfHO M3  HEMOCPEACTBEHHBIX CJICACTBUM  TEOpEeMbI
ITudaropa.

Cnencreie. B mpAMOYrojibHOM TpeyrojibHHKe JIIOOOH KaTeT MeHbIIe
THNIOTEHY3bl.

Jlokazamenavcmeo. NABC — TIpSIMOYTOJib-

4 @ Hblif, ZC=90° (puc. 1).
JlokaxeM, 4yTo 11000 KaTeT MEHBbIIE T'U-
MOTEHY3bl.

HeucrBurenbHo, no Teopeme Iudaropa:
AC?=AB*- BC? u BC?=AB*>- AC.
L] Otkyna AC?>< AB*> u BC*< AB.
¢ B 3uaunt, AC< AB u BC< AB.
CrnencrBue n1oKa3aHo.
2. Teopema, ooparHas teopeme IImdaropa.
Teopema.

Ecau KBazpaT OJHOW CTOPOHBI TPEYrOJIbHHKA PAaBEeH CyYMMe KBaJl-
PaToOB ABYX APYTHX CTOPOH, TO TPEYrOJbHHK — NPAMOYIOJbHbIIA.
Jloxazamenvscmeo. Tlycts B tpeyronbHuke ABC AB?=AC?* + BC>

Hokaxem, yto ZC=90° (puc. 2). PaccMOTpuM NpsIMOYTrOJIbHBIN Tpe-
yroibHuK A,B,C, ¢ npsmbiM yriom C,, B KotopoM A,C,=AC u B,C,= BC.

A @ Mo Teopeme Iudaropa A, B> = A,C+ B,C},
u, 3HauuT, A, B} = AC*+ BC".

Ho AB2=AC?*+ BC? 110 yCJIOBMIO T€O-
pembl, 3Hauut, A, B} = AB2. Otkyna cienyer,
yro A,B,=AB. Takum 006pa3om, Tpeyrosyb-

Huku ABC u A;B,C, paBHBI IO TpeM CTO-
¢ B poHaM. Iloatomy ZC=2C,, T.e. Tpeyrojib-

A HUK ABC TpsIMOYroJbHBIA C TIPSIMBIM YT-

nom C. Teopema nokaszaHa.
3anmaya 1. CTOpOHBI  TpeyrojibHUKA

paBubl: 1) a=5, b=11, ¢=12; 2) a=+/85,
b=7, c=06. SIBnsieTcss M 3TOT TPEYroJbHUK
MPSIMOYTOJbHBIM?

-

C B Pewenue. 1) Bpruuciaum cymMmy  KBaj-

paToB BYX HAaMMEHBILIUX CTOPOH:
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524+ 112=25+ 121 = 146.
Tenepb BLIMUCIUM KBagpaT HanOOIbLIEH CTOPOHBI: 122 = 144,
CpaBHUBasl MOJyYEHHBIE PE3YILTATh, UMeeM a’ + b? # ¢2. 3HauuT, Tpe-
YIOJIbHUK He SIBJISIETCS MPSIMOYTOJIbHBIM.
Omeem: ipu a=35, b=11 u c¢=12, He OyaeT NPSIMOYTOJIbHBIM.
2) BpluuciauM cyMMy KBaapaTOB IBYX HaMMEHBIIIMX CTOPOH:

72+ 6*=49 + 36 = 85.

2
Tenepp BBIUMCIMM KBaapaT HAUuOOJIbIIENH CTOPOHBI: (\/85) =85.

3Haunt, 85=85 — cnpaBemmBo. B pesyabrare umeem b’ +c?=a’.

OTtkyna jaenaeM BbIBOJ, YTO 3TOT TPEYrOJbHUK — MPSIMOYTOJIbHBIMA.

Omeem: a =~/85, b=7 U ¢ =6, TPeyroJbHUK TIPIMOYTOIbHBIIL.

3. IlepneHauKyJisAp U HAKJIOHHAS.

Ilycts Touka A He JexxuT Ha npsimoit [, AC — meprneHauKyasap K 9Toi
npsiMoii. JI1o0oi OTpe30oK, COeAMHSIIOIIEH TOUKY A ¢ TOUKOM MpuHaIexa-
e mnpsiMoil / M He CcoBMaJalollel C MNEepPreHAMKYJISIpPOM, Ha3bIBalOT
Hakaonnou X nipsmoii [ Ilo ompeneneHuto, KpaTyaiilliee pacCTOSIHUE OT
TOukKu A no npsimoii [ Oynmer paBHO jIMHE nepnendukyaspa AC, omny-
LLIEHHOI0 U3 TOUukKu A Ha mpsimyio / (puc. 3).

JleiicTBUTEILHO, MIJISI KaxXaoi Touku B el
TpeyroibHUK ACB — mnpsiMmoyrojibHbiid, rae AC @ 4
u CB — karethl, a AB — rumnoreny3a. OTpe3ok
CB Ha3blBalOT npoexuyuel HakaonHou AB Ha
JaHHYIO MPSIMYIO /.

Teopema Iludaropa cBs3bIBaeT MIMHY HaK-
JIoHHOU AB, nepneHaukynsip AC U npoeKuuu
CB pasenctBom: AB>= AC?+ CB>. O

I[Mostomy e6cecda AB>AC wiu AB> BC, | C B I
WHauye TOBOpsI, HMepneHOUKyAap Kopoye HAaKAOH-

HOUl, NPOBEOeHHOL U3 MOl Jce mMOYKU WIN A00as HAKAOHHASA 0Ooabule
nepneHouKyasapa u 6oavule ceoeli NPoeKyuu Ha OAHHYH NPIMYIO.

Tak ke, paeHbie HAKAOHHbIE UMEm pasHvle NPOeKyuu; U3 08yX HAaK-
JNOHHBIX O0abUle ma, Komopas umeem O0AbULYIO NPOEKYUIO.

3anaua 2. Haiigute cTopoHBl poM0a, eciiv ero guaroHanau paBHbBI 10 cm
n 24 cm.

Pewenue. Bocrionbp3dyemMcs TeM, YTO AWAaroHaJIM poMOa TepreHINKYIIsIp-
HBbI U TOYKOM TepecedyeHus AeIaTcs momnosaM. Torga cTopoHbl poMOa sIBJIs-
IOTCS TUIIOTEHY30i IIPSIMOYTOJILHOTO TPEYroJbHUKA C KaTeTaMu 5 cm u
12 cm.

524+ 122=25+144=169, 1.e. 169 = 132

3HauuT, cTopoHa pomba paBHa 13 cm. Omeem: 13 cm.
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1.

Bonpocst, 3a0auu u 3adanus

1) Chopmynupyiite Teopemy, oopaTHyto Teopeme Iludaropa.

? 2) Yro BBl MMOHMMaETe MOJ BbIPAKEHUEM IPOEKLMUsI HAKIOHHOM Ha

2.

. BAABC AB=13 cm, BC=20 cm, BD —
@

npsimyto? BepHoO i1, 4TO KaTeT MEeHbIlIE TUIOTEHY3bI?

Moxer 1 NPSIMOYTOJIbHBIN TPEYroJIbHUK WMEThb CTOPOHBI pPaBHBIC:
I)11cm, 7cm, 17 cm; 2) 3 cm, 1,6 cm, 3,4 cm; 3) 3 cm, 4 cm, 6 cm;
4) 2 cm, V7 cm, v/11 cm? B kaxaoM ciydyae 0GOCHYIITE OTBET.

BbICOTA TpEYrojibHUKA, M OHAa paBHa
12 cm. Berumcaure JUIMHBI TTPOEKIMIA CTOPOH
AB, BC Ha ctopoHy AC U JJIMHY CTOPOHBI
AC (puc. 4). 3anoJHUTE MPOIYCKHU.

Pewenue. NABD n ABCD — npsimo- —

YTOJIbHBIE, TaK Kak ZADB=/BDC=90°. | 4 D C

IIpoexkuusimu cropoH AB u BC Ha cro-

poHy AC, COOTBETCTBEHHO SIBJISIIOTCS OT-

pe3ku AD u CD.

ITo teopeme Iludaropa u3 TpeyronbHuka ABD, umeeM:
AD*= AB*— BD*=13*—- .2=..— .= .. (cm).

Otciona AD=...cm.

ITo teopeme Iludaropa u3 TpeyroabHuka BCD, umeeM:

CD?>=BC?>—BD*>=.2—12*=..—..=.. (cm).

Orcionpa CD=..cm. AC= ...+ DC= ..+ ..=..(cm).
Omeem: AD=...cm, CD=...cm, AC= ... cm.

. HaiinuTe HemsBecTHy10 MuHY (puc. 5—06).
. IBe CTOpPOHBI MPSIMOYTOJBbHOIO TPEYrojbHUKA paBHBI 6 cm U 8§ cm.

Haiinure niuny TpeTbeit cropoHbl. CKOMBKO pelleHnit nMeeT 3agada’?

MoxkeT i NpPSIMOYTOJbHBIM TPEYroJbHUK HWMETh CTOPOHBI paBHBIC:
1)a=12, b=35, ¢=37; 2) a=11, b=20, ¢c=25; 3) a=18, b=24,
c=30;4)a=9, b=12, c=15? B KaxnoM ciiyyae 00OCHYIATe OTBET.

(5) B (6) 4 5cm B
6
%y\ X \&o o
K balo
il &
xcm D C C
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[ 19. IPUMEHEHUE TEOPEMbI ITU®ATOPA ]

Haxoxnenune BbICOTHI TPEYroJIbHUKA MO TPEM CTOPOHAM.

PaccmorpuM TpeyronbHUK ABC co cropoHamu a, b u c. Haiinem
BoicoTy CD = h_, onyuieHHyo u3 BepiunHel C Ha cTopoHy AB (puc. 1, a).

PaccmaTtpuBatoTcss Tpu ciiydyass B 3aBUCUMOCTH OT PacCIOJIOKEHUS
OCHOBaHMSI BbICOTBI D Ha cTopoHe AB.

Cayuai 1. Tlyctb Touka D — BHYTPEHHSsSI TOuka OTpe3ka AB W miuHa
AD=x, torna muHa DB=c-x (puc. 1,a). AADC u ABDC — mnpsiMo-
yroyibHble, 1 110 Teopeme Iludaropa:

h2=b>-x> (1) u h?=a>-(c-x)* (2).

Otkyma: b2—x? =a?-(c—x)~

CrnenoBaTeibHO,

b2-x2=a?*-c?+2cx—-x2, T.e. b2=a?—c?+2cx.
M3 nocnegHero ypaBHeHUsI HAXOAUM X:
et -a 2 (b2+c2—a2)2
X=———— wm x =-— "7
2c 4¢2
IloacraBuB 3TO 3HaUeHue x> B paBeHCTBO (1), uMeem:
hc2 e (b2 +c22—az)2 _ 4p%c? —(bz-zrcz—az)2 .
4c 4c

PaznoxuB uuciauTeab 2TON ApoOM Ha MHOXHUTEIU, IOJYy4YUM Clie-
nyoliee:

. (2be~(0? + 2 -?))2be+ (8 +¢ ~a)) (2be-82 - +a®)(2bc+ B + - ) |
¢ 4¢? 4¢?
IIpeobOpasyem cienyroiuM oopa3omM 006a MHOXUTE/S B YUCIUTENE TTOJY-
YEHHOI'O BBIPAXKECHMSI:
2bc - b?*-c*+a*=a*-(b-c)’=(a-b+c)a+b-c) n
2bc+ b+ - a?=(b+c)?-a*=(b+c—-a)b+c+a).

Tornma
W= (a-b+c)a+b-c)(b+c—a)(b+c+a)
¢ 4¢? ’
Ol ¢ c
a
5 ) h| b\ @ b h=a
b u c—Xx X c I
A D ¢ B D A B A c B=D
a 7 6
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13 9TOro

h, =%\/(a+b+c)(a—b+c)(a+b—c)(b+c—a).

O003HaUMB MOJYIIEPUMETP TPEYTOJIbHUKA Yepe3 p, TTOIYUUM:
a+b+c=2p,
a-b+c=a+b+c-2b=2p-2b=2p -b),
a+b-c=a+b+c—-2c=2p-2c=2p - o),
b+c—-a=a+b+c-2a=2p-2a=2p - a).
IMonyyeHHbIe BBIpAaXKEHMSI TOACTABUM BMECTO BBIPAXKEHMI, CTOSIIIUX
MOJ KOPHEM, U TOJIyYUM:

h. = %Jl6p(p —a)(p-b)p-c) = % 4p(p-a)(p-b)(p-c) =

2
==Jp(p-a)(p-b)(p-c).
TakuMm xe obpazoM,

h=2Jp(p-a)p-b)p-c) u h==Jp(p-a)p-b)p-c).
a b

Caywai 2. Touka D neXUT Ha NPONOJDKEHUM OTpe3Ka AB, To ecTh
DB=c+x. I B 5TOM cJlyyae NOJYyYUM paHEE WBJIOXECHHBIA pe3yJbTar
(puc. 1, 6).

Cayuaii 3. Touka D coBnagaeT ¢ TOUYKO B, TO eCThb BbICOTa COBIAHaeT
C KareTroM, /= a. B 3TOM ciyyae TpeyrojabHUK OyJeT NpsIMOYTOJIbHBIM (puc. 1, 6).

Bonpocst, 3a0auu u 3adanusn

1. Haiinute BbICOTBI TpeyrojbHuka co ctopoHamu: 1) 10 cm, 10 cm,
12cm; 2) 17 dm, 17 dm, 16 dm; 3) 4 dm, 13 dm, 15 dm.

2. Haiinute CTOpOHY pPaBHOCTOPOHHEIO TPEyroJbHMKA, BbICOTA KOTOPOTO
paBHa h.

3. Haiinute BBICOTY, OMYIIEHHYIO Ha OOJIBIIYI0O CTOPOHY TpPEYroJbHUKA,
€CJIM €ro CTOPOHBI paBHBI: 1) a=5cm, b=7 cm, c=6 cm; 2) a=13 dm,
b=14dm, c=15dm; 3) a=24 cm, b=25cm, c=7 cm.

4. Haiinure: 1) BBICOTY PaBHOCTOPOHHEIO TPEYroJIbHUKA, €CIU €ro CTo-
poHa paBHa 12 ¢cm; 2) CTOpOHY PaBHOCTOPOHHEIO TPEYrojbHMKA, €CIu
ero BbICOTa paBHa 15 cm.

5. Haiinute HauOOJIBIIYI0O M HAWMEHBIIYIO U3 - @
BBICOT TPEYroJbHMKA, CTOPOHbI KOTOPOIO
paBHbl a=8 cm, h=10cm u c=12 cm.
6. Haiinute MeHbLIYIO BBICOTY TpPEYroJibHUKA, E EA
€ClIM ero CcTopoHbl paBHB: 1) 17, 65, 80;
2) 8, 6, 4; 3) 24,25, 7; 4) 30, 34, 16. E “3
7. Haijinute MEHBIIYIO BBICOTY TPEYrOJIbHUKA, E E
€CJIM ero CTOPOHHI paBHBI a =16 cm, b=12 cm
uc=8cm.

8. Haiinure miuHy aectHulbl (puc. 2).
48

C25mB




§ 5. TPUTOHOMETPUYECKHUE TOXIECTBA

‘ 20—21. OCHOBHOE TPUTOHOMETPUYECKOE ’
TOXIAECTBO U Ero CJIEACTBUE

1. OcHOBHBIE TPHTOHOMETPHYECKHE TOXKIAECTBA.

BbiBenieM coOoTHOIIEHUS (TOXIECTBA), KOTOPbIE BhIPAKAIOT 3aBUCUMOCTh
MEXIy TPUTOHOMETPUUECKMMU (PYHKIMSIMUA OJHOTO yrIJa.

Teopema.

st 1m060ro 0CcTPOro yria o CnpaBeiJIMBO PABEHCTBO
sina + cos?a = 1.
Jlokazamenvcmeo. Bo3zbMeM J11000# MPSIMOYTOJIbHBIN TpeyrojibHUK ABC
C YIJIOM Mpu BeplivHe A, paBHbIM o (puc. 1).
ITo teopeme INMudaropa: @ B
BC?*+ AC? = AB>.
Pasnenum o6e yactu paseHcTBa Ha AB2. Tlony- c
YUM CJIeAylolliee paBeHCTBO:

127 (25 -1 :
AB AB ) A b C
C

B .
— =sin
Ho B a,

C
—g = cosa. Takum obpazom,

sina + cos’a = 1. (1)
PaBeHcTBO (1) Ha3bIBaeTCS OCHOBHBIM TPHTOHOMETPHYECKHM TOXKIECT-
BOM.
Tpu ToXecTBa BbI YK€ 3HaeTe:
tga = 2% (2), ctga =22 (3), tgo - ctga =1 (4).

cosa sin a
YT0oOBI MOJIYYUTH IISITOE€ TOXAECTBO, Pa3lejavuM 00€ 4aCTU MOJYYEHHOTO

toxnectsa (1) Ha cos’o. [Toayunm:
.2
sin” o 1 2 1
—+1l=——,um 1+tg°a=—p—. (3)
CoS™ o Cos” a Cos™ o
Ecam 06e yactu Toxnectsa (1) pasmenuTs Ha sin’o., TO IMOJIYYUM LIECTOE

TOXIIECTBO:

1

2
cos“ o 1
1+ = 5

2
—— =———, WK 1+ctg’a=— . (6)
sin“a  sin“a sin“ a

2. CJIe,IlCTBI/lH, BBITCKAIOIIUEC M3 OCHOBHOI'0O TPUTOHOMETPHYECKOIO TOXK-

JIeCTBa.
Jlas 1000ro ocTPOro yria o BepHbI CleAyIolie PaBeHCTBA:

sin‘a = 1 - cos’a = sina = /1 - cos’a . 7)
cos’a = 1 -sin’a = cosa = /1 —sin’a . 8)
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. 2
3anaya 1. Beluncaurte 3HaueHue sina, tgo U Ctgo, €Cau Cosa = —

T
Pewenue. 1) sina = /1 - cos oc—1/ - ~ 1= \[ */—
sina V5.2 V5, COSOL_Z'\/g_ _\/5
D= a 33Ty Mg =i T TS
Omeem: sin a. _g, tgo =§, ctgq=¥
—sin? 2
3anaua 2. YnpocTuTe BhIpaxeHue: 1) 1+1_51#; 2) 1-cosTa-l
sm-ao cos’ o

Pewenue. 1) IlpuBenem ciaraeMmble K 00llleMy 3HAaMEHATeJO, 3aTeM B YMC-
JIATEJIe TIPUBEAEM MOJO00OHBIC cjaraeMble, U BOCIIOIb3YeMCsT TOXIAECTBOM (6):
1-sin? sin?o+ 1-sin? 1
1+ 2= % =l+ctg’a.
S~ o SIn- o S~ o
Omeem: 1 + ctg?a.

2) IlpuBenem pa3HOCTb K OOIIEMY 3HAMEHATENI0, 3aTEM B UYMCIUTENE
MPUBEIEM MMOJOOHbBIEC ClaraeMble, U BOCIIOJIb3yeMCSl TOXIECTBOM (5):
cos’a-1 cos’a-— (cos2 a-1) cos’ a—cos® o+1 1 2
1 —_ 5 = 5 = S = 5 = 1 + tg a.
Cos o Cos™ o COoS o Cos™ a

Omeem: 1 + tg?a.

3anaua 3. Yrpoctute BeIpaxkeHue: sin‘a + cos*o + 2sino cos?a.

Pewenue. Bocrionb3yeMcsi (hopMysioil KBaapaTa CyMMbl JIBYX 4HMCENl W
OCHOBHOT'O TPUTOHOMETPUUYECKOIO TOXIECTBA, MOJyYUM PaBEHCTBO:

sin‘a + cos*a + 2sin%a cos?a = (sina + cos?a)? = 1.
Omeem: 1.

Bonpocst, 3a0auu u 3adanus

J—
o

1) B yeM 3akiouyaeTcss OCHOBHOE TPUTOHOMETPUUYECKOE TOXIECTBO?
2) Kakue TpuroHoMeTpu4ecKre TOXIEeCTBa Bbl 3HaeTe?

3) Kakue cineacTBusl BHITEKAIOT M3 OCHOBHOIO TPUTOHOMETPUYECKOTO
TOXIecTBa?

" . 12
2. Haiinute: 1) cosa, tgo M ctga, ecau Sino = iR 2) sina, tgo U ctga,
ecau cosa = 0,8; 3) sina, tga U ctga, eciau coso = 0,28.

3. HaiiauTe sina 1 cosa, ecinu tgo = %
. . 4
O6pazen. Haiinute sina 1 coso, eciau tgo = 3

1 ) 4\? 16 25 9
) =1+t =1+(—j =l+—=== =2
Pewenue p—p g a 3 5= 3HauuT, cos’a 55

9 3
cosa = ,|— ==
Otkyna o 33
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Temeps BHUMCIAM sino:  tgo, = 0%
p - 18 cosa 35 5°

. 4 3
Omeem: sin o = 35 cosa=<.

4. Ympocrure Boeipaxedue: 1) 1 + sinZa + cosZa; 2
b

sin o . 3) 1-sin’ o
l-cos’ o cos’ o
O6pazen. Yopoctute BoipaxeHue: 1 + sin’o — cos’a.

Pewenue. CrpynnupoBaB cjlaraémble, MOJIyYUM:

1+sin’a —cos’a =1 — cos’ a + sin’a = sina + sin’ o = 2sin’a
2
. sin“ o
Omeem: 2sinZo.

(I-sina)(1+sina) | 2) sino.cosa. | 3) tgo

2 2 2

5. Ynpocrute BbipaxkeHue: 1) - - & <
Nlie) COS™ a Sin o

6. Karetbl mNpsMOYroJbHOro TpeyrojbHUKA paBHbl 7 c¢cm M 24 cm.
BbluncinTe cMHYC, KOCMHYC, TAHT€HC U KOTaHI'€HC HAaMMEHBILIEro yria
TpeyroJjbHHUKa.

7. Haiinute 3HauYeHUSI TPUTOHOMETPUYECKUX (DYHKIIMI OCTpOro yria A,

. 15
ecnu: 1) tgd=2; 2) Slna:g; 3) cosa = 1.
1-tg?a+tg?
8. YrpocruTte BhIpaxXeHne: ——— ==
COS™ a
Pewenue.
1—tg2<x+tg4oc 1

d = (1-tg?a+tg*a) =(1+tg2a)(1—tg20c+tg40c)=1+tg60c.

COS™ o COS2 o
[Monb3ysace ToxnectBoM (5) U (GopMynoil cyMMbl KyOoB, T.e. @+ b=
= (a+ b)(a® - ab + b*), ynpocTuin BbIpaxKeHHUE.
Omeem: 1 + tgbo.

. . 8 .
9. Haiinure: 1) cosa, tga 1 ctgo, eciu Sina = —; 2) sina, tgo U ctga, eciau

ﬁ:
cosa = 0,6.
10. Onpenenure, MOTYT JIM CUHYC M KOCUHYC OJHOTO yIjla COOTBETCTBEHHO
OBITH paBHBIMU: 1) % u ?; 2) % u %

11. Onpenenure, MOTYT JIM TAHTE€HC M KOTAHI'€HC OJHOTO YIJla COOTBETCT-
BEHHO OBITh PaBHBIMU:

1) 0,4 u 2,5; 2) 1,1 u 0,9; HS5+2u5-2.
12. Yrupoctute BelpakeHue: 1) tgo - ctgo — cos’a;  2) cosa — cosa. - sina.
13. Karetsl npsIMOYroJbHOrO TpPEYroJbHUKA paBHBL 8 c¢cm u 15 cm.
Haiingure 3HaYeHMEe TPUTOHOMETPUUYECKMX (DYHKIIMII HAMMEHBIIIETO YIJa
TPEYroJbHUKA.
14. Yupoctute BeipaxeHue: 1) (1 —cosa)(1l +cosa);  2) sino — sina cos?o.
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22. ®OPMYJIbI U1 TPUTOHOMETPUYECKHUX
OYHKINU JOITOJHUTEIBHBIX YIVIOB

Dopmyabl 1151 TPUTOHOMETPHYECKHX (DYHKIMIA TOMOJHATEIbHBIX YIJIOB.

Jlonoanumenvnoimu yeaamu Hazvieaiomcs 06a yena, KOmopwvle 8 CyMMe
cocmaeaarom 90°. TakuMU yrjiamu, B YaCTHOCTHU, SIBJISIIOTCSI OCTPbIE YIJIbI
MPSIMOYTOJILHOTO TPEYroJbHUKA.

TpuroHomeTpuyeckre TOXIECTBA, KOTOPbIE Mbl PaCCMOTpPEIU, YCTaHAB-
JIMBAIOT B3aUMMOCBSI3b MEXIY pPa3HbIMU TPUTOHOMETPUUYECKUMU (DYyHK-
uusiMu ogHoro yriaa. IlornpoOyeM yCTaHOBUTH CBSI3b MeXay (PYHKUUSIMU
JIBYX OCTPBIX YIJIOB MPSIMOYIOJIbHOTO TPEYrOJbHUKA.

Teopema.

Jaa mob60oro ocrTporo yria o, B NPSIMOYTOJbHOM TPEYrOJbHHKE CIpa-
BEJJIMBbI PABEHCTBA:
sin(90° — o) = cosa; c0s(90° — a) = sina.

Joxazamenscmeo. PaccMOTpUM  IPSIMO-

B N .
@ YIoJIbHbIN TpeyroibHUK ABC ¢ TUIIOTeHY30i
= AB (puc. 1). Ecnu Z4 =a, T0 £ZB =90° - a.
90"~ o BbIpa3uB cvHYCBl U KOCMHYCBI OCTPBIX YIJIOB
TPEYrOJbHUKA, TOTYYMM:
. AC
sinB="— wu cosA =£, T.C:
AB AB
i iy o _
C A sin(90° — o) = cosa;
. BC BC
sin A =g U cos B =—g Te:

c0s(90° — a) = sina.

TeopeMa nokaszaHa.

W3 nokazaHHOI1 TeopeMbl BBITEKAET CJIEAYIOllee CIeACTBUE.

Cnencteue. JIaa mo00ro ocTporo yrjia o B NPSIMOYTrOJbHOM TPEYroJib-
HUKE CNpaBe/IMBbl PABEHCTBA:

tg(90° — o) = ctga; ctg(90° — o) = tga.

Bocnionb3ysich BbllIe BbIBEASHHBIMU (hOpMYJIaMU, JTOKAXKUTE CaMOCTOSI-
TeJIbHO CIPaBeIJIMBOCTb 3THUX PAaBEHCTB.

Octpbie yriibl A 1 B B NpsSIMOYTOJbHOM TPEYTrOJbHUKE SIBJISIIOTCSI 10-
MOJIHATEJbHBIMU yIJIaMM, TaK KaK OHHU JOMNOJHSIOT Apyr apyra go 90°.
YuureiBast 3T0, BhIlIE BbIBeACHHbIE (DOPMYJIbl UMTAIOTCS TaK:

— CHHYC JAQHHOTrO YIjia PaBeH KOCHHYCY JONOJHUTEJbHOIO YIJia;

— KOCHHYC JJAHHOTO YIJIa paB€H CHHYCY JONOJHUTEJbHOIO YIJia;

— TAHreHC JAHHOrO YIJia PAaBeH KOTAHIeHCY JONOJHUTEbHOIO YIJia;

— KOTAHTeHC JAHHOTO YIJIa PABEH TAHTEHCY JONOJHHUTEJIbHOIrO yIJja.
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3anaya 1. Yuisl A 1 B — ocTpble yIiibl MPSIMOYTOJIBHOTO TPEYroJbHUKA.

Haiinute tgA, ecnu sin B = i.

NG

. . 1
Pewenue. sinB = cosA, 3HauuT, cosA =sin B =—. CuHyc yria A Ha-

NG

XOIVM, WUCITONB3ysd CJICICTBUE M3 OCHOBHOTO TPUTOHOMETPUUYECKOIO TOX-
JIeECTBA:

sin A =1 cos’ o = /1_(% ﬂ@%

Haxonum TaHreHc yrja yepe3 CMHYC M KOCHHYC:

sin A 2 .1
Omeem: 2 tgA_m_f.ﬁ_z.

3anava 2. Haiinute ocTphlii yroa x, eciu ctgx = tg20°.
Pewenue. tg20° = ctg(90° — 20°) = ctg70°, 3Hauur, ctgx=ctg70°. Orciona

x=70°. Omeem: x =70".

Bonpocst, 3a0auu u 3adanus

1) Uto Ha3bIBalOT IOMOJHUTEJIbHBIMU YIrjamMmu?
2) Kakue cBsi3u Bbl 3Haetre Mexay (YyHKIUSIMM JIBYX OCTPBIX YIJIOB
MPSIMOYTOJILHOTO TPEeYroyibHUKa? 3aluIilrTe COOTBETCTBYIOIIME (POPMYJIbI.

2. Haiinute ocTphlii YroJ x, ecliu:
1) sinx =cos40°;  2) cosx =sin76°;  3) tgx =ctg56°;  4) ctgx =tgl6°.
3. Yl A u B — ocTphie yIibl MPSIMOYToJbHOTIO TpeyrojibHuMKa. Haiinure
sinB u cosB, eciu cosA = 0,6.
4. Onpeaenute, MOTYT JIM CUHYC U KOCMHYC OIHOIO yIja COOTBETCTBEHHO
1 2
OBITH paBHBIMU: 1) NN 2) 0,3u 0,4.
S. Yrabl A u B — ocTpble yriibl MPSIMOYTOJBHOTO TpeyrojbHuKa. Haitnure
cosA u tgA, ecnu sinB = 0,5.
6. Haiinute HemsBeCTHbIE MIMHBI (pUC. 2), U BBIUMCIUTE CUHYC, KOCUHYC,
TaHI€HC U KOTAHTE€HC OCTPBIX YIJIOB.
7. Haiinure cosa M sina, ecau sin(90° — o) = 0,8.
8. Ympocrute BbipaxkeHue: 1) Cc(t);z i 2) ctgZa(2sin’a + cos?o — 1).
A 12 cm C A (x+6)cm B
L
=
o 2
+ & <
% 5 ? 0&
N— ‘/\
2) a B c 0

53



23. BBIYMCIIEHUE 3HAYEHUA CUHYCA, KOCUHYCA,
TAHTI'EHCA 1 KOTAHT'EHCA YTIJIOB 30°, 45°, 60°

-

1. BbluncieHne 3HaYeHMsi CHHYCAa, KOCHHYCA, TAHTeHCA W KOTaHTeHCa
yraa 30°. JIist BIYMCIeHUST 3HAaYEHUsI TPUTOHOMETpUUEeCKUX PYHKIMI yria
30° paccMOTpUM pPaBHOCTOPOHHUI TpeyroibHuk ABC co cTOpoHOW a u
MPOBEIEM B HEM BBICOTY BD, KOTOpas SBJISETCS TakKXKe OUCCEKTPUCOU U
menuaHoit (puc. 1). B tpeyronbnuke ABD D= 90°, «B=30° u AB=a.

Torna AD = %,
ITudaropa:

y (1) B =B —aD - \/az —@2 _ \/az _@

2
a = ’3L=a_\2/§.

ITo onpenenenuto:

Kak karer, jexaumii npotuB yria B 30°. Ilo Teopeme

SIS
N

sin300=42 _@a.,_1.
a3 AB 2 2’
2
o BD aJ3 . 3.
COS3O E—T.Q—T’
te30° =40 _ 4 a3 _ 1 _\3.
C BD 2" 2 3 3
o BD a3 . a
ctg30 =5 =7 .5_\/5

C nomouibio GopMysa sl TPUTOHOMETPUUYECKUX (PYHKUMNA TOIOJHU-
TeJbHBIX YIVIOB ITOJIydaeM 3HayeHus yria 60°:

sin 60° = sin(90° - 30°) = cos30° = 231 1260° = tg(90° ~30°) = ctg30° = 3

c0860° = c0s(90° — 30°) = sin 30° = % ; ctg60° = ctg(90° — 30°) = tg30° = ?
2. BpluncieHde 3HAYeHHS CHHYCA, KOCHHYCA, TAHreHCAa M KOTaHreHca
yriaa 45°.
B Jns BbIUMCIEHUS 3HAYEHUI TPUTOHOMET-
@ pudeckux @yHKuuMi yraa 45° paccMOTpuUM
PaBHOOEAPEHHBIN TPSIMOYTOJIbHBIA TPEYTroJib-
Huk ABC ¢ «xaretramu AC=BC=a nu
ZA=2B=45 (puc. 2). Ilo Teopeme Iluda-
ropa rumnoreHy3a paBHa AB = a2 . Tlo omnpe-
NEJIECHUI0O  TPUTOHOMETPUYECKMX  (YHKIUNI
OCTpPOTO YIJIa UMEEM:

45°
A a C sin43° =sind=—=——=—=22
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AB a2 2 2
ctgdse=ctgd =40 =4 =1

IIpencrtaBuM 3HAYeHUSI TPUTOHOMETPUUECKUX
dynkumii yrnos 30°, 45° 1 60° B Buae TaOJUIIBI.

3HaueHUs TPUTOHOMETPUYECKUX (DYHKUUN Ipy-
IMX YIJIOB, a TakKXe KBaapaT M KBaIpaTHbII KOPEHb
U3 MOJIOXKMUTEIbHBIX YMCE MOXHO BBIYUCIUTD C IO-
MOILIbIO KaJbKYJITOpA WX CHELUUaTIbHbIX TaOJuII.

3anaya. T'mnoteHy3a AB mpsIMOYTOJIBHOTO Tpe-
yronbuuka ABC paBHa 4+/3 cm, a £A=60° (puc. 3).
BbrurcinTe IIMHBI KaTETOB 3TOrO TPEYroJbHUKA.

Pewenue. Ham u3BeCTHO, 4TO KaTeT IPOTUBO-
JIeXXallMid YIay o, paBeH IPOU3BEACHUIO TUIIOTEHY-
3bl Ha sin a. [ToaTomy:

BC = ABsin A =43 -sin60° = 43 -2 =6 (cm)
Ham m3BecTHO, 4TO KaTeT MpuiekKalluii K Yy o,
paBeH MPOM3BEICHUIO TMITIOTEHY3bI Ha cOS a. IlosToMmy:
AC = ABcos A = 4/3 - cos 60° = 4\/§% =23 (cm).
Omeem: BC=6 cm, AC =2+/3 cm.

Bonpocust, 3a0auu u 3adanus

=

Berauciure: 1) sin30° + tg45°;  2) cos30° - tg60°;

o 30° | 45° | 60°
sina l Q ﬁ
2 2 2
cosaL ﬁ Q !
2 2 2
tga ? 1 \/5
ctga | 3 1 ?
(3) 7
=
&
N6 i
A C

3) /2 sin45° - cos 60°.

2. Haueptute paBHOCTOPOHHUI TPEYroJbHUK M IPOBEAUTE €0 BBICOTY.
Cnenaiite HeoOXOAMMbBbIE M3MEPEHUs] W BBIYMCIWTE 3HAYEHMSI TPUTO-
HoMmeTpuuecknx GyHkuuit yrimoB 30° m 60°. CpaBHUTE ITOJTyYEeHHBIE

pe3yabTaThl ¢ TAOJUYHBIMU.

3. JuaroHans BD mnapamnenorpamma ABCD mneprieHAUKYJSIpHA CTOPOHE
AB v paBHa 16 cm. BeiuncinTe JIMHBI CTOPOH MapalijiejiorpaMma, eciu

yron BDA pasen 30°.

4. B npsIMOYrojbHOM TpPeyroibHUKe OfMH M3 KaTeTOB paBeH 643, a mpo-
TUBOJIEXKAIW yroy paBeH 60°. Haiimute rumoTeHy3y U BTOpOIi KaTeT.

5. Ynopoctute BoipaxkeHue: 1) tg2o(2cos?a + sina. —1); 2) tgZa — sinatg’a.

6. B npsiMOYrojbHOM TpPEYrojibHMKE OAMH U3 KaTETOB paBeH 2, a MPOTH-

BoJIeXKallMit yroi paBeH 60°. HaiimuTe rumoreHy3y U BTOPOil KaTeT.

7. YnpoctuTe BeIpaxkeHHe: (sina + coso)? + (sino — cosa)?.

8. Brmuucnure:

1) cos45°® - sin45°; 2) sin60° - tg30°; 3) /3 cos 30° — cos 60°.

55




§ 6. PEHIEHUE ITPAMOYI'OJIbHBIX TPEYTOJIBbHUKOB

DN

24. TABJIUIIA 3HAYEHUH TPUTOHOMETPUYECKHX
OYHKIINUN

3HaueHUs TPUTOHOMETPUUYECKUX (PYHKILMI MOJTHOCTBIO OINMPEaesTIOTCs
BeJMurHOM yria. CocraBiaeHbl TaOJMIILI TPUTOHOMETPUUECKUX (PYHKUMIA B
3aBUCMMOCTM OT 3HAau€HUM yIjaoB (CM. MNPUJOXEHME B KOHIIE KHUTH).
B Tabiuue mnpuBeneHbl 3HAYEHUS TPUTOHOMETPUYECKUX (PYHKUMIA YIJIOB,
colepXKallux 11eJI0€ YUCIO TpajaycoB, C TOYHOCTBbIO A0 JECSITUTBICSIYHBIX
3HaKa. 3HauyeHWe YIJIOB, He Oouibllie 45°, pacrojioxeHbl B JieBOM (1-oM)
cronbue «I'pagychl», U COOTBETCTBYIOIIME WM 3HAYEHUS TPUTOHOMETPHU-
yecKrUX (QYHKIMI HaAXOAAT, MOJIb3YSICh 6epXHUMU HAUMEHOBAHUSIMU CTOJIO-
OB (2—5), 3HaYeHUs yIJIa, HE MeHbIIe 45°, pacIojoXeHbl B IIPaBoM (6- oM)
cronbie «I'pamycel», 1 COOTBETCTBYIOIIME UM 3HAYEHUS] TPUTOHOMETPUYEC-
KUX QYHKIUKA HAXOJAT, TOJb3YSICh HUNCHUMU HaUMEHOBaHUSIMU (2—5)
CTOJIOLIOB. B IBYX KpaliHUX CTOJIOLAX YKa3aHbl TPAAyCHbIC YIJIbl: B JICBOM —
ot 1° mo 45°, t.e. 1°, 2°, 3°, ..., 45°; B mpaBoM — ot 45° 1o 89°, T.e. 45°, 46°,
47°, ... 89°. Tabmuua cocTaBjieHa ¢ ydyeToM (QOpMya JIOMOJHEHMS:
sina=co0s(90° — o), cosa=sin(90°-o) © T.O., 3HAUMUT, Sinl°=cos89°,
sin2° = cos88° u T.1. MexXny 3TUMHU CTOJOLIAMM COAEPXKUTCS 4eThipe (2—35)
CTOJI01Ia 3HAYEHU I TPUTOHOMETPUYECKUX (DYHKIIUIA:

2-ii — cHHYCHI yIIoB OT 1° 10 45° (MuM KOoCcMHYCHI OT 45° 1o 89°);
3-ii — TaHreHchl yrioB oT 1° mo 45° (uim KoTaHreHchl ot 45° no 89°);
4-i1 — KoTaHTreHChl yrioB oT 1° no 45° (unu taHreHcsl oT 45° 1o 89°);
5-if — KOocuHYChI yrioB oT 1° 10 45° (uau cuHychl oT 45° 1o 89°).

1. Boiunciienne TPUrOHOMETPHYECKOH (QYHKIMHM MO YIay.

3anmaua 1. Haitoure sin20°.

Pewenue. Tlockonbky 1° <20°<45°, HailgeM B KpailHEM JIEBOM CTOJIOLE
3HaueHue «rpamgychbl» 20 U pacCMOTPUM COOTBETCTBYIOILIYIO CTPOKY IEPBOrO
cronbia 3HayeHuit. Yron 20° B Heit coorBercTByeT umcay 0,3420. Oto u
ecTh 3HaueHue sin20°. CrnemoBaTenbHo, sin20° ~ 0,3420.

3anmaua 2. Haitoure sin75°.

Pewenue. Tlockonbky 45°<75°<89°, HalimeM B KpailHeM npasom
CTOJIOLIE 3HAUYCHUE «IPadyChl» 75 U pacCMOTPUM COOTBETCTBYIOLIYIO CTPOKY
YeTBEpPTOro CTOJ0LA 3HaueHUil. Yroa 75° B Heill COOTBETCTBYET YUCIY
0,9659. Bro u ectb 3HaueHue sin75°. CiaenoBaTenbHO, sin75° ~ 0,9659.

3anmaua 3. Haiinute cos33°.

Pewenue. Tlockonbky 1° < 33°<45°, HailneM B KpailHEM JIEBOM CTOJIOLE
3HAQUYEHUE «Ipaaychl» 33 U pacCMOTPUM COOTBETCTBYIOLIYIO CTPOKY UYETBEP-
TOro croJiolia 3HayeHuit. Yron 33° B Heli cooTBeTcTBYeT unciay 0,8387. Oto
U ecTb 3HaueHue cos33°. CaemoBarenbHo, cos33° ~ 0,8387.
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AHaJIOTUYHO HaXOIMM 3HAYEHUS TPUTOHOMETPUUYECKUX (DYHKIIMM TaH-
reHca M KOTaHreHca, Kak COOTBETCTBEHHO 3HAUeHUsI CMHYCca M KOCHHYcA.

2. Bbluncienune yrja mo ero TPUroHOMETPHYECKOoi (yHKIMH.

3anaua 4. Haitnute ocTpslit yroa x, eciau sinx = 0,9848.

Pewenue. 11 3TOr0 B MEPBOM WJIM YETBEPTOM CTOJIOLE 3HAYCHMIA
HaxoguM uucio 0,9848. OHO HaxoguUTCs B YETBEPTOM CTOJOLE, T.e. HC-
KOMBI yron Oosbiie 45° u MeHblue 89°. B cooTBeTCTBYIOLIEH CTpoKe
IpaBoro cToyidbua («rpamychl») 3HaueHuin Haxoaum uuciao 80. CremoBaTeib-
HO, UCKOMBII yroa npubausutenbHo paBeH 80°. Omeem: x ~ 80°.

3anava 5. Haitnure octpslit yroa x, eciau tgx = 0,7002.

Pewenue. JIng >TOro BO BTOPOM WJIM TPETbEM CTOJOLE 3HAYECHUM
HaxoguM uucio 0,7002. OHO HaXOAUTCSI BO BTOPOM CTOJIOLIE, MCKOMBIN
yroja MeHsblie 45°. B cOOTBETCTBYIOLLE CTPOKE JIEBOTO CTOJIOLA («IpamgyChl»)
3HaYeHuil HaxoauMm uuciao 35°. CruemoBare/lbHO, MCKOMBII Yroa mnpuo-
JIN3UTEILHO paBeH 35°.

Omeem: x ~ 35°.

Bonpocst, 3a0auu u 3adanus

1. Haiinute ucrnosb3ys: Tabauiy:
a) 1) sin3°; 2) sin21°; 3) sin50°; 4) sin82°; 5) sin40°;
6) 1) cos9’; 2) cosl2’; 3) cos4l1”; 4) cos67°; 5) cos4’;
B) 1) tg5°; 2) tg89°; 3) tgl5°; 4) tg60°; 5) tg50°;
r) 1) ctgl0®;  2) ctg30°; 3) ctg75°%; 4) ctg52°; 5) ctg5’.
2. HaiiauTe oCTpblid yroa X, UCIOJb3Ysl TaOauILy:

a) 1) sinx~0,1392; 2) sinx ~ 0,8590; 3) sinx~ 0,5150;
0) 1) cosx~0,7431; 2) cosx ~ 0,6428; 3) cosx~ 0,0523;
B) 1) tgx = 0,4663; 2) tgx~ 11,430; 3) tgx~0,1763;

r) 1) ctgx~0,9004; 2) ctgx~1,192; 3) ctgx ~ 0,3640.

3. (Illpakmuueckas paboma.) HauepTuTe ¢ TOMOIIBIO TpaHCIOPTHUpPA
MPSIMOYTOJIbHBINM TPEYroAbHUK C OCTpbIM yrioM 40°. I3mepbTe ero crto-
POHBI ¥ BBIYMCIIUTE CUHYC, KOCMHYC, TAHT€HC M KOTaHT€HC 3TOro yrJja.

4. Boluuciaure 3HayeHUe BbIpakeHus: tgl5” - tg30° - tgb0° - tg75°.

Pewenue. Tlonbsysicb @opmynamu tg(90° — o) =ctga u tgo - ctga =1,

BBIYMCJIMM 3HAYEHUE BbIpaXkKeHUsI (3aIOJHUTE MPOITYCKM):

tgl5° - tg30° - tg60° - tg75° =tgl5° - tg30° - tg(90° — 30°) - tg(90° - 15°) =
= (tgl5° - ctg...) - (tg30° - ctg...”) = ... ... = ...

HokaxwuTe, uto tgl° - tg2° - ... - tg88° - tg89° = 1.

Ynopoctute BbIpaxkeHUE:

1) cos?a +cos*(90° — a); 2) sin%a — cos2(90° — a).

Haiinure ucnonn3ys tadauny: 1) sin70°; 2) cos55°; 3) tgl0°; 4) ctgl8®.

8. Haiinure ocTpslit yroa x, ucnosb3ys Tadauity: sinx ~ 0,1392.
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l 25. PEHIEHUE NIPAMOYTIOJIBHBIX TPEYI'OJIBHUKOB T}
\— _

B I'maBHy10 3aga4y TPUTOHOMETPUU COCTABJISIET

@ peuieHue mpeyeorvbHukos. Peuienue mpeyeonvHuka —

5TO 3HAYUT IO M3BECTHBIM €T0 3JIEMEHTAM HaWTHU
HEU3BECTHBIE 3JIEMEHTHI.

[TpssIMOYTOJIBHBIM  TPEYTrOJIbHUK MOXHO pe-

c a| 1WATb TIO CTOPOHE W OCTPOMY YIJy WJIU JBYM

ctopoHaMm. PaccMoTpuM mpuMepbl KOHKPETHBIX

3a7a4 Ha pELICHUE TMPSMOYTOJIbHBIX TPEYroyb-

HUKOB, MOJIb3YysCh 0003HaueHussMu puc. 1. Ilpu

a4

& = 9TOM JOTOBOPUMCSI OKPYIJISAITh 3HAYEHMSI TPUIO-
A b C HOMETPUYECKUX (DYHKLMUKA N0 THICSUYHBIX, IJTUHbI
CTOPOH — JIO COTBIX, a TpaayCHbIe Mephbl YIJIOB —

N0 eIMHULL.

PaccMoTpuM ueTbipe ciydyasi pelieHMsl MPsSIMOYTOJIbHOTO TPEeyrosbHUKA,
3Has JiBa 2JIEMEHTA.

Cayyaii 1. Pemenune TpeyroJbHUKA MO THIOTEHY3€ M OCTPOMY YTJIy.

3anaya 1. Haitnute kateTrsl a, b W OCTpbIiA yrojg B, €ciau B IpSIMO-
YTOJIbHOM TPEeYrojibHUKe rumnoTeHy3a paBHa c¢= 10 cm, o= 50°.

Pewenue. 1) TlocKOJbKYy CyMMa OCTPBIX VYIJIOB IPSIMOYTOJBHOTO
TpeyroibHuKka paBHa 90°, To B =90°—a =90 - 50° =40°.

Cnoco6 1. 2) Karer, npoTtuBojexalluii yriay o, paBeH MpPOU3BEIECHUIO
TMIOTEHY3bl Ha sina, T.€. a= ¢ sina.

3HauuT, a =10sin50°=10-0,7660 ~ 7,66 (cm).

3) Karer, nmpuiexaimmii K yrjiy o, paBeH INPOMU3BEACHUIO TMITIOTEHY3bI
Ha cosa, T.e. b= c cosa. 3Hauut, b =10cos50°=10-0,6428 ~ 6,43 (cm).

Cnoco6 2. 2) Karter, mpuiexaluii K yriy [, paBeH MNpPOU3BEIECHUIO
TUITOTEHY3BI HA COSP, T.€. a = ¢ COSP.

3Hauur, a =10cos40°=10-0,7660 ~ 7,66 (cm).

3) Karer, npotuBosexaliuii yriy B, paBeH NpPOU3BEAECHUIO TUITOTEHY3bI
Ha sinf, T.e. b= csinf. 3Hauur, b =10sin40° =10-0,6428 ~ 6,43 (cm).

Omeem: a ~ 7,66 cm, b~6,43 cm, B=40°.

Cayuaii 2. PemeHnune TpeyrojibHHKAa MO KATETy M OCTPOMY YIJIY.

3anava 2. Haiinute kater b, TMIIOTEHY3Y ¢ U OCTPbI yrojia o, €CIu B
MIPSIMOYTOJILHOM TPEYTOJIbHUKE KaTeT a =6 ¢cm U OCTpBIiA yroua B =22°.

Pewenue. 1) T1ocKoNbKy CymMMa OCTPBIX YIJIOB IMPSIMOYTOJBHOTO Tpe-
yroibHUKa paBHa 90°, To a=90° - =90°-22°=68".

Cnoco6 1. 2) I'unoreHy3a paBHa OTHOLIEHHUIO KaTeTa, MpujexalieMy K

a

cosp

6 6
cosp  cos22°  0,9272
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3) Mo onpenenenuio: tgp=

b=6tg22°=6"-0,4040 ~ 2,42 (cm).
Cnoco6 2. 2) T'umoTeHy3a paBHa OTHOIIEHMIO KaTeTa, IPOTHBOJEXa-
1IeMy yrjay o Ha sina, T.e. ¢ = a4

. Otkyna b = a tgp, T.e.

sina
a 6 6

Sno  sin68 09272 6,47 (cm).

3HauuT, ¢ =

3) 1o onpeneneHuto: tgp= g. Otkyna b = atgp, T.c.
b=61g22°=6-0,4040 ~ 2,42 (cm).
Omeem: ¢~ 6,47 cm, b~2,42 cm, o= 68",

Bonpocst, 3a0auu u 3adanus

1. B npsMoOyrojbHOM TpeyrojbHUKE KaTreT JUIMHOW 7 cm SBISIETCS
npuiiexaiuym K yriay 60°. Haiinute rTMnmoTeHy3y 3TOr0 TPeyroJbHUKA.

2. B npsIMOyroJbHOM TpPEyroJbHMKE TMIOTeHy3a paBHa 12 cm, a onuH U3
KaTeToB paBeH 62 cm. Haiimure ocTpble YIIBI 3TOrO TPEYTOIbHUKA.

3. B npsiMOyrojbHOM TpPEYrojibHMKe TMIoTeHy3a paBHa c¢= 10 cm, a oct-
pblii yron paBeH o =42°. Haiinute kareTbl a, b u oOcCTpblii yroa f.
Pemnte 3amauy nBymst cnocobamu (cM. 3agauy 1, ctp. 58).

4. B 1npsIMOYroJbHOM TpPEYroJbHUMKE OJMH M3 KaTeTOB paBeH b=4 cm, a
oCTphIil yron paBeH B = 18°. HalinuTe KateT a, rTMMOTEHY3Y ¢ U OCTPbIi
yros o. Pemure 3agady aByms crioco6amu (cMm. 3amavy 2, cTp. 59).

COS2 o

(I1+sin o )(1-sin )

6. B paBHOOenpeHHON Tpameuuy Yyroa Ipu

S. YnpocTtute BbIpaKeHUE: —sin acos(90° — o).

OCHOBaHMHU paBeH 60°, a OOKOBasg CTOpPOHA @ B | ¢
paBHa MeEHbLIEMY OCHOBAaHMIO U paBHA
242 cm. Haiinute nivHy OOJIbIIETO OCHO- o \

BaHUS Tpaneuuu. 3aroJIHUTE TIPOIMYCKU.
Pewenue. Tpaneuus ABCD — paBHOOen- | |
pennas, ZA=./D=60°, AB=DC=BC= 14 P D
= 2+/2 cm. TIposenem CP|| BA (puc. 2).

Torna ZA=~CPD= 60° (KaK ... yIJbl IIpd IEepeceYeHUU Iapajuieiib-
HbeIX npsgMbix CP u BA u cekyuieit AD ). Yrabel TpeyroabHuka CPD
paBHBHI, T.€. ...°, 3HAUUT, OH ... .

MMostomy, CP= PD=...= 22 cm. Torna AD=2 - 242 = ... (cm).
Omeem: 42 cm.

7. B npsMOyrojibHOM TpPeyroJbHUKE TMIIOTeHy3a paBHa ¢=8 cm, a OCT-
pbiii yron paBeH o =30°. Haiinure KateTbl a, b U ocCTpblii yroa p.
Pemnre 3amauy nBymst cnocobamu (cM. 3agauy 1, ctp. 58).
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26. PEIIEHUE MTPAMOYTOJBHBIX TPEYTOJILHUKOB
(ITIPOJOJIXKEHWE)

Cayyaii 3. Pemenune TpeyrojibHHKa O THIOTEHY3€ M KaTeTy.

3anaya 1. B npsIMOyroJibHOM TpeyrojibHUKE TUIIOTeHy3a ¢ paBHa
13 cm, akarer a paBeH 5 cm. Haiinute karet b, ocTpbie yIJibl o U P.
Pewenue. 1) Tlo Teopeme Ilugaropa:

B
) b=vc —a* =\13* -5 =/169-25 = /144 =12 (cm).
= Cnoco6 1. 2) Tlo ompeneneHnIo CUHYca OCT-
B poro yria o
5
sina =— == ~0,3846
o a 13

Otkyma o ~ 23°.

3) CymMma OCTpBIX YIJIOB B IPSIMOYTOJbHOM
\ o TpeyronbHuKe paBHa 90°. Torma

A b C B=90°-a~90°-23°=67°.
Omeem: b=12 cm, a~23°, B~ 67°.
Cnoco6 2. 2) Tlo onpeneneHno CUHYca OCTPOro yria f:

Otkyna B~ 67°.

3) CyMMa OCTpbIX YIJIOB B IpPSMOYTOJIbHOM TpeyrojbHuKe paBHa 90°.
Torma

a=90°-B ~90°-67°=23°.

Omeem: b=12 cm, o ~23°, B~ 67°.

Cayuaii 4. Pemenne TpeyroJbHUKA MO JIBYM KATETaM.

3anaya 2. B mnpsMOYroJibHOM TpPEYrojbHUKE KaTeTbl a W b paBHBI
COOTBETCTBEHHO 8§ c¢cm u 15 cm. Halinute rumoreHy3y ¢, OCTpble YIJIb
o up.

Pewenue. 1) Tlo Teopeme Ilugaropa:

c=~Na + b =~/8 +15 =64 +225 =289 =17 (cm).
Cnoco6 1. 2) Ilo onpenesieHNIO TaHT€HCA OCTPOTrO yrja o

Otkyna o ~ 28°.
3) CyMMa OCTpbIX YIJIOB B IIPSIMOYTOJIbHOM TpeyrojbHuKe paBHa 90°.
Torma

B =90°— o ~ 90°—28° = 62°.
Omeem: c=17 cm, o ~ 28°, B~ 62°.
60



Cnoco6 2. 2) I1o onpeaeneHuo TaHIeHca OCTPOro yrjia f:

b 15

th —;—y = 1,875.
Otkyna B~ 62°.
3) CyMMa OCTpbIX YIJIOB B IIPSIMOYTOJIbLHOM TpeyrojbHuKe paBHa 90°.
Torma
a=90°-B~90°-62°=28°.

Omeem: c=17 cm, o ~ 28°, B~ 62°.
Cnoco6 3. 1) Ilo onpenesieHNI0O KOTAaHTEHCA OCTPOTO yrja o

Otkyna o ~ 28°.
2) Cymma OCTpBIX YIJIOB B IPSIMOYTOJBHOM TpeyrojbHuke paBHa 90°.
Torma
B=90°-a~90°-28°=62°.
3) Ilo teopeme Iudaropa:
c=va’ + b =8 +15 =/64+225 =289 =17 (cm).

Omeem: c=17 cm, o ~ 28°, B~ 62°.

Bonpocst, 3a0auu u 3adanus

1. B npsamoyronbHoMm TpeyrojibHuke ABC £ C=90°, ruroreHy3a ¢ paBHa

92 cm, a xateT a paBeH 9 cm. Haiiaure karer b, ocTpble YIJIBL o ¥ P.
Peiire 3amavy AByMS cnocobaMu.

2. B npsamoyroiabHoM TpeyroibHuke ABC ~C=90°, kareTbl a u b cooT-
BETCTBEHHO PaBHBI 6+/3 cm m 6 cm. HaiiouTte TMIOTeHy3y ¢, OCTpbIE
yIJIbl o0 M B 9TOrO TpeyrojbHUKa. Peliute 3agayy AByMsl CIOCOOaAMM.

3. B npsmoyroiabHoMm TpeyroibHuke ABC 2 C=90°, karetbl a U b cooT-
BETCTBEHHO paBHBI V11 c¢m u 5 cm. Haiinute TMmoTeHy3y ¢, ocTpbie
yIJIbl o0 M 3 9TOTO TpeyrojbHUKa. PelmTe 3amauy AByMsl CIioco0amu.

4. B npssmoyroibHoM TpeyroyibHuke ABC (£ C=90°) orpe3ok CD — mep-
MeHAMKYJISIP, MIPOBEACHHBIN K rUmoTeHy3e. Jlokaxure:

1) siCnDA = ABcos A; 2) ADtgA= BDtgB.

5. Berumcimte: 2sin60° + 4c0s60° — ctg30° — 2tg45°.

6. B npsmoyronbHoMm TpeyronbHuke ABC £ C=90°, runoreHy3a ¢ paBHa
25 cm, kateT b paBeH 24 cm. HailinuTe kateTr a, ocTpble YIJbl o U P.
Peiire 3amavy aAByMs cnocobaMu.

7. B npsimoyroibHoMm TpeyronbHuke ABC 2 C=90°, karetbl a u b cooT-
BeTCTBeHHO paBHbI 10 c¢cm u 24 cm. Haiigute rurmoreHy3y c, OCTpbIe
yIJIbl o0 M B 9TOrO TpeyrojbHUKa. Pelure 3agayy AByMsl CIOCOOaAMM.

61




P
|C27. IHOCTPOEHHME IMPAMOYIOJbHBIX TPEYI‘OJII)HI/IKOBJ

3anaya 1. ITlocTpouTbh yrosa, CMHyC KO-
TOPOTo paBeH %.

IToctpoum mnpsimoit yron C M Ha OmHOM
CTOPOHE OTJIOXKMM OT BepIIMHBI 0Tpe30K CB,
paBHBI YeTBIpEM MPOM3BOJbHLIM MacCIll-
TaOHbIM eauHuLiaM (puc. 1). M3 touku B
KakK M3 LIEHTpa PaJiuyCcoM, paBHBIM 5 TeM Ke
MacIITaOHBIM €IMHMIIAM, OIMIIEM AYTYy, Ie-
pecekarolllylo  JIpYrylo CTOPOHY IPSIMOIo
yrina. Touky nepeceyeHusi 0003HAYUM OyK-
Boit A. CoenuHUB TOYKU A u B, noiyuum
MpSIMOYTOJIbHBINM TpeyroabHuk ABC. Yron —

" 4
A UCKOMBII, TaK KaK CUHYC paBeH 5 T.C.
. 4
sinAd =—.
3anaya 2. IlocTpouTb yroja, KOCHHYC

5
KOTOPOTroO paBeH ¢ .

IMoctpoum mpsimoit yron C M Ha OZHOM
CTOPOHE OTJIOXKMM OT BepIUMHBI 0Tpe30K AC,
- paBHBIA 5 TMPOM3BOJILHBIM  MacCIITaOHBIM
@ B | enununam (puc. 2). U3 touku A Kak u3
LIEHTpa paJlycoM, PaBHBIM 6 TeM e Maclil-

— T TaOHBIM €IWHMIAM, OIMIIEM AyTY, Iepece-
1 KaloIllyl0 IPYIyl0 CTOPOHY MPSIMOro yrja.

Touky nepeceyeHus1 o003HAUYUMM OYKBOU B.

+ CoenMHUB TOYKU A U B, MojyyuM IpPsIMO-

yrojbHbiii TpeyroibHUuk ABC. Yron A — uc-

A C . 5
KOMbIM, TaK KaK KOCHMHYC paBC€H 5>

cos A = E.

6 4

3anaya 3. [locTpouThb YroJj, TaHF€HC KOTOPOTo paBeH 3
IToctpoum mnipsimoii yron C M Ha OJHOW €ro CTOPOHE OTJIOXHM OT
BepIIMHbI OTpe30K CA, paBHbII 5 MPOM3BOJbHBIM MACIITAOHBIM €IMHUIIAM,
a Ha npyroit orpe3ok CB, paBHbIi 4 TeM e MaclUTaOHBIM eIWHUIIAM

(puc. 3). CoenuHuUB TOYKU A U B, MOJYyYUM MPSIMOYTOJIbHBIN TPEYyroJbHUK

4 4
ABC. Yron A OyneT UCKOMBIM, TaK KaK €ro TaHTeHC paBeH 5, T.e. tgd = 5
Kaxnplii M3 KaTeToB MHPSMOYTOJbHOIO TPEYroJbHMKA BCETda MEHbIIIe

TUITIOTEHY3bl, TO CUHYC U KOCUMHYC JIIOOOr0 OCTPOTro yIjia BCeraa MeHbiie 1.
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Yrto KacaeTrcss CpaBHUTEJIbHOM BEJIUYMHBI KAT€TOB, TO KaXKIblA W3 HUX
MOXET OBbITh B3AUMHO PaBHbIM, W OOJbllIe WU MeHble apyroro. [losatomy
TAaHT€HC W KOTAHTE€HC OCTPOTO YIVIa MOTYT OBITb BBbIPaXK€HBI JIIOOBIM ITOJIO-
KUTEJbHBIM 4uCIOM. Kaxnblii M3 HMX MOXET ObITb MEHbLIE E€AWHMIIbI,
OoJibllle €NVMHUIIBI U paBeH eavHulie. Eciu 3HaueHUue TPUTOHOMETPUYECKUX
(GyHKIMI OyaeT AeCITUYHOU APOOBIO, TO IS TMIOCTPOEHUS MPSMOYTOJIbHOIO
TPEYroJIbHUKa, €ro HEOOXOIMMO 3aMucaTh B BUIAE HECOKPATUMOU Ipobdu, U
MOCJIE 3TOT0 HaAO BbIOPATh COOTBETCTBYIOLIYID MAaCIUTA0OHYIO €AWHUILY, a
3aT€M HaJAO0 MOCTPOUTH MNPSIMOYTOJIbHBIM TPEYrOJbHUK KaK B PELIEHHbBIX

3amaygax.

Bonpocst, 3a0auu u 3adanus

1. Iloctpoiite mnpsiMoyroibHblii TpeyroibHuk ABC («£C=90°),

Dted=3; 2)sind=3.

2.
3

(£C=90), ecnu: 1) sind =2

IloctpoiiTe mpsiMOyroibHbIN TpeyroibHUK ABC
; 2) COsA = 3
s 4

3. B mnpsMoyronbHOM TpeyrojibHuke ABC yrona

C paBen 90°,

c=7J2 cm —

TUITIOTEeHY3a,

b=7 cm — xarer. Halinure xaTeT a, ocTpbie
yIJIbl o0 M 3 9TOTO TpeyrojibHUKa (puc. 4).

4. B npsmMoyroibHoM TpeyroibHuke ABC yroia
C paBeH 90°, ¢=12 cm — runoreHy3a, o = 60°.
Haiinute xartetnl a, b, ocTpbiii yroia B Tpe-
yroibHUKa (puc. 4). Pemmre 3amauy nByMms

CCJIN.
(4) B
=
B
C a
R B
A b C

3xcm B

CIocodamu.
5. Haiinute Hem3BeCcTHBIC IJIUHBI (puC. 5, 6).
6. B npsmoyronbHoMm TpeyroibHuke ABC yron C paBeH 90°, c=74 cm —
TMIIOTeHY3a, Sino = % Haiinure nepuMeTp 3TOro TpeyrojibHuKa (puc. 4).
7. Tloctpoiite npsaMoyroybHblii TpeyroabHuk ABC (« C = 90°), ecnu:
. 4 3 2
1) smA_7, 2) cosA_§, 3) ted =<.
(5) 4 AC=x © c
B
e
= 7 g
&
% &
i - I
B C D A
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k 28. ITPAKTUYECKUE 3ATAHUA U ITPUMEHEHUE ]

1. IIpakTHyecKue 3a1a4n Ha npuMeHeHne Teopembl IIndaropa.

3amaua 1. 1IBeTOK BOASHOI JWIMKM BBICTYIIAE€T Hal MOBEPXHOCTBHIO O3epa
Ha 10 cm. Eciu 1LBETOK MOTSIHYTh B CTOPOHY, TO OH KOCHETCSl MOBEPXHOCTHU
BOAbl Ha pacCTOSHUM | m OT HavyaJbHOTO mMoJjioXeHus. Haitnute riyouHy
o3epa B JaHHOM MecCTe.

Pewenue. O603HaunM ryouHy ozepa CD B JaHHOM MecTe yepes3 x (puc. 1).
Torna BD=AD=AC+ CD=0,1+ CD =0,1+x (m). U3 npsIMOyrojbHOro Tpe-
yroabHuKa BCD, no teopeme Iludaropa
UMeeM:

BD>- CD*=BC?, (0,1+x)?-x*=1,
OTKYya:
0,01+0,2x+x*—x2=1;

0,2x=0,99; x=0,99:0,2;
x=99:2; x=4,95 (m).

Omeem: T1youHa o3epa 4,95 m.

Jamaga 2. BricoTa omHOTO JepeBa
20 m, a BToporo 9 m. PaccrosiHue Mex-
Iy OepeBbsIMHU cocTaBiager 60 m. Haii-
JIIUTE pacCTOSHUE MEXIy BepXylIKaMU
9TUX JepeBbeB (puc. 2). Pemunre camoc-
TOSITE€JIBbHO.

3anaya 3. BBICOTHI ABYX COCEH COOT-
BETCTBEHHO paBHbI 21 m u 28 m,
a pacCTOsIHME MEXIYy HMMHU COCTaBJISIET
24 m. Haiigute paccTossHHME MEXIY Bep-
XYLIKaAMKU 3TUX JOepeBbeB (CM. puc. 2).
Pelnre caMocTOSITENBHO.

2. IIpakTHyecKHe 3a1a4d HA MpUMe-
HEHHE CHHYCA OCTPOro yrjia. @

KpytusHy nonbeMa Ha POBHOM Hak-
JIOHHOM HOpOre MOXHO 3aJaTh He yI-
JIOM HakKJIOHa, a BBICOTOM MOmbEMa,
MPUXOISIIErocsl Ha IJIMHY IMPONAeHHO-
ro nytu (puc. 3). Hampumep, nmombem
2 M Ha 100 mytu. B atoM ciydae Kpy-
TU3HA IOAbeMa 3aJaeTCs OTHOLIeHHEM
BBICOTHI K MpoliaeHHoOMYy myTh. B pac-
CMOTpeHHOM mpumepe oHa paBHa 0,02,
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700

2 m

100 m
Hampumep, Mo Toil ke gopore. Dto orHoiueHue 0,02 He 3aBUCUT OT IPO-

JCHHOIO IIyTH.

T.€. =0,02. Pasymeercss, MOXHO ObUIO Obl TOBOPDUTHL M O CIIyCKE,

3amaua 4. Yron moabeMa pPOBHOM HAKJIOHHOI JOPOIM COCTaBJISIET B Cpei-
HeM 15° (cMm. puc. 3). Ha Kakylo BbICOTY MHOIHMMAaeTCs JIErKOBasl MalllMHa,
npoiing no gopore 300 m?

Vkazanme. Haiinute KpyTM3HY moabeMa, IPUMEHSSI OINpeaesieHue CUHyca
OCTpOro yria.

2. IlpakTHyecKHe 321241 HA NMPUMEHEHHE TAHI€HCA OCTPOro yrJja.

3amaua 5. Ha paccrosHuu 700 m OT TOYKM OTpbIBa camoJjieTa OT 3eMJIM
pacrojioxkeHbl AepeBbsl BbhICOTON 24 m. Ilog KakuMm YIJIOM [OOJDKEH IIOA-
HUMAaTbCSI CaMOJIET, UTOOBI HE 3aleThb AepPeBbsi?

Pewenue. B npsimoyronbHoM TpeyrojbHuke ABC (£LC=90°) AC=700 m,
BC =24 m (puc. 4). I1o omnpenejeHnI0 TAHI€HCAa OCTPOIO YIja HaXOIUM:

Omeem: 4TOOBI HE 3aleTh JEePEBbsl OT TOUKM OTPhIBA 3eMJIM CaMOJIET HOJ-
JKEeH MOJHUMATHCS MO/ YIJIOM HE MeHbliie 2°.

3amaua 6. OnmpegeauTh paccTOSHUE MexXAy NOyHKTamMu A u B, pasne-
JIeHHbIMU TIpensaTtcTBueM. IlycTh TpeOyeTcs HAWTH pacCTOsIHME OT ITyHKTa A
JIo TIyHKTa B, Haxoaserocs 3a pexkoi (puc. 5).

Pewenue. CTpouM IIpHA IOMOILIM aCTPOJISI-
OMM WM 3KKepa Mpu TOYKe A MpsIMOM YroJj
BAC. BzsaB Ha mnpsimoii AC MPOU3BOJIBHYIO
TOUKy D, C IOMOIIbIO acTPOJISIOUU HU3MEpsIEM
yroil ADB; myctb oH paBeH 44°. W3mepseM
paccrosinue AD, nmyctb oHO cocTaBuT 120 m. |~
ITonp3ysich ompeneaeHWeM TaHIE€HCa OCTPOTrO
yIja, HaXOAUM paccTosiHue AB:

23 = tgddo = AB =120 tgd4° ~
~120-0,9657 ~ 116 (m).

Omeem: ~ 116 m.
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3amaua 7.OnpeneauTh paccTossHUME OT IyHKTa A 10 IyHKTa B, Mexmy
KOTOPBIMU HaXOIUTCSI BOOAHOE MPOCTPAHCTBO (puc. 6).

Ykazanue. PaccyxneHue aHaJormyHo 3amade 0.

Cuuras, uto LADB=48" u AD =200 m, peluuTe 3amady.

3amaua 8. OnpeneauTh BBICOTY IIpeIMeTa, K OCHOBAaHHMIO KOTOPOTO IIO-
JIIONUTU HeNb3sl, HampuMmep, TpeOyeTcs BBIUMCIUTHL BBICOTY 3JI€KTpoIepenar-
yuka (puc. 7).

Pewenue. PaccMoTpuM MpSIMOYTONbHBIA TpeyroldbHUK ACD. B 3ToMm
TPEYrOJIbHUKE MBI MOXEM C TOMOIIbIO acTpPOsIOUd HU3MEPUTh yroa A.
ITonoxum, oH paBeH 42°.

B tpeyronbnuke BCD uzmepsiem yroa DBC, mycTh OH paBeH 47°.

IIo ompeneneHuIo TaHIeHCa B MPSIMOYTOJIbHOM TpeyrojbHuke ACD uMeeM:

CcD CcD

—_— \ = — 1

C tgd2° = AC w4 (1)
IIo ompeneneHuIo TaHIeHca B MPSIMOYTOJILHOM TpeyroiabHuke BCD uMeeM:

CD cD

—_— . = — 2

2C tgd7° = BC i 2

Touku A, Bu C HaxosTcsl HA OOHON IPSIMOIA.
Haxonum pazHocts AC — BC, T.e. u3 paBeHcTBa (1) Beiunutaem (2):

CD CD 1 1
ac-pc =2 -0 :AC—BC_CD(W—W)j

= AC-BC =CD 09008 To7H = AC - BC = CD(1,1106 - 0,9325) =
AC-BC

Paccrognne AC - BC, 1.e. AB, MOXeT OBITb HEIOCPEACTBEHHO M3MEPEHO,

MyCTh OHO paBHO 12 m, Torma
AC-BC AB 12
CD = 01781 _ 0,1781  0,1781

Omeem: ~ 67,4 m.

CocTaBbTe M pElLIMTE 3aJaud B OKpyXKamllleil 00CTaHOBKE, HAWTU BBLICOTY
KaKOro-HUOyIb IIpeaMeTa, K OCHOBAaHUIO KOTOPOrO IIOJOMTH HEIb3sl WIN
OIpEJCIUTE PACCTOSTHAE A0 KAKOKM-HUOYIb HEAOCTYITHON TOYKMU.
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@29—30. KOHTPOJIBHASA PABOTA 2. PABOTA HA/JL OIHI/IBKAMI/IJJ

1.

2.

AW

B npsiMmoyrosbHOM TpeyrojibHMKE TUIIOTeHy3a paBHa 20 cm, a CHHYC
OIHOTrO U3 OCTPBIX yIjaoB paBeH 0,5. Haiinure KaTeThl TpeyrojabHUKA.

B npsmoyronbHOM TpeyrojbHMKE TMIOTeHYy3a paBHa 13 cm, a KOCHHYC
5 .
OZIHOTO M3 OCTPBIX YIJIOB PaBEH . Haiinute KaTeThl TpeyrojbHUKA.

Ynpocrtute BbipaxkeHue: (sin’o —cos?a)?+ 2 sina cosa.

. HaiinuTe BBICOTHI TPEYTOJbHMKA CO CTOPOHAMM:

1) a=c=17 cm, b=16 cm; 2) a=30cm, b=34 cm, ¢c=16 cm.

TECT 2 IIpoBepbTe ceds!

OIMH U3 KaTeTOB IIPSIMOYIOJIbHOTO TPEyrojbHMKA paBeH 12 cm, a rumo-
TeHy3a Ha 6 cm 0oJiblle BTOPOro Kareta. Haiimure MIMHY TMIIOTEHY3HI.
A) 15 cm; b) 25 cm; B) 26 cm; I') 18 cm.

B npsmoyroibHOM TpeyroJbHUKE OOWMH M3 KaTeTOB paBeH 12 cm, a BTO-
poii MeHbllle TUIIOTEHY3bl Ha 8 cm. Haligure rumoreHy3y TpeyrojabHUKa.
A) 15 cm; Bb) 16 cm; B) 13 cm; I') 25 cm.
T'urnoreHy3a MOpsSIMOYTOJIBLHOIO TPEYIroJbHMKA paBHA 25 cm, KaTeThl OT-
HocsTcs Kak 3 : 4. Haiinute MeHbIIMI KaTeT TPeyroJbHUKa.

A) 10 cm; B) 15 cm; B) 9 cm; I') 20 cm.

YeMmy paBHa HaMMEHbIAsl BHICOTA TPEYIroJbHMKA CO cTopoHamu 13 cm,
l4cmu 15 cm?

A) 11,5 cm; b) 11,1 cm; B) 11 cm; I) 11,2 cm.
JuaroHanu poM6a paBHbI 14 cm u 48 cm. Halinute nepumerp pomoda.
A) 60 cm; b) 100 cm; B) 80 cm; I') 120 cm.

. Iepumerp pomba 68 cm, ogHa u3 guaroHaneir paBHa 30 cm. Haitnure

BTOPYIO IMaroHajib pomoa.

A) 12 cm; b) 8 cm; B) 16 cm; I') 20 cm.

. B mpsSMOYroJibHOM TpeyroJbHMKe ONMH M3 KaTeToB paBeH 53  cm,
a MPOTUBOJIEXKAILMI yroi paBeH 60°. Haiinute rumoreHy3y TpeyroJbHUKA.
A) 53 cm; B) 2415 cm; B) 5 cm; I 10 cm.

. B IpsIMOYroibHOM TpPEYroibHMKE ONMH M3 KaTeToB paBeH 53 cm,

a mpunexanuii yroa paBeH 30°. Haiinure BTOpOIi KaTeT 3TOr0 TPEYroJib-
HUKA.

A) 5/3 cm; B) 215 cm; B) 5 cm; I) 10 cm.

B npsamoyronbHoMm TpeyronbHuke ABC (LC=90°) rumoTeHy3a paBHaA
17 cm, a KaTeThl paBHBI 15 cm u 8§ cm. Halinure cunyc yria A.

8 8 17 15
A) 155 b) 17; B) 13 IDETS
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10. B mpssmoyronbHoM TpeyroabHuke ABC (£ C=90°) rumoreHy3a paBHa
37 cm, a kateThl paBHH 12 cm u 35 cm. Haiinute KocuHyc yria B.

12 35 1 3
A) 37> B) 37> B) 35> D) 12 -
N3yyaem aHrmiickuii A3bIk!
Teopema IlTudaropa — Pythagorean theorem Cunyc — sine
Oo6patHas Teopema — inverse function theorem Kocunyc — cosine
TpuronomeTpus — trigonometry Tanrenc — tangent
I'mnoreny3a — hypotenuse Koranrenc — cotangent

Hcmopuueckue ceéedenusn

IMTudarop onuH U3 Benuyaidimx yueHbIx JIpeBHei
I'peuym xun B VI B. 1o H.3 (ok. 570—500 rr. mo
H.3.). OH poauics Ha octpoBe Camoc B Dreiickom
MOpE, B MOJIOJIbIE TOABIl MHOTO CTPAaHCTBOBAJI, IOJITO
xun B Erunre, 3atem BaBuiioHe, MOXET OBITb,
no6bIBa) U B Uuoun.

INocnenHuii mepuon cBoeil XXU3HU (MIPUMEPHO C
530 r. mo H.3.) Iludgarop mnpoxua B Tropoje
KpotoHe — rpeueckoil kosoHuM Ha tore Utanuu.
3mech OH co3fajl 3HAMEHUTYIO IH(haropeinckyo
mkojy. Ero uccienoBaHusi OXBaTblBAIM U apu(d-
MeTHKY («Bce ecTh uHcI0» — neBU3 MUdaropeiiien), Indarop
1, KOHCYHO, T€OMETPHUIO. TOI‘,D,a MaTreéMaTnukKa TOJIbKO (570—500 rr. 10 H.3.)
CKJIaIbIBAJIach y TPEKOB B TEOPETUUYECKYIO HAYKY, U
ITudarop okazan Ha Hee OosblIOe BaUsHUE. OMHAKO HE OH OTKPBLT TEOPEMY,
Hocsuyo ero umsi. OHa OblIa u3BeCTHa elle paHblue B [peBHeM Erumnre u
Basunone, 3agonro go Iludgaropa. Bo3amoxHO, UyTO Toraa eiie He 3HaAIU ee
JIOKAa3aTeIbCTBa, 4 CAMO COOTHOIIIEHUE MEXAY TMIIOTeHY30il M KaTeTaMu ObLIO
YCTAaHOBJIEHO OMNBITHBIM ITyTEM Ha OCHOBE M3MepeHuii. Iludarop, no BUAMMOMY,
HallleJ T0Ka3aTeJIbCTBO 3TOrO YTBEPXKIEHUS, U (PaKT, B3AThII U3 OTIHEIbHBIX
U3MEPEHMH, CTajl 3aKOHOM: Bellb €CJIM YTBEPXKIASHHME JOKA3aHO, TO 3HAUMT, «OHO
He MOXeT ObITh MHAYe». TeopeMa OTHOCUJIACh TOTJA K IIONIAAsIM KBaaparoB, a
HE K YMCJICHHBIM 3HAYEHUSIM JIJIUH.

Coxpanmioch JpeBHee NpelaHHe, 4TO B YecTb cBoero oTKpbiTHA Ilmdarop
NpHHEC B KepPTBY 0oraM ObIKa, 1O JAPYIHM CBHAETEJbCTBAM — JaXKe CTO OBIKOB.

Teopema Iludaropa — ogHa U3 caMbIX KpacUBBIX B reometpuu. Mmeercs
6osee 500 pa3IUUHBIX ee A0KAa3aTeJbCTB. MHOTHMe U3BECTHbIE MBICIUTENN U TH-
caTeJiy TPOILIOro oOpalllauch K 3TOM 3aMevaTeSIbHOI TeopeMe 1 TOCBITWIN el
CBOM CTPOKM.
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METOJI KOOPJIUHAT.
O BEKTOPBI
§7. CHUCTEMA KOOPIWHAT HA TNIOCKOCTH

J

—

‘ 31. KOOPANHATBI TOYKH HA IIJIOCKOCTMN. ’
KOOPANHATBI CEPEIVUHBI OTPE3KA

1. Koopaunarel Touku Ha miaockocTu. [IpoBeaeM Ha TJIOCKOCTH 4epe3
Touky O 1B€ B3aMMHO MEpHEeHAUKYJIsApHble mpsimble Ox u Oy. DTa ToYKa
MPUHUMAETCS 3a Hayajo OTCUeTa KaxJa0i KOOpAMHATHOM MPSIMOii, BbIOEpeM
Ha KaXIOoW M3 HUX HampabjeHue (ero o0O3HayaloT CTPENKON) M eAMHUY-
HBII OTpe30K. 3a MOJIOKUTEIbHOE HampaBieHue Ha ocu Ox, Kak IMpaBUIIO,
MPUHUMAIOT HaMpaBjeHue cjieBa HampaBo, a Ha ocu Oy — CHM3Y BBepX
(puc. 1). BBegeHHyI0 TakuM CIIOCOOOM CHUCTEMY KOOPIMHAT HAa3bIBAIOT
npsAMOYTOJIbHOM  JeKapToBoii B 4yecTb PeHe
Hexkapra, KOTOpbHIi MEpPBBIM IIPUMEHUI €€ B @y

CBOUX HCCJICIOBAHUSIX. A y)
Ocb Ox Ha3bIBAIOT OCBIO A0CHUCC (MU OCh X), A,

OOBIYHO OHA pacliojlaraeTcsl TOPU30HTAJIBHO, a

ocb Oy — ocCbl0 OpAMHAT (WIM OChb y), OOBIYHO 1

OHa PacIioJlaraeTcsi BEpTUKAIbHO.
IInockocTh, Ha KOTOpOW BBIOpaHa CHUCTEMA
KOOpAMHAT, Ha3bIBACTCS KOOPAMHATHOH MJIOC-
KocThlo. [lyctb A — mnpou3BOJbHAsE TOYKa Ha
KOOpIMHaTHOM IuiockocTu. [IpoBenem uepes Hee
npsiMbie, TapauiebHbie ocsiM Ox u Oy. OHu @
nepecekalor ocu Ox u Oy, COOTBETCTBEHHO, B I} |
Toukax 4, u A, (cm. puc. 1.). (= +) (+; +)

Ilycts nnuHa otpe3ka AA, paBHa X, a JUIMHA
orpeska AA, paBHa y. Yucino x HasbiBaeTcs abc- 0
IUCCOM TOYKU A, a YUCJIO y — OPAMHATOM TOUYKU I v
A. Tlapy 4ncen x ¥ y HaA3bIBAIOT KOOPAMHATAMH (=) (+; )
TOUYKU A 1 3anuchiBaloT Tak: A(x; y ). [lpu atom
abCLMCCYy TOYKM YKa3bIBalOT IEPBOi, a OpaM-
HaTy — BTOPOM.

TakuM obpazom: 1) Kaxmoil Touke A Ha MUIOCKOCTU COOTBETCTBYET Iapa
qyuces (x; y), Ha3bIBaeMbIX €€ KOOpIMHATaMM; 2) U, HA00OpPOT, €CJIU JdaHbl
JIBa yMciaa (x; y), TO 9TU YUca SIBISIOTCS KOOpAMHATaMUM TOUKU A; 3) eciau
X # y, TO mapbl koopauHaT (x; y) u (y; X) ONpeneisioT pa3Hble TOUYKHU
KOOPIVMHATHOU TJIOCKOCTH.

o) 4
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Hauano koopauHat — Touka O JIEKUT M HA OCU aOCLIMCC, U HA OCU Op-
aef ao. Gi a=eo0, da é11daei aot O(0; 0). [pousBoabHast Touka B Ha ocu Ox
umeeT KoopauHatel B(x; 0), mpousBoibHast Touka C Ha ocu Oy uMeer
koopauHaTtel C(0; y). Ocu koopauHaT (Ox u Oy) nenasT MIOCKOCTb Ha ye-
ThIpE YaCTU, MX Ha3bIBAIOT KOOPOUHAMHbBIMU 4emeepmamu WIN KoopoOuHam-
Hoimu yenamu. KoopAauvHaTHBIE YETBEPTU HYMEPYIOT PUMCKMMM LUdpamu,
MPOTUB HaMpaBJIEHUS 4acOBOU CTpesku. B mpenenax oaqHONW KOOpAMHATHOM
YeTBEPTU 3HAKW KOOPAMHAT TOYEK COXPAHSIIOTCS TaKMMH, KaK YKa3zaHO Ha
puc. 2.

PaccMoTpuM OCHOBHBIE Cllydau MPUMEHEHUSI KOOPAMHAT ISl U3yYEeHUS
reOMETPUUYECKUX (DUTYP U UX CBOMCTB.

2. Koopaunatsl cepeanHbl OTpe3Ka.

Teopema.
Koopaunatsl cepeaunbl OTpe3Ka BbIYMCISAIOTCS MO (hopmyJiam:
X1+ X ity
X=—> =—7

rae A(x;; y,) 1 B(x,; y,) — xoHupl oTpe3kos, C(x; y) — cepeanHa oTpe3Ka.

Joxazamenavcmeo. HalineM KOOpIMHATHL X U Y
Ya @ touku C. IlycTth oTpe3ok AB He mepecekaeT ocCh
2 Ox, T.e. paccMOTpUM ciyyad, korga x, <X,
(puc. 3). IlpoBenem nepneHAMKyJsipbl AA,, BB, u
7! CC, x ocu Ox. OueBunHo, uto AA,|| BB, || CC, u
OCHOBaHUS MEPHEHIUKYISIPOB UMEIOT KOOpPIMHA-
Tl A(x;; 0), B/(xy; 0) m C,(x; 0). ITockonapky
Touka C — cepeamHa oTpe3Ka AB, TO Mo Teopeme
o 14 ¢ B % | ®aneca touka C, — cepenuHa ortpeska A,B,. Dro
o3Hauaet, uro A4,C,= C,B,, 1.e. x,-x=Xx-X,;, OT-
X + Xy
-

Eciu x, =x,, T.e. oTpe30oK AB mapameneH ocu Oy, TO Bce TOUKU A, B,
n C| COBMAAAOT, T.€. X; = X = X,, 3HAYUT, (GOpPMyJia CHOBA BBIIIOJIHSETCS.

Totr xe pe3ynbTaT MOJYYUM U B CIyyae X, > X, (MPOBEPbLTE 3TO CaMO-
CTOSITEJIBHO).

OpauHata Toukn C Haxomutcs aHajaormyHo. Yepe3 touku A, B u C
MPOBOIITCS MpsIMble, NMepreHAuKysipHbie ocu Oy. [lonyyaercs: popmyna:

_Ntn
=

3anaua. JlokaxuTe, 4TO 4YeThIpexXyrojbHUK ABCD c BepliMHaMu B
toukax A(-2; 1), B(0; 4), C(4; 1) u D(2; -2) saBasieTcsi napajjieaorpaMMOM.

Pewenue. Kak u3BeCTHO, MO MNpHU3HAKy IapajejorpaMma ueTblpex-
YTOJIbHUK, AMAaroHaJli KOTOPOTO TOYKOM MepecedyeHus: ACNSITCS IomosiaM,
SIBJIIETCSl mapasuiesorpaMmMmom. Halinem KoopauMHaTBl CEpelvHbl AMaroHauein
AC n BD nannoro uetbipexyroibHuka ABCD. Cepeauna orpe3ka AC nmeer
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KOOpAWHATHI:
1+1

—2+4
X=——-= I, y= - = 1.
CepenuHa otpe3ka BD umeeT KOOpAUHATHI:
_0+2 _4+(-2)
=== I, y= = 1.

Hrak, otpesku AC u BD umerT oburyo cepenuny (1; 1), T.e. 4eTbl-
pexyroibHuk ABCD — mapaienorpamMm Io Npu3HaKky 3.

Bonpocst, 3a0auu u 3adanus

1. 1) Kak Ha3bIBalOTCS OCM KOOPAMHAT U TOUKA UX MepeceueHus?

2) Kakass TJI0CKOCTb Ha3bIBACTCSI KOOPAMHATHON ILIOCKOCThIO? YTO

TaKoe KOOPAMHAThl TOUYKM Ha KOOPIAMHATHOM IJIOCKOCTH?

2. U3 Touku A(4; —5) npoBeneHbl MEePHEeHIMKYISIPbl K OCSIM KOOpPAMHAT.
Hanuiuvre KoopauHaTbl OCHOBAaHMM 3THUX MEPIEHAUKYISPOB.

3. Omnpenenute, B KaKOi KOOPAMHATHOW YETBEPTHU JIEKUT Touka A(X; y),
€CJIU:
x=-4,y=-6; 2)x=-3,y=5, 3)x>0,y<0; 4)x>0,y>0.

4. Haiinute KoopauHaTbl cepeAuHbl oTpe3ka AB, eciu: 1) A(-12; -3),
B(-8; 1);  2) A(4; -11), B(-4; 0);  3) A(-2;9), B(-2; 7).

5. Touka C — cepenuHa orpe3ka AB. Haiinute koopauHatel: 1) Touku B,
ecau A(2; -3), C(0,5; 1); 2) touku A, ecim C(0; —1), B(3; -3).

6. [danbr Touku A(-4; 0), B(-2; -2), C(0; —-6) u D(-2; —4). [Jokaxwure,
4YTO YeThIpeXyrojbHUkK ABCD — mapajenorpaMm.

7. Haiinute KoopAuMHAThl YETBEPTOM BeplUMHbI Tapaiesorpamma ABCD,
ecau: 1) A(2; 6), B(4; 7), C(8; 10); 2) B(-1; 4), C(3;5), D(1; 3).

8. Touka C — cepeauHa orpe3ka AB, a Touka D — cepenuHa otrpe3ka BC.
Haiinute koopauHaThl TOYKU D, eciu:
1) A(=3; 3), B(5; -1); 2) A(-2; -1), C(2;3).

3HaTh 3TO MoJIe3HO!

I'eorpadmyeckas 1MpoTa U AOJTOTa Ha MOBEPXHOC-
™M 3eMJIM Ha3bIBAIOTCS eeocpagpuueckumu KoopouHa-
mamu 370l Toukr. Ha Kaxmylo TOYKY HOBEPXHOCTHU
3eMau COMOCTaBsIeTCS ABa MMapaMeTpa — €ro reorpa-
(uueckas 10jIroTa M IIMpoTa, U TOYHO TaK Xe Ha00o0-
POT 110 IByM IIapaMeTpaM IeorpaduuecKoii JOITrOThI 1
LIMPOTHI ONPEAEIIeTCs] KOHKPETHAsI TOYKA Ha ITOBEPX-
HOCTH 3eMJId. 31eCh Napajuie/id M MepUIaHbI BBITOJ-
HSIIOT POJIb OCEeii abCIIMCC ¥ OPIMHAT B MPSIMOYTOJIEHOMI
CHCTEMe KOODIMHAT.

Hanpumep, r. TamkenT Haxomurcd Ha 069,20 BOCTOYHOI HOJIroTe ~ 69° 1
041,26 ceBepnoit mmpoTe ~ 41°, a r. Camapkang Ha 066,93 BOCTOYHOIT JOITOTE
= 67° u 039,65 ceBepHOIt 1MpoTe ~ 40°.
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‘ 32—-33. PACCTOAHUE MEXIY ABYMSA TOYKAMMU.
: YPABHEHUE OKPYXHOCTU

1. Paccrosinie MeXay IBYMSI TOYKAMH.

Teopema.

Paccroanne mMexnay AByms TouKamu A(x;; y;) H B(x,; y,) Berumcasercs
no gopmyae:

AB:\/(xz _xl)z +(, _J’1)2 .

Jokazamenvcmeo.  PaccmoTpum
@ VA cHayajga Cciydail, KOrga X,#X, MU
B(O; ) B(x;y) | y,#y, [TlpoBenem 4Yepe3 IaHHBIE

TOYKU A U B TipsAMbIe, TNepHeHI-
KYJISIpHBIE OCSIM KOOpAMHAT, 1 0003-
HauuM TOYKy ux mnepeceueHus C
(puc. 1). PaccrostHue Mexmy Tou-

0: m¥e xamu A u C paBHO |x, — x|, a pac-
A2( bl yl) . 2

Alx,; »,) cTosiHue Mexay Toukamu B u C

|y, —»|. WTaKk, U3 mpsMOyroibHOTO

5 100 0) Xes 0)>x tpeyronbHuka ABC o teopeme IMu-

(haropa nmeem:

AB? = (X, = x)*+ (1 —y)% Wi AB = (x, -x Y+, -3) . (1)

Xots opmyna (1) mjst pacCTOSIHUST MEXIy TOUKaMU BbIBeJA€HAa HaMU B
MPEANOJOXEHUU X, # X, U Y| # ),, OHA OCTAeTCs BEPHOI U B IPYTUX CIIyyasiX.
JIefiCTBUTENIBHO, €CIIM X=X, U };#V,, T0 AB = |y, —y,|. ToT Xe pesynbrar
JlaeT M TOJbKO UYTO JoKazaHHas ¢opmyna (1). AHajJormyHo paccmaTpuBa-
ercd ciaydail, Korga x,#x, U y,=y,. llpu x,=x, u y,=y, Touku A u B
coBnaaaioT u gopmyna (1) naet AB= 0.

3anaya 1. BepiuuHbl yeTbipexyrojibHuka ABCD MMeEOT KOOPAMHATHI
A(-2; 1), B(0;4), C(4;1) nu D(2;-2). dokaxure, uto ABCD — mnapaie-
JIOTPaMM.

Pewenue. Kax wu3BeCTHO, MO 2-OMy TMpPU3HAKY MapaljieiorpamMmma,
YEeThIPEXYTOJbHUK, MPOTHUBOJIEXKAIIIME CTOPOHBI KOTOPOIO PaBHBbI, SIBJISIETCS
napasuiesorpaMmmoM. Haitnem mivHbl cTOpOH yeTbipexyronbHuka ABCD:

AB = J(0-(=2))> +(4-1)> =J13; BC=\[(4-0) +(1-4)> =25 =5;

CD=(2-47 +(2-1)* =\13; AD=\Q2-(=2))> +(-2-1) =25 =5.

Utak, AB=CD nu BC= AD, T.e. 4eTbipexyroibHUK ABCD — mapain-
JIeJIorpaMM I10 MPU3HAKY.
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2. VYpapuenue ¢urypsl Ha NIOCKOCTH. JYpaeneHuem @ueypsl B JeKap-
TOBbIX KOOpAMHATaX Ha IUIOCKOCTM HAa3blBACTCId YpaBHEHUE C JABYMS
HEU3BECTHBIMU X U J, KOTOPOMY YIOBJIETBOPSIOT KOOPAMHATHI JIOO0W TOUKU
(urypel. 1 ob6patHo, J100bIE ABa YKCa, YAOBIETBOPSIOIIME 3TOMY YpaBHE-
HUIO, SIBJISIIOTCSI KOOPAMHATaAM1 HEKOTOPOW TOYKU (PUTYPHI.

3. YpaBHeHune OKPYKHOCTH.

Teopema.

B npsiMoyroJibHO# cHCTeMe KOOPIAHHAT ypaBHEHHE OKPYKHOCTH pajauyca
R c nuentpom B Touke C(a; b) nmeer BUA:

(x—a)’+(y-b)*=R

Hoxazamenavcmeo. IlycTb B IIpsAMOY-
roJIbHOM CUCTeME KOOpIMHAT 3aJaHa OK-
pyxHocTb paguyca R (R>(0) ¢ ueHTpoM B
touke C(a; b) (puc. 2). Boibepem mnpous-
BOJIbHYIO TOYKY OKpyxXHOCTU A(x; y). Ilo
OIpENCTICHUI0 OKPYXHOCTU PAacCTOSIHUE OT
LIEHTpa 10 MPOM3BOJIBLHON TOUKM OKPYKHOC-
™ paBHO paguycy R, T.e. CA= R, u cue-
nosarenbHo, CA?= R’ 3amnucaB 3TO paBeH-
CTBO B KOOpAMHATAX, MOJYyUYUM:

(x-a)?+(y-b?=R. 2)

IMockonbky A — MpPOM3BOJIbHASI TOYKA OKPYKHOCTH, TO 3TOMY YpaB-
HEeHUIO (2) YIOBIETBOPSIIOT KOOPAMHATHI JIIOOOI TOYKU OKPYKHOCTH.

O6parHo, 1100ast Touka A, KOOPAMHATHI KOTOPOI YIOBIETBOPSIIOT ypaB-
HeHUIo (2), MPUHAUIEXUT OKPYXKHOCTHU, TaK KaK pPACCTOSIHME OT Hee 10
touku C paBHO R. Orcioga cienyeT, 4yTo ypaBHeHUe (2) OeiCTBUTEILHO
SIBJISIETCS] ypaBHEHUEM OKPYKHOCTHU € IIeHTpoM B Touke C u paguycom R.

TeopeMa nmokaszaHa.

Cnencreue. OKpYyXKHOCTh paauyca R ¢ LIEHTPOM B Hayajie KOODPIAMHAT
3a/aeTcs ypaBHEHMEM BHAA:

. 4

(0] a

x4+ y2 = R?,
3anaua 2. OmnpenenanTe LEHTP U PaguyC OKPYXKHOCTH, 3aJaHHON ypaB-
HeHUEM x* —4x + >+ 2y — 11 =0.
Pewenue. TlpuBeneM naHHoOe ypaBHeHue K Buny (x—a)’+ (y—b)>= R
3ameruM, 4TO X? — 4x MOXHO 3anucarh B Buae (x —2)>—4, a y> + 2y B BuUze
(y + 1)2— 1. [logcraBUM 3TH BHIPAXEHUS B JAHHOE YPaBHEHUE, TIOYUMM:

x-22-4+(y+1)2-1-11=0, umm (x-2)>+(y+1)>=4
DTO ypaBHEHUE 3aJaeT OKPYXKHOCTb ¢ LieHTpoM B Touke C(2; —-1) u
paguycom 4.
Omeem: (2; -1), R=4.
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10.

11.

Bonpocst, 3a0auu u 3adanus

. 1) Kak BbIpaxkaeTcsi pacCTOSIHME MEXIy TOUYKaMU 4Yepe3 MX KOOpAu-

HaTbI?

2) YUto Takoe ypaBHeHUE (PUTYphl B 1eKaApPTOBBLIX KOOpAMHATAX?

3) Kakum ypaBHeHUMEM 3a/1aeTcsl OKPYKHOCTb Ha KOOPAMHATHOM IMJI0C-
Koctu?

. Haitnure nnuny orpeska AB, ecnu:

1) A(=3;8), B(5; 2);  2) A -1), B(-7;7);  3) A(5; 0), B(0; -12).

. Haitnute x, eciu: 1) paccrosiHue Mexny toukamu A(2; 1) u B(x; -2)

paBHO 5; 2) paccTostHue Mexnay Toukamu A(x; 0) u B(2; —1) paBHo 1.

. Haitnute nepumerp tpeyronsuuka ABC, eciu A(-1; 2), B(2; 6), C(5; 2).

CocTraBbTe ypaBHEHHME OKPYXXHOCTU C LIEHTPOM B Touke C U pagmycoM
R, ecmu: 1) C(7; 11), R=35; 2) C(-2; 3), R=1.

. Onpenenure LIEHTP U paauyc OKPYXKHOCTH, 3aJaHHON ypaBHEHUEM:

D (=27 (-5 =75 2) (x4 2+ (=5 =4

. Onpenenure LIEHTP W paauyc OKPYXKHOCTH, 3alaHHON ypaBHEHUEM:

1) x2-6x+y*+2y-6=0; 2) x2+y?+10y+24=0.

. 1) Onpenenute Bua TpeyrojbHuka ABC, ecid €ro BepLIMHbI MUMEIOT

koopauHatel A(0; 0), B(0; 2) u C(2; 0).
2) Jokaxute, 4To TpeyroabHUK ¢ BepumHamu A(1; 0), B2; 3) u
C(8; 0) paBHOCTOPOHHMUIA.

. CocraBpTe YypaBHEHHE OKPYXHOCTHU C LEeHTpoM B Touke C M

panuycoM R, eciu: 1) C(9; 4), R=7;, 2) C(-3; -4), R=2.
Omnpenenure LEHTP U Paauyc OKPYKHOCTH, 3aJaHHOI ypaBHEHUEM:

1) (x -7)+(y+2)*=25; 2) (x-4)+)y>=1.

Ha oxkpyxHocTH, 3a1aHHOI ypaBHEHHEM x> + > = 169, HaliinTe TOYKMU:
1) ¢ abcuuccoit 3; 2) ¢ opauHaroit —12.

\

3HATh 3TO MOJE3HO!

ITaxmaThl (IT0 IEPCUICKU ULOXMOM — KO-
poJtb (111axX) Mpourpat) Bua criopTa. Lleas urph:
IMOPa3UTh KOPOJIS comepHuKa. MrpaeTcs Ha
JIOCKE, COCTOSIIIIEN U3 IBYX 1IBETOB (O€IbIil 1
YEPHBIN) U ¢ (pUrypamMu ABYX IIBETOB (OeIbIit
1 YEPHBIN): TI0 1-oMy KopoJio 1 dep3io, 1o
niBa (2) cioHa, KoHA U Jiafepu, 8 meiek. C mo-
MOIIIBIO 3aIMCeN IIaXMaTHUCTa BBl MOXETE
MPOYUTATh BCE XOIbI, KOTOPBIE ObUIM CHEIaHbI
B IPOIIECCE UTPHI.

Hanpumep, 3anuchk KoHb b1-¢3 o3Hauaer =
nepexol KOHA U3 aueiiku bl B sueiiky c3. Bee a b c d e f g h
| 3TO cucTeMa KOOPIMHAT Ha LIAXMATHOM JOCKE. b1-c3

N W A U1 &N R
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34. YPABHEHUE NIPIMOM. METOJ KOOPAMUHAT I1PU ’
PEIHNIEHUN TEOMETPUYECKUX 3AJAY

~

1. YpaBHenune npsMoii.
Teopema.

B npsiMOyroJibHO# cHCTeMe KOOPAMHAT YpaBHEHHE NMpPSAMOii MMeeT BHI:
ax+ by+c=0, )
rae a, b, ¢ — HeKoTOpBIE YKMCJIA, IPHYEM XOTSA Obl OJHO M3 4YKuce] a U b He
PaBHO HYJIIO.

Jlokazameavcmeo. I[lycms | — TpPOU3BOJIb- y
Has mpsMasi B MPSIMOYTOJbHOW CUCTEME KOOp- @ fA(XIS »)
nuHat. IlpoBegeM Kakyio-HMOYIb IIPSIMYIO,
MEePHEeHAMKYJSIPHYIO MPSIMOI /, 1 OTJIOXKMM Ha

Hell or Touyku mnepeceyeHuss C ¢ IpsaAMOi / ¢ Dix; y)
[ paBubie orpe3ku CA u CB (puc. 1). Ilyctb

X;, ¥; — KOODAMHATBI TOYKU A U X,, Y, — KOOp-

aMHaTel Touku B. TpousBonbHasg Touka D(x; y), l Bx;; y,) >
Jexalnas Ha MpsIMOil / paBHOYIaJieHa OT TOYeK 0| X

A u B, t.e. DA= DB, orkyna DA>= DB?* 3a-
MMCaB 3TU PaBEHCTBA B KOOPIMHATAX, UMEEM:
(X =x)+(-y)=@x-x)+(y-»)’. (2)
Ecin B 3TOM ypaBHEHUMM pACKpBITh CKOOKM M IIEPEHECTH BCE WICHBI
ypaBHeHUs (2) B JIEBYIO €ro 4acTh, TO OHO MPUMET BU/I:
20 = x)x + 200, = y)y + (7 + y° - %2 + 7)) = 0. (3)
[Mockonebky x,, y,, X,, ¥, — HEKOTOpble yucia, TO, 00O3HAYMB
26 -x)=a, 2(0,-y)=b u x2+y’-x>+y>=c, U TOACTABISISI UX B
ypaBHeHUe (3), TOJy4uM ypaBHEHUE:

ax+by+c=0,
rae a, b 1 ¢ — HEKOTOpbIe YMCIa.

ITockonbky D — mpou3BoJibHAsI TOYKA MPSIMOK /, TO 3TOMY YpaBHEHUIO
YIOBJIETBOPSIIOT KOOPAMHATHI JII0O0K TOYKM JTaHHOU MPSIMOIA.

[Tyctb Tenepp uyucia x, U y, — KOOPAMHATBl HEKOTOPOM TOYKU D, —
yAOBJIETBOPAIOT ypaBHeHue (1). B artom cayyae Dy4 = D,B, T.e. Touka D,
paBHOyJajeHa OT TOYKU A W B, cienoBaTelbHO, NMPUHALIEKUT CEPEIvH-
HOMY TEePHEHIUKYISAPY K OTpe3Ky AB — mpsiMoit /.

ITockonbky A 1 B — nBe pa3Hbie TOUKHU, TO XOTsI Obl OIHA M3 pa3HOCTEM
(x, — x;) wm (y, — y;) HE paBHa HYJIO, T.€. XOTSI Obl OIHO U3 YKUCEN a U b
00513aTeJIbHO HE PaBHO HYJIIO.

3anaya 1. CocraBbTe YpaBHEHHE IIPSIMOM, KOTOpasi MPOXOIMUT uepe3
touku A(l; —1) u B(-3; 2).
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Pewenue. Kax ™Mbl 3Haem, npsimass AB wuMeeT ypaBHEHME BuAa
ax+by+c=0. Touku A u B nexar Ha npsiMOil AB, a 3HAYUT, UX KOOP-
NUHATBl YAOBJIETBOPSIIOT 3TOMY YypaBHeHMIo. [loacTaBissi KOOpAMHATbI
ToueK A 1 B B ypaBHEHUE MPSIMOM, MOTYYUM:

a1l+b-(-1)+c=0, a (-3)+b-2+c=0, wimn
a-b+c=0, -3a+2b+c=0.

M3 aTux ypaBHEHUIH MOXHO BbIpa3uTh JiBa KO3dduiimeHTa, Hampumep,
a v b, yepe3 Tpetuil c¢: a=3c, b=4c. lloncrasnsist 9T 3HaUYeHus a U b B
ypaBHeHUE MpsiMoit, moiayuuM: 3cx +4cy + ¢ = 0, roe ¢ # 0.

DTO ypaBHEHME MOXHO COKpaTUTh Ha c¢ (Tak
YA @» Kak ¢ # 0). Torna monyuum: 3x +4y +1 = 0.

DTO U eCcTh ypaBHEHME Hallel npsamoit AB.

Yo Y=y, 2. Pacnonoxenue mnpsAMOi B TNPAMOYTOJIbHOM
cucremMe KoopauHar. PaccMoTpyM Tpu 4YacTHBIX
clyyass pacroJiokeHusi mpsiMoil ax+ by+c=0 B
0 » | NPAMOYrOJbHOM CUCTEME KOOpAMHAT. BblsicHUM,
JUUISL KaXXKJ0ro ciiydasi, Kak pacrnojoXeHa mpsiMasi OT-
HOCHUTEJIBHO OCel KOOPAMHAT.

Cnyvaii 1. a=0, b=0. B srom ciyyae ypaB-
x=x HEHME TIpsiMoii TpuodOperaer Bua by + c=0, wim

c
Y = Yy TA€ Yo == — HEKOTOpPOe 4MCIIO. [Mpsmas
¥y = ), napajuieJipbHa ocu abCLMCC, TaK KaK BCE TOY-
0 X, % | KM TpSAMOH MMEIOT OHHY M Ty XK€ OpIMHATY
(puc. 2, a). Ecim ¢=0, TO mpsimMasi COBIIaiaeT ¢
Hell. YpaBHeHUe ocu abcuucce umeeT Bua y = 0.

Ya Cnyuaii 2. a#0, b=0. B srom ciyuyae ypaB-

HeHMe mpsiMoit mpuobperaer Bua ax + c=0, win
X =X, TOe Xo = —% — HekoTtopoe uucio. IIpsamas
X = X, apajlyieJlbHa OCU OPAMHAT, TaK KaK BCE TOY-
0 B | KM OpAMOi MMEIOT OOHy M Ty e abcumccy
(puc. 2, 6). Eciu ¢ =0, To npsiMmasi COBNagaeT c Heu.
YpaBHeHuUe ocu opauHAT uMeeT Bu X = 0.

6

Cnyuaii 3. a#0, b#0, ¢c=0. B 3roM ciyyae ypaBHeHUE TIPSIMOI

npuodpeTaeT BUI ax + by=0, wim y=kx, roe k = —% — HEKOTOpOE€ YUCJIO.

[Mpsmas y = kx mpoxoauT yepe3 HavyaJlo KoopauHaT (puc. 2, ).

3. MeToa KOOpAMHAT NpH pelieHHMH reoMeTpuyecKux 3anad. PopMyibl
HaXOXJICHUSI KOOPAMHAT CepeArMHbl OTpe3Ka M pacCTOSTHUSI MEXIy TOUKaMu
MOXHO MCIIOJIb30BaTh ISl pellieHUsI TeoMeTpuuyeckux 3aaad. C 3Toi 1esblo
CJeyeT BBECTH IPSIMOYTOJBHYIO CUCTEMY KOOPAMHAT W 3alucaTh YCIOBUE
3aJauM B KoopauHaTax. Ilocjie 3Toro peieHue MPOBOAMTCS C ITOMOIIbIO
ajareOpanyeckKmX BbIYMCICHUIA.
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y
HY3bl TPSIMOYTOJBHOTO TPEYyrojibHUKa paBHOYyAAJIe- A
Ha OT BCEX €ro BEpPILUMH. A

3amaua 2. JlokaxuTe, 4YTO CepeauHa TUIIOTEe- @

Pewenue. PaccMOTpUM TPSIMOYTOJIbHBIA Tpe-

yroibHUK ABC (£C=90°). O6o3HauuM OykBoii D D

cepenuHy runoTeHy3bl AB. BBenem mpsiMOYroJibHYIO

CUCTEMY KOOpAMHAT TaK, KaK MOKa3aHO Ha puc. 3. >
Eciu BC=a, AC=b, TO BeplIMHbl TPEYrojibHUKA C B x

umeror koopauHatel C(0; 0), B(a; 0), A(0; b). Ilo

(bopmynaM KoOpAMHAT CepelrHbl OTpe3Ka HaXOAUM
koopauHaThel Touku D: D(0,5a; 0,5b).

[Monb3ysicb opMynoil pacCTOSHUSI MEXIy TOYKaMM, Haiaem JJIAHbI

otpe3koB DC u DA:

DC =/(0,5a)” +(0,5b)° =/0,25(a> + b*) = 0,5Va* + b ;

DA=(0,5a) + (0,50 - b =4/0,254% +0,256* = [0,25(a + ) = 0,5V +b*.

'~

Taxkum obpazom, DA = DB = DC, uyto u TpebOBalOCh 10Ka3aTh.

Bonpocst, 3a0auu u 3adanus

1) HokaxwuTe, 4TO mpsiMas B MPSIMOYTOJbHON CHUCTeME KOOpAMHAT
UMeeT ypaBHeHUe Buaa ax + by + c¢= 0.

2) Kak pacnosoxeHa npsmas ax+ by+c=0, ecniu B ee ypaBHEHUU
ko3(pduuueHt a=0 (b=0; c=0)?

. Onpenenute, Kakue u3 Touek A(3; —1), B(-3; 0), C(12; 5), D(3; 0) u

E(-9; -2) nexar Ha npsMOi, a KakuWe He JiexaT Ha IpsMoi
x-3y+3=0?

. CocraBbTe ypaBHEHUE NPsSIMOIi AB, KOTOpasi IPOXOAUT Yepe3 TOUKU:

1) A(1; 7) m B(=3; -1); 2) A(2; 5) n B(S; 2); 3) A0; 1) u B(-4; -95).

. UeMy paBeH KO3((dUIIMEHT ¢ B ypaBHEHUM X+ y+c=0, eciu mpsmas

MIPOXOAUT 4yepe3 Touky (1; 2)?

. Uemy paBHbI KO3(pDULIMEHTHI @ U b B ypaBHeHUN OpsiMoit ax + by —1 =0,

€CJId U3BECTHO, YTO OHAa MpOXoauT yepe3 Touku (1; 2) u (2; 1)?

. HaiinuTe TOYKM IepecedyeHusl MpsIMOM C OCSIMU KOOpPAMHAT, 3aJaHHON

ypaBHEHUEM:
1) x+2y+3=0; 2) 3x+4y=12; 3) 4x-2y-10=0.

. IIpoBepbre, saBuserca qu Touka C(4; 2) cepeauHoil oTpe3ka AB, eciu:

1) AG3; -1), B(5; 5);  2) A(3; 6), B(=5; -2).

. Omnpenenute, kakue usz touek A(0; -2), B(4;2), C(-4; -5) nexat Ha

MpsIMOMA, a KaKue He JiexaT Ha npsMoit 8x — 4y — 8 =07?

. CocraBbTe YpaBHCHUA IIPpAMBIX, COACPXKAIIIMUX CTOPOHBLI TPCYroJbHHNKAa

ABC, ecim A(-1; 1), B(-1; 3) u C(2; 2).
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S 8. BEKTOPBI HA IIOCKOCTH

‘ 35. IIOHATUE BEKTOPA. JJINMHA W HAITPABJIEHUE
‘; BEKTOPA

1. Bekropusie Besmunubl. Bekrtop. M3BecTHhle BaM M3 Kypca MaTeMa-
TUKM U (PU3UKUA BEJIUYMHBI MOTYT OBITh ABYX BUIOB. ECTb BEJIWYMHBI,
KOTOpPBIE BIIOJIHE OIPEIEISIOTCS CBOMMU YUCJIEHHBIMU 3HAYeHUSIMU (TIpU
MIAHHBIX €AMHUIIAX U3MepeHus ). Harpumep, mivHa, niowmanb, Macca.

Onpenenenne 1. Beauuunvi, Komopvie HOAHOCMbIO ONPEOeATIOMCS
CBOUM HUCAOBbIM 3HAYEHUEM, HA3bIBAIOMCS CKAAAPHLIMU GEAUMUHAMU, U1U
cKaiapamu.

Ho cymiecTByloT M Takue BeJWYMHBI, KOTOpbIE 3adal0OTCS HE TOJIbKO
CBOMMM UMCJIICHHBIMM 3HAuY€HUSIMM, HO M HampaBieHusMu. Hanpumep,
CKOPOCTb, CHJIa U aBJICHUE.

Bexmop — 53TO oiHa U3 OCHOBHBIX T€OMETPUUYECKMX BeJIW4uH. s
TOTO, UTOObI TOJYYUTb HAIJISIAHOE IpPEeACTaBJIEHUWE O BEKTOPE, €ro MOXHO
“300pa3uTh B BUIE HANpaBJIEHHOrO OTpe3Ka, JUIMHA KOTOPOrO paBHA €ro
YUCJIEGHHOMY 3HaueHuio. Eciu roBopuTh O BeKTOpax IO CYLIECTBY, Mpa-
BUWJIbHEE OyIeT TOBOPUTh O MHOXECTBE BCEX HaIlpaBJIE€HHBIX OTPE3KOB,
KOTOpBbI€ JieXXaT Ha IMapauleJIbHbIX MPSIMbIX, UMEIOT OAMHAKOBbIC JJIMHbBI U
HarpaBJIeHMUSI.

Onpeueﬂelme 2. Be/lullLlel, Komopble XxapaKkmepu3yrmncsa He mOoAbKOo
UYUCAOBBIM 3HAYEHUeM, HO U HanpaeieHuem, HAa3blearmcsa 6€KmOpHbIMU
eéeaudunamu, Uiu Kopove eekmopamu.

PaznuuHble 3agaun MeXaHMKU, (PU3UKU M MaTeMaTUKM, CBOASIIMECS K
HCCIICIOBAHUIO BEJIMUMH, KOTOPBIC XapaKTePU3YIOTCS HE TOJbKO YMCIOBBIM
3HAYCHMEM, HO W HallpaBJIeHHEeM, TIPUBOIST K IOHSATUIO BeKTopa. Hampu-
Mep, CuJjia, CKOPOCTD SIBJISTIOTCSI BEKTOPaAMM.

MBI 4yacTo BCTpeuYaeMcsl C BEKTOpaMU Ha IIpaKTUKEe, HalpuMmep, Ipu
JIBVDKCHUM Ha TPAHCIIOPTE MBI OLIYIaeM ITOBOPOThI, TOPMOXKEHUS U JAPYTUe
M3MEHEHMSI CKOPOCTU KaK BEKTOphl. B €CTeCTBEHHBIX HayKax, Hapsimy cO
CKOPOCTBIO, UMEIOT JEJIO C YCKOPEHUEM, CUJION MHEPUUM, LIEHTPOOEKHOM
CHJION U TOMY IMOJOOHBIMU BEJIMYMHAMMU.

0 @ Py
oHely
a 6ekmopa B FEcau A= B, 10
A B A b —
Bexmop omaosicen Hauano HYN1e801l 6eKMOp
om mouxu A a exmopa 60
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Mpb1 Oynem u3ydarhb CBOMCTBA BEKTOPOB C TOUYKM 3PEHUS MAaTEMAaTUKU,
HE3aBUCUMO OT MPOUCXOXIECHUSI U NOpuponabl. KoHEYHO, 3TO uU3yyeHUe
MPUBOIUT U K TTOHUMAHUIO TIPUPOJBLI BEKTOPOB.

YucsoBoe 3HAUYCHUE BEKTOpa M300pa3MMm B Buae oTpe3ka. M3BecTHO,
yTo Yy JII0OOro oTpe3ka JBa KoHLA. OOuMH KOHEll OTpe3kKa Ha3bIBaeM
Hauaaom, a JOPYro — KoHyom BEKTOpa. PUCYIOT HampaBJIEHHBIE OTPE3KU
BCEIIa CO CTPEJIKOM Ha KOHIIE.

Onpez[eJlelme 3. Belcmopom Hassleaemcs Hal’lpa&/leHHbllZ ompe3oK, m.e.
ompe30K, y Komopoco YKAa3dHbl €20 Havda0 U KOHel,.

__Bexrop ¢ HavasoM B TOUKe A U KOHLIOM B TOYKE B 0003HayaeTcs Tak:
ABu uzobpaxaercsl B BUIIE€ CTPEJKHU, C HayaJoM B TOYKe A MU KOHIIOM B
Touke B. BekTopbl 0003HAYAIOTCs TaKXKe U OLHOW CTPOYHON JIATUHCKOM
OyKBoOIi1 co cTpesikoii Haa Heil. Hanpumep, d, b u T.4. (puc. 1).

Ymenue: BexTop AB unu BekTOp d.

1) Hanpasaenue BexTopa onpenessieTcsl ykazaHueM ero Havyajaa ¥ KOHIIA.
IIpu aTOM Havasio BeKTOpa yKa3blBalOT Ha MEPBOM MecTe (puc. 2, a).

Bekrop, Hayajgo M KOHELl KOTOPOTO COBIAAIOT, HA3bIBACTCS HYA€6biM
eexmopom. 3anuch AB =0 o3Hauaer, uTo TOUKU A U B coBnagaioT (puc. 2, 0).

2) Abcoaromuoil 6eauuuHoU WA MoOyaemM BEKTOpa Ha3bIBaeTCsl UIMHA
OTpe3Ka, U300paKaloIlero BEKTop.

Jluna (Modyav) Bektopa AB , @ o6o3navaetcs Tak: |AB|, lal (puc. 3).

Jlwuna (modyas) eekmopa @ = AB — 9TO [UIMHA HAIPABICHHOTO OTPE3-
Ka, WA, mo wce camoe, Oauna ompe3ka AB: |al - |48 IlosToMy B reo-
METPUU MOJYJIb BEKTOpAa HA3bIBAETCSl TaKXKe ONUHOU 6eKmopa.

Modyab (0auna) HyI€BOTO BEKTOpa CUMTAETCSl paBHOM HYJIIO: |6| =0.

2. PaBeHCTBO BEKTOpOB.

Onpenenenne 4. Henyneevie eexmopvl Ha3v16ar0mcs KoAAUHeAPHbIMU,
ecau OHU nexcam Ha OOHOU NPIMOU UAU HA NAPANNEAbHBIX NPAMBIX.

Ko/MHeapHOCTb BEKTOPOB d@ U b 0GO3HAYAIOT TaK: & || b .

Jlea nemyneebix eéexmopa, NeXallde Ha MapajUIeJbHBIX MPAMBIX, Ha3bl-
BaloTCs: 1) conanpaenennvimu, €CI OHM JIEXAT B OXHOM IMOJYIUIOCKOCTU OT
MpsIMOM, Tpoxoisiueir depe3 ux Hadana (puc. 4); 2) npomusonosoicHo
HANPAGACHHbIMU, €CITA OHM JIEXAT B PA3HBIX MOJYIUIOCKOCTSIX OTHOCUTEIBHO
NPSAMOIA, TPOXOMISANIEH Yepe3 uX Havana (puc. 5).

Eciu Bektopsl AB u CD: 1) conanpasenenss, To mumytr: AB ™ CD;
2) npomueonosoixcro Hanpaeénensl, To myT: AB N CD.

© O
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HyneBoli BeKTOp cuMTaeTCsl KOJUIMHEAPHBIM JIIOOOMY BEKTODY.

Onpenenenne 5. Jlea eekmopa (G u b) Hazviearomcs pagHvIMu, ecau

OHHM COHaIpaBJICHbI U UX AJIMHBI PABHBLI.

Takum 06pasom, BeKTOpbl & M b pasHbl, eciu |d|=|b| u a7 b.

PaBeHCTBO BeKTOpOB d U b 0OO3HavaeTcs Tak: d = b.

Bextop, paBHBIii JTaHHOMY, MOXHO W300pa3uTh HaIlpaBJICHHBIM OT-

pPE3KOM ¢ HayajJoM B JIIO0OI TOUKe TUIOCKOCTU (pHUC. 6), MHBIMU CJIOBAMM,
BEKTOP MOXHO OTJIOXMTb OT JIIOOON TOUKU IUJIOCKOCTU C COXPAHEHUEM €ro
MOJIyYJIsI M HamnpapjieHUsi. [0BOPSIT, UTO BEKTOp, OTJIOXEHHBI OT JAaHHOM
TOUYKU, MOJIYUEH AapaiiesbHbiM NEePeHOCOM UCXO0OH020 6eKmopa.

1.
?

2.

Bonpocst, 3a0auu u 3adanus

1) Yro Ttakoe BekTop? Kak 0003HaUaIOTCsI BEKTOPHI?

2) Kakue pnBa BekTOopa Ha3biBalOTCS paBHbIMU? Kakue BeKTOpbI
Ha3bIBalOTCSI COHAMpPaBAEHHBIMU (IMMPOTUBOMOJIOKHO HampaBAeHHBIMM)?
Yro Takoe abcostoTHas BeanyrMHa (MOAY/Ib) BeKTOpa?

B napannenorpamme ABCD (puc. 7) 3anuiinure BeKTOpbl: 1) coHampas-
JeHHble ¢ BekTopoM DC; 2) coHampaBieHHble ¢ BektopoM AO;
3) NPOTUBOMOJIOKHO HAIpaBJIEHHbIE C BEKTOPOM E; 4) MpPOTUBOIO-
JIOKHO HAIpaBJIeHHbIE C BEKTOpoM BD; 5) paBHble Bektopy AB;
6) pasuble BekTopy OC ; 7) paBHbIC BeKTOpPY OB.

B napamnenorpamme ABCD nuaroHanu mnepecekaloTcs B Touke O.
3anuilnTe BCEe BEKTOPhI, MMEIOIIME HayaJlaMd M KOHIIAMU BEPILIMHbI
TnapajieJiorpaMmMa U TOYKY TEpeceyeHust nuaroHaneil. Kakue ns Hux

KOJUIMHeapHb! BekTopam AB, BC u BO?

Hokaxwure, uro B napajienorpamme ABCD BeKTOpbI AD u BC paBHBI.
W3BecTHO, 4TO AB =CD. BepHbl 1 ciienyiolime yrBepKACHUS:

1) AB| CD; 2) |AB| =|CD|?

ABCD — mapamnenorpamm. Cpeau BEKTOPOB Ha pHUC. 8 YKaXUTE BCe

rnmapol BEKTOPOB, KOTOopble: 1) KOJUIMHEapHbl; 2) COHaNpaBJeHbI;
3) OPOTUBOMOJIOXKHO HampaBJieHbl; 4) UMEIOT OJUHAKOBbBIE MOIYJIN.

YTo MOXHO cKa3aTh O HampaBJIeHUSX BEKTOPOB AB u BA?

@B CBC7

S
a

)
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( 36—37. CIOXKEHUE U BLIYUNTAHUE BEKTOPOB /i

1. Cnoxenne sexrtopos. IlycTh maHbl BeKTOpsl d u b (puc. 1, a)
OTMETUM TPOUBBOJIBHYIO TOUKY A U OTJIOXHUM OT 3TOil TOUKM BEKTOp AB,
paBHBIN BEKTOPY d . 3aTeM OT TOYKU B OTIOXUM BC , paBHbIit BeKTOpY b .

Tenepb U3 TOUukU A, Havyaja BeKTOpa d, MpoBeleM BeKTop B Touky C,
KoHell BekTopa b (puc. 1,6). Bekmop AC Hazviéaemcsi cymmoili éexmopos
d u b. DTO NMpPABWIO CIOXEHWsI ABYX BEKTOPOB HA3BIBACTCSI <«APAGUAOM
mpey2oabHUKa (mpex mo4ek)».

CyMMa BEKTOPOB d U b 0GO3HAYAETCS TAK: @ + b .

[IpaBuio TpeyrojbHMKa MOXHO CHOPMYIUPOBATh TAKXKe CIECAYIOIIUM
o0paszoM:

ecau A, B u C — npouzsonvubvie mouku, mo:

AB+ BC = AC .
L 4

IlomuepkHeM, YTO 3TO PaBEHCTBO CIPaBEMJIUBO [JIsI MPOU3BOJIBHBIX
Touek A, B u C, B 4aCTHOCTH, B TOM CJyyae, KOrja B M3 HUX WU Jaxe
Bce Tpu coBnagaior (puc. 1, ¢).

2. 3akosbl cioxenuss BekTopoB. Kak Bbl 3HaeTe, MPOTHBOJIEXKAIME
CTOPOHBI IMapajuieJiorpaMMa paBHbI M TMapajlieibHbl. Torna BEKTOPBI, UIY-
1IMe MO CTOPOHAM MapajuiejiorpaMMa B OJMHAKOBBIX HaIlpaBJICHMSIX, OyIyT
pPaBHBIMMU.

[lycTb BeKTOPBL d U b — HEKOJUIMHEAPHbI. OT npouM3BOJIbHOW TOYKU A
OTJIOXUM BEKTOPHI AB=d u AD=b v Ha O3THX BEKTOpax IOCTPOUM
napauienorpamMm ABCD (puc. 2). I1o npaBuiy TpeyrojibHuKa:

AC=AB+BC=a+b n AC=AD+DC=b+a.
Orcloga ciaenyer, yTo d+b=b+a.
3HAuUT, CyMMa JIByX BEKTOPOB HE 3aBUCHUT OT IOpsiiKa ClaraeMbix, T.e.
JUJIS1 TIOOBIX BEKTOPOB d U b cnpaeedauso paseHcmeo:

d+b=>b+a.
DTO paBEHCTBO BBIPAXKAECT nepemMecmumenvHol 3aK0H CIOXEHUSI BEKTOPOB.

B napamnenorpamme ABCD, MOoCTpOeHHOTO Ha BekTopax d U b, Bek-
Top-cyMmmMa AC COCTOUT U3 AWAroHaju, IPOBEIEHHOW M3 OOIIEero Hadaja

@ b B b C C@B b C
A B
AB + BC = AC
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cjaaraeMbix BeKTOpoB. OOBIUHO, TaKOi CIOCOO CJIOXEHMSI BEKTOPOB Ha-
3bIBAECTCS «NPABUAOM NAPANLEA0CDAMMA» (pylc; 2).

Tenepb pacCMOTPUM CYyMMY TpeX a, b u ¢ BekropoB. OT _Tpous-
BOJIbHO}1 TOYKM A OTJIOXUM BeKTOp AB = d, oT Touku B — Bextop BC = b,
a or Touku C — BekTop CD =¢ (puc. 3). IIpuMeHss MpaBUIO TPEYrob-
HUKa, MOJYyYUM:

(5+I;)+E =(E+B—C)+C7)=E+C7)=E;
L ) L ¢
"+(Z+E)=E+(?+@):ﬁ+@:ﬂ).
|

Otcioma cliemyer, 4To 0as A0biX 6ekmopos G, b m ¢ umeem mecmo
PABEHCMEBO (Ez + I;) +¢=a +(Z) +E).

DTO paBEHCTBO BbIpaXKaeT coyemamenbhbill 3aKOH CI0XEHUSI BEKTOPOB.

CyMMma Tpex HEHYJIeBbIX BEKTOPOB MOXET OBbITb paBHA HYJIEBOMY
Bekropy. Hanpumep, PaccMOTPUM TPEYrONbHUK ABC (puc. 4). Cymma Tpex
BEKTOPOB AB, BC u CA, » VJIyLIMX MO CTOPOHAM TPeyrolbH1Ka ABC pasHa
HYA€80MY 8eKmopy, m.e. AB + BC +CA=0. Wrak, eciu Hayaio MEPBOTO
BEKTOpa COBIIAJa€T C KOHIIOM MOCJEIHEro BEKTOpa, TO CyMMa JaHHBIX
BEKTOPOB paBHa HYJEBOMY BEKTODY.

Onpenenenne 1. Ecau cymma 08yx 6eKmopoé pasHa HY1e60M) 6eK-
mopy, mo Kaxcovlli U3 3mux 6eKmopoe Ha3bl6aemcs NpomuUGONn0.10HNCHLIM
opyzomy.

Unaue, eciu da+b=0, 1O BeKTOp b = BA HasbIBaercs npomueono-
AOXCHbIM BEKTOPY d = AB (1 oOpaTHO) M OO0OO3HAYaeTcs TakK: b=-a,
i=-b (puc. 5). Ecau cioxuTh MpOTHUBOIOJIOXHbBIE BEKTOPHI (MO MpPaBUILY
TPEYroJIbHUKAa), TO B CYMME IIOJIyUYUTCS HYJIEBOM BeKTOp. B sTOM cCiyyae
JUJIMHBI BEKTOPOB d U b paBHbI, 1 OHU MapasuleJbHbl, U TPOTUBOMOJIOXHO
HaIpaBJeHbI, T.e. |dl =|1;| u atlb. Hrak, daa kaxcooeo eexkmopa a cy-
ujecmeyem makoi npoMmuéonoAONCHbIl 6eKmop —a , yumo a +(—a) =0

M3 BbllIe U3JIOKEHHBIX PACCYKAECHUUN TIPUIAEM K CIEAYIOIIEMY BBIBOLY.

Ilpomueonoaoxcnoimu eexmopamu Ha3vl8AOMC 084 NPOMUBONONONCHO

HANpAae/eHHblX eéeKmopa 00UHAKOBOU ONUHDYL.
Hyﬂb-eelcmop cuumaemcsa npomueonoOAONCHbIM CAMOMY cebe.

3) B b (4) B (5) B

N
=
¢,
o
Q|
S
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3. BbluuTanume BeKTOpPOB. BhluMTaHME BEKTOPOB, KaK M BbIUMTAHUE
YyuCesl, 3TO JeMCTBUE, OOPATHOE CIIOXKEHMUIO.

Onpenenenne 2. Paznocmuro 06yx éekmopoé d u b Hazvieaemcs maxou

geKkmop ¢ , oarowull 8 cymme ¢ eekmopom b eexmop da: ¢ +b=a.

Pa3zHocTh BEeKTOpOB d M b Tak Xe, KaK pa3HOCTb YyMce]l 0003HayaeTcs

TaK: d—b. BbluuTaHMe IBYX BEKTOPOB OMpPEHENISeTCS KAK CIOXKEHUE Mep-
BOIO BEKTOpa C BEKTOPOM, ITPOTUBOIIOJIOXHBIM BTOPOMY M OH paBeH
BEKTOpY d +(-b) (puc. 6, 6).

ITycTb maHbl BeKTOpbl d@ u b (puc. 6, a). PaccMOTpUM CYMMY BEKTOPOB

d ¢ BEKTOPOM —b, IPOTUBOIOJOXHBLIM BEKTOPY b. - -
s aobvix eekmopos G u b cnpaeedauso pasencmeo a—b = a + (—b).

JleiicTBUTEILHO, (5 + (—b)) +bh=ad+ ((—B) + l;) =d+0
Ot Kakoil Kakoi-11m60 Touku O OTIOXUM BEKTOpPbl d U 5, TOrga IJIst

HaXOXICHUSI Pa3HOCTU d — b, yIOOHO MOJIb30BAThCS CIEAYIOLIMM ITPAaBUIIOM
(puc. 6, 6):

a.

OA-0OB = BA.
L S
N3 npasBuia BUAHO, YTO HAYaJOM BEKTOpPA Pa3HOCTU SBJIAETCSA KOHELl

BeKTOpa b, a KOHEll — KOHIIOM BEKTOpa d, T.e. BEKTOP-Pa3HOCTU COCAUHSI-

T KOHIbI BEKTOPOB d M b ¥ HATPAaBJICHBI B CTOPOHY YMEHBIIIAEMOTO.

Ecoiu npu cioXeHMM BEKTOPOB MCIOJB30BaTh IPABUIIO IMapauIesio-
rpamma (puc. 7), pa3HOCTh BEKTOPOB HIET IO BTOPOI JMAroHaIu IMapa-
JieJiorpaMMma.

3agaua. Jau TtpeyroasHuk ABC. Beipasute Bexktopsl: 1) BA; 2) CB;:
3) CB + BA uepes BeKTOpH! d = AB u b= AC .

Pewenue. 1) Bextopsl BA U AB — NPOTHBOIOJNOXHEIE BEKTOPHI, MO-
3TOMY BA=-AB wm BA = —a.

2) Ilo npaBuily TpeyrojbHUKa: CB=CA+AB.Ho CA=-AC, MO3TOMY

CB=AB+(-AC)=AB-AC=a-b.

6 o« 0 b
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Bonpocst, 3a0auu u 3adanus

o-Qt—t

10.

11.

1) Kak HailTu cyMMy BEKTOPOB IO MpaBUJaM TPEYroJbHUKA U Tapajuie-
JorpamMa? Kakoii BEKTOp Ha3bIBa€TCSl Pa3HOCTHIO IBYX BEKTOPOB?

2) Kakoii BeKTOp Ha3bIBaeTCsl MPOTUBOMOJIOXHBIM JaHHOMY?
Ha pucynke 8 uzobpaxeHbl BeKTOpbl d U b. [locTpoiiTe BeKTOp d + b
JIBYyMsI ciocobaMu.

Ha pucyHKe 9 M306paxeHbl BeKTOpH m, i U k, d u é. Ilocrpoiite
BEKTOPHI: 1) M+ itk D d+e.

Ha puc. 10 uzobpaxeHbl BeKTopbl d, b u ¢, d m €. IlocTpoiiTe

BEKTODBHI: 1)5—I;+E; 2) é-d.

. Jlan  mapamnenorpamm  ABCD.  BbInmonHsSeTCs U paBEHCTBO

(4B - 4D)+ BC = AB? ITpoBepbTe.

. B pombe ABCD: AD=20 cm, BD = 24 cm, O — Touka IepeceuyeHust

nuvaroHaneit. Haitnure | 4D + AB - BC — OB

.| ABCD — npou3BOJIbHBII YETBIPEXYTOJIbHUK. Hoxkaxwure, 4yTO
AB+ BC = AD + DC .
. lan mnapamienorpamm ABCD. JlokaxuTe BEKTOPHOE PaBEHCTBO

AB+ AD = AC («IIpaBWJIO MapaJlIeIOrpaMMa»).

. B mapannenorpamme ABCD: CA=ad, CD=b. Boipazute BeKTOpPBI ﬁ,

BC, DA uepe3 BeKTOpbl d 1 b.
Touku Eu F— cepenuHbl ctopoH AB u AC tpeyroiabHuka ABC. Boipa-

sute Bektopsl BEF, EC, EF u BC uepes Bekropsl d = AE u b= AF .

Ha pucynke 11 wuzoOpaxeHbl BekTopbl m U 7. I[locTpoiiTe BeKTOp
m+ A IBYMs CIIOCOOAMMU.
a -
P 1y )
m
¢ e
5 n
a o
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38—39. YMHOXEHME BEKTOPA HA Y1CJIO. ’
KOOPINHATBI BEKTOPA

1. YvHOXKeHHe BekTOpa Ha umciao. BbriOepeM HEKOTOpPBINA BEKTOp a U
HaligeM cymMmy d+d-+a (puc. 1). Obo3HauMM 3Ty CyMMy Kak 3-d W,
€CTECTBEHHO TO, YTO 3TO BbIpak€HHWE HA30BEM IPOM3BEACHUEM BEKTOpa d
Ha yucio 3.

Onpenenenue. IIpousgedenuem Henyieeoeo eeKkmopa da Ha Hucao k
Hazbleaemcs makoii eekmop b, dauna komopoeo pasna lk|-dl, mpuuem
BEKTOpbl @ U b coHanpasieHs! npu k > 0, ¥ TPOTHBOIMOIOXHO HATIPAB-
aeHbl npu k < 0. Tlpoussedenuem Hyneeoeo eekmopa Ha a1060e HUCAO CHU-
maemcs Hy1e6oll 6eKmop.

IIpousBeneHue BekTOopa ¢ Ha 4YUCIO k oOo3Havaercsl Tak: ka. Ilo
omnpezneneHuIo: |kal = k| -lal .

W3 omnpeneneHus NMpou3BeAcHUsI BEKTOpa Ha YMCIO HEIOCPEACTBEHHO
cienyet, uto: 1) npoussedenue 1106020 6eKkmopa HA HUCAO HYAb eCMb HYAEBOU
eekmop; 2) 0aa awboeo uucaa k u awboeo eekmopa d eekmopvl d u ka
KOAAUHEADHbL.

YMHOXeHHEe BeKTOpa Ha 4YKMCIO O0JajacT CJAeAYIOIIMMU OCHOBHBIMU
CBOMCTBaMU.

s aro6eix wucen k, | u a06bix 6ekmopos d, b cnpagednussi pageHcmea:

1°. (k-a=k-(la) — covemamenvnviii 3aK0H.
2°. (k+1)a = ka+la — nepswiii pacnpedesumenvruiii 3aK0H.

3°. k(G+b)=ka+kb — emopoii pacnpedesumenshoiii 3aKOH.

4. k-0=0-a=0.

FEwe pa3 nanomumaem, umo dea eexmopa Ha3vbi8aOMCs KOAAUHEAPHBIMU,
ecau OHU nexcam Ha NAPaNIeNbHbIX NPAMbIX UAU HA OOHOU NPAMOU.

Ilycte maHa mpsimast [ U BEKTOpHI d bucé rnapasuleibHble TaHHOW

npsMoii (puc. 2). Ilo onpeneneHno KOUIMHEAPHBIX BEKTOPOB, BEKTOPHI d ,

b n ¢ KomHeapHBbI. 31eCh BEKTOPbl d W b COHAIIpaBJIEHBI, a BEKTOp C

MPOTUBOITOJIOXKHO HAIpaBJIeH OTHOCUTEILHO BEKTOPOB d U b.

@© (2) |

a
¢
3d /
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Ham u3BecTHO, 4TO BEKTOp, MOJIYYaeMbIid MPU YMHOXEHUM BEKTOpa Ha
4yucao, MapajijieieH ¢ HampaBlieHMeM JaHHoOro Bektopa. OTcioja ImojiydyaeM
CJIEIYIOIIEE BaXKHOE CBOMCTBO:

6EKMOp, YMHONCEHHOM HA HEKOMopoe HucA0 KOoAAUHeapeH O0AHHOMY GeK-
mopy.

Teopema.

Eciu yMHOXWATh HEHYJIEBOW BEKTOP HA YHCJIO, 0OPATHOE €ro MOAYJIO,
TO MOJyYHM €IMHWYHBIA BEKTOP.

Joxazamenscmeo. Tlyctb |d| momyns Bekropa d. Haitmem Momyib

|-

MIPOU3BEIICHUS BEKTOpPA ¢ HA YUCIO k =

|-=

|kd| = [k|-|d| = —-la| =1.

|
WMrak, Kaxaplii BEKTOP paBEH MPOU3BEICHUIO MOMYJSI 3TOrO0 BEKTOpA Ha
COHAIIPABJICHHBI C HUM €IWUHUYHBINA BEKTOP.

BexTop, Moayib KOTOpOro paBeH 1, Ha3bIBACTCSl eOUHUUHBIM BEKMOPOM.

=

O0603HaYMM €IMHUYHBI BEKTOP, COHAMPABIEHHbIN C BEKTOPOM d uepe3 € ,

| =

U B COOTBETCTBUU C TEOPEMOM: € = WIM YMHOXMWB 3TO PaBEHCTBO Ha

Q

4ucso |d|, mpuxoouM K paBeHCTBY: d =ldl-é .
HTak, kaxcowiii eexmop pasen npousgedenuro mMooyas 3moeo 6eKmopa Ha
COHANPABGACHHbII ¢ HUM eOUHUYHbIL 8EKMOp.
3anaua 1. IIpu Kakux 3HaAYEHUSIX K BEpHbI YTBEPXKICHMSI:
1) lkal <lal; 2) lkdl > a; 3) |kal =lal, rne @ =0?
Pewenue. 1) Tlpu G = 0, |kdl <ldl < lkl-ldl <ldl < lkl <1< -1<k <1;
2)npu a =0, |kdl>ldl < lkl-lal>ldl < kl>1 e k<—-1 wm k>1;
3)ympu a =0, |kil =lal < |k|-ldl =ldl < lkl =1 k=-1 wm k=1.
Omeem: 1) -1<k<1;2) k<-1 wm k>1; 3) k=-1 wm k=1
BEPHBI YTBEPKICHUSI.

2. Koopaunatsl BekTopa. IlycTh Ha MJIOCKOCTM 3aaHa MpPsSMOYrojibHas
cucteMa KoopauHat xOy, T.e. BbIOpaHbl B3aMMHO IE€PIEHIMKYJISIPHbIC
MpsiMble, oTMeYeHa Touka O — Hauaso kKoopdunam, BbIOpAHbl HanpasieHus
U eduHuyHvle éekmopsl oceii KoopauHaT. [IpousBojbHOI Touke A comoc-
TaBJISIFOTCS JIBE €€ KOOpAMHAThl — abciucca x U opauHara y: A (x; y). Equ-
HUYHbIE BEKTOPBI OCeil KOOPAMHAT 0003HaYMM i (ocu abermce) u j (ocu op-

JNIMHAT) COOTBETCTBEHHO. VX MJIMHBI paBHBI €IWHULIE, a HAIPaBJICHUSI COB-
MajaoT C HaMpaBICHUSIMUA COOTBETCTBYIOLIMX OCeil KoopauHaT (puc. 3, a).

Ilycth Ha MIOCKOCTM JaHa Touyka A ¢ KoopauHatamu (x; y). PaccMort-

puM TpeyroibHUK OAA. B 3TOM TpeyrosbHuKe OA = O—Ax + ﬂ Ho Ttak
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KaK OA,=x, AA= OA,=y, 1o Bektop OA_ =x-i, A A=y-j.Orcona
5=@=x-17+y-]'- (1)

PaBeHctBO (1) Ha3bIBaeTCsl KoopOuHamubviM npedcmasieHuem eKmopa da .
HMrak, BeKTOp ¢ HayajoM B Touke O U KOHILIOM B Touke A (x; ¥) MOXET
OBITh BbIpaXKEH 4Yepe3 BEKTOPbI i v j BBULE (1) paBeHcTBA.
ITapa BekTOpOB (f; }) Hazvleaemces 6a3ucom KOOPOUHAMHOU CUCMeEMbl,
a CcaM¥ BEKTOPBI [ ; | — Ga3MCHBIMU BEKTOPAMH, YHCIA X U Y — KOOPOUHA-

mamu eekmopa a.
Ecnu u3BecTHO KoopavHaTHOe TipeacTaBieHue (1) BekTopa, TO rOBOPSIT,
YTO BEKTOP 3alaH CBOMMM KOOPAMHATAMM U 3aIIMCHIBAETCS B Bume d(Xx; y):

a(x;y)=x-i+y-j. (2)

Omnpenenenne. Ecau A\(x,; y,) u A)(x,; y,), TO 4UCIA X, — X; U Y, — V)

0yoym koopounamamu eéekmopa A, A, (puc. 4).

KoopauHaTel BeKTOpa 3alMChIBAlOT B CKOOKAX pSiioM C €ro OYKBEHHBIM
ob6osnauennem: A A, (x, —x;; ¥, -y, ). UHorna mis 0603HAYEHUS C KOOD-

JIMHATAMU X, — X; U y, — ¥; UCTIOJIB3YIOT 3amuch (X, — X;;¥, — ;). OueBUIHO,
YTO HYJIEeBOII BEKTOp MMeeT HyJieBble KoopauHatel: 0(0;0).
M3 popMysibl pacCTOSIHUS MEXIY TOYKAMUA UMEEM:

JUIMHA BeKTopa d(a;; a,) BbiunCcisieTcs no dopmyne ldl = \Ja} +a; .

IIpasuno. Kaxcdas koopounama eexmopa pasHa pasHOCMU COOMI-
6EMCMBYIOUUX KOOPOUHAM e20 KOHUA U Ha4aid.

B yactHOCTM, e€ciiM BEKTOp OTJOXEH OT Hayajga KOOpIMHAT, TO KOOp-
JUHATBl BEKTOpa paBHBLI KoopauHaTtaM ero koHua. Tak kak (0; 0), To Koop-
JNHUHATHI BEKTOpa 0A PaBHBI COOTBETCTBYIOIIMM KOOpAMHATaAM TOUYKU A.

Ecmmu A (x; y), To OA(x;y) =(x;Y).

Va a V4 6 ¢@ VA @
ACx; y) X Ay) A,
A pmmmimsg | ), e e |
| | =
_ ! I
= = a | =
J J y o) - ]
[ Al X=X 1
| ! [
| | |
—_— l T | l >
ol i x Ol i A x| | O X, X X
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Ceoticméo M npu3Hak KOOPAMHAT paBHBIX BEKTOPOB IpuBeneM 0Oe3
JIOKa3aTesIbCTBRA.

Teopema.

PaBnnie BCKTOpPblI UMCIOT PABHbBIC KOOPAUHATBI, H H3060p0T, eC/im y
BEKTOPOB COOTBCTCTBYIOIIMC KOOPAHMHATHI PABHbI, TO 3TH BEKTOPbI PABHbI.

BriBon 1. Ecnyu KoopauHathl BEeKTOpa COBMAAAIOT C KOOpAMHATAMU €To
KOHIIa, TO HayaJlo BEKTOpa COBIIaIaeT ¢ HayajJoM KoopAauHaT (puc. 3, 6).

Boigon 2. Ecm aHbl KOOPAMHATBI BEKTOPA @ (a,; @,) W KOOPAMHATHI
B (x,; y,) ero KoHLa, TO I ONpeAeIeHUs] KOOpaAuHaT A (x,; y,) ero Havaia
JNIOCTaTOYHO M3 KOOPAMHAT B BBIUYECTh COOTBETCTBYIOIIME KOOPAMHATHI
BEKTODA d (a;; a,):
X\=X—a;, Y= — a4 (D)
Beisoa 3. Eciu maHbl KOOpAMHAThI BEKTOpa Ez(al; az) U KOOPIAUHAThI
A(x,; y,) ero Hayaja, TO sl OIpenejeHuss KoopauHat B (x,; y,) KoHLa
BEKTOpa JIOCTAaTOYHO CJIOXUTb KOOPAMHAThl TOUYKM C COOTBETCTBYIOLIMMU
KOOpJMHATaMK BEKTOpa d(a,; a, ):
X, =X+ a; Y, =Y, + ay (2)
3anaya 2. Halinure KoopAauHAThl YETBEPTOM BEPIUMHBI Mapasiesio-
rpamma ABCD, ecnu A(-2; 1), B(0; 4), C(4; 1).
Pewenue. Ecnu yerbipexyroibHUK ABCD — mnapajienorpaMm, TO
AB = DC . Tlycts D(x; y) — uckomas BepiumHa. HaiimemM KoopauHaThl BEK-
TopoB AB u DC':

AB=(0-(=2);4-1)=(2;3), DC=(4-x;1-y).
Takum o6pazoM, 4 —x=2u l-y=3,otkyna x=2u y =-2.
Omeem: D (2; -2).
3anaua 3. Jlauel KoopauHaThl Hayana A(-1; 5) Bekropa d(2; -3).

Hailigure KoopauHaThl KOHLIA B BeKTOpa.
Pewerue. Bocrionb30BaBIINCh pe3yJibTaTaMU BbIBOAA 3, HAXOAUM MCKO-
MbI€ KOOPJUHATHI:

x,=-1+2=1, y,=5+(3)=2
Omeem: B (1; 2).
3anaua 4. Haiinute KoopauHatel BeKTopoB AB u BA, ecimu A(-3; 0) u
B(5; -4).
Pewenue. 1) AB = AB(5—(-3);—4—0) = AB(8;-4) = (8;4);
2) BA=-AB =—(8;-4) = (-8;—(-4)) = (-8; 4).
Omeem: (8; —4); (-8; 4).

88



IIpumeuanue! Ecau uzeecmuvl Koopounamol Kakoeo-Hubyob eeKkmopa, mo

011 onpedeneHus KOOpOUHAM 6eKmopa, NPOMuUBONOA0NCHO20 OAHHOMY, Hem
Heo0X00UMOCMU 3aHOB0 GbIMUCAAMb KOOPOUHAMbBL NPOMUBONONONCHO2O BEK -
mopa, 00CMmamo4HO 3aMeHUMb 3HAKU COOMBemcmeyujue KoopouHamam
0aHHO20 6eKmopa.

'~

10.

11.
12.

13.

Bonpocst, 3a0auu u 3adanus

1) Uto Ha3bIBaeTCsl MPOU3BENCHUEM BEKTOpa Ha YMCIO0?
2) HazoBute cBOiiCTBA YMHOXEHMUSI BEKTOpA Ha YUCJIO.
3) Kak 0003HavyamTCs eIMHUYHBIE BEKTOPhI OCEil KOOpAUHAT?

. HauepTtute Bektop d, mimHa Kotoporo paBHa 2 cm. IloctpoiiTe Bek-

Ttopbl 4a, -2d, 3a, 1,5a,-1,5a.

. Ilpu Kakux 3HaYeHUSIX kK BEKTOPHI d (& # O) uka:

1) coHampaBieHbl;  2) NPOTUBOIOJOXHO HAIpaBi€Hbl;  3) paBHBI?

. B mapannenorpamme ABCD nuaroHaiu nepecekarTcsi B Touke O, Toyka

K — cepenuna croponbl CD. Bwipazute BekTOopbl OA u AK yepes
BekTOpbl AB=d n AD =b.

. Touka C — cepenumHa orpe3ka AB. Beipasure Bektop: 1) AC uepe3

BEKTOP CB: 2) AB uepes Bextop CB; 3) AC yepe3 BEKTOpP BA .

. YIIPOCTUTE BBIPAXKECHUE:

1) (E+R)+(ﬂ+@); 2) AB—-DB-CA+DA.

. Haiinure xoopamuHaTel BekTopa AB, ecim: 1)A(-1; 4) u B(3; 9);

2)AQ2; -5 u B(1;-1); 3)A3;2) u B(3;2).

. Haitnure mwmuny Bektopa AB, ecmum: 1) AB(7; 24); 2) A(0;-1) u

B@(3;-5); 3) A(2;-4) u B(2;-1).

.| UeMy paBHBI KOOpAUHATHI BEeKTOpa BA , eClu:

1) A(-2; -3), B(-3; -1); 2) A(m; n), B(-m; —n)?
Hanbl Touku A (-1; -3), B(2; -4), C(-3; -1) u D (5; 2). PaBHb 11
BekTopsl AC u DB?
Haiinute m, ecniu pmmHa BekTopa d(m;24) paBHa 25.
Haiinute xoopnuHaTel KoHua (B) kKoHua BekTtopa d(-7; —-8), ecnu
KoopauHaTel Havana A (5; -3).
Haiinute minHy BeKTOpa AB , eciu:
1) A(-3; 1) u B(5;-5); 2) A(12;0) u B(0; -5).
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40. IEMCTBUA HAJI BEKTOPAMMU, 3ATAHHBIMU ’
CBOUMU KOOPANHATAMMA

IlozHakoMuMCs ¢ TeM, KaK BBIMOJHSIOTCS JIMHEHbIe (apupmMeTu-
yeckue) OeMcTBUS (CI0XKEHUS, BBIUMTAHUS M YMHOXEHMSI Ha UYMCIIO) Haj
BEKTOpaMH, 3aJaHHBIMU CBOMMM KOOPIMHATaAMM.

1. CioxeHnune BEKTOPOB, 3aJaHHBLIX CBOMMH KOOPIHHATAMHM.

Onpenenenne. Cymmou eexkmopoe d(a,; a,) u b (b,; b,) Hazvieaemcs

eekmop ¢ (c,; ¢,) ¢ Koopounamamu ¢, =a,+ b, ¢,=a,+ b,.

Takum obpaszoMm, d(a,; a,) +l;(b1; b,)=¢c(a +b;a,+b), mm
(a; @) +(b; b)) =(a +b;a,+b).
Jla aobvix eekmopoé d(x;; ), b (x5 ») u ¢ (c;c,) cnpagedarugol
pasencmea:
\da+b=b+a; 2) (@+b)+é=a~+(b+é); 3) i+0=a.
Jns1 mokasaTejbCTBa 3TUX CBOMICTB JOCTATOYHO CPAaBHUTh COOTBETCT-
BYIOILLIME KOOPIMHATHI BEKTOPOB B MpPaBOi M JIEBOM YacTsIX KaXKIOro pa-
BEHCTBA.
Teopema.

Jlng moobix Touek A, B u C BBINOJHAETCA BEKTOPHOE PABEHCTBO:

AB + BC = AC .
@ Joxazamenvcmeo. Ilyctv A(x; x,), B(x,; y,),
=~ B(x;y) Clx;; ) C(x;; y;) — naHHble TOyku (puc. 1). Bripasus

KOOpAMHAaTbl BEKTOPOB-CJIaraCMbIX, UMECM:

AB(x, =x;5 9, =01)s BC(xX3=%5 93— 1,) -
Ilo ompeneneHW0 CyMMBI BEKTOPOB, IS
BBIUMCJICHUSI KOOPAMHAT BEKTOpPa-CyMMbl CJIO-
Ax; ) KMM COOTBETCTBYIOIIME KOOPAMHATHI BEKTOPOB

AB n BC:
X=X+ X3 = X%=X3= X, V=Vt 3= h=0—)
CnenoBaTe/IbHO, KOOPAMHATHI BEKTOPa-CyMMbI COBIAAAIOT ¢ KOOPAWHA-

Tamu Bektopa AC : AC(x; —x,; ¥, — ).
ITo TeopeMe paBHBIX BeKTOpoB: AB + BC = AC .
TeopeMa nmokaszaHa.
Jlokaxute, paBeHcTBO AB + BC = AC , OIB3YsICh PUC. 2.
TakuM o0pa3oM, 041 moeo, 4moObl Haumu CYMMY 6eKmopos, 0ocma-

MOYHO CA0CUMb COOmeemcmeyruiue KOOpaLIHdmbl IMUX 6EKmopoes.
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2. Boruntanme BCKTOPOB, 3aJJaHHBIX CBOMMH KOOpPJAHMHATAMM.

Onpenenenne. Paznocmoio eéekmopoé d(a,; a,) u b (b;; b,) Ha3bIBa-
eTcsl TaKOM BEKTOp ¢ (c;; ¢,), KOTOPbIA B CyMMe€ C BEKTOpPOM b Jaer
BEKTOp d: b+c=ad.

Orcroga HaxoouM KOOPAMHATHI BeKTOpa ¢ =d — b:
c,=a,—-b, c,=a,-b,.
s moeo umobbl Halimu pazHocmMb 08YX BeKmMopos, 00CMAmMOYHO

ebl4ecms U3 xoopéuﬂam ymenbvuiaemoeo eeKkmopa coomeemcmeyrwuiiue Koop-
OuHamol 8bI4UMAEMO20 eéeKkmopa. m.e..

a(a;a)-b(b;b)=¢(a-b; a,-b), wm

(a;a,) —(b;b,)=(a, -b;a,-b).
3. YMHO)KeHI/le BeKTopa, 3AIAHHOI0 CBOUMH KOOp)]l/IHaTaMI/I, HA 4YUCJO0.

Onpenenenne. [Ilpouseedenue eexkmopa d(a,, a,) Ha 4ACIO Kk Ha3bl-
BacTCsl BEKTOp (ka,; ka,), T... ka = (ka,; ka,).

ITo onpenenenuto, (a,; a,) -k =k(a,; a,).

TakuM o0pa3oM, 011 moeo umobObl Hatmu npou3gedeHue 6eKmopa Ha
uucao (uau uucno k Ha eekmop d), 00CMAMOYHO YMHOICUMb COOMBEnCHl-
syroujue KoopouHamol 6eKmopa Ha 3mo 4uco.

IIpoBepbTe CaMOCTOSATENBHO CIIPABEIIMBOCTh YMHOXEHHUs BEKTOpa Ha
yucio (teMbl 38—39), a TakKe OCHOBHBIE CBOWMCTBa Ha KOOpAMHATax,
MoJb3ysich puc. 3. YOemurech, YTO OCHOBHBIE CBOIICTBAa B KOOpAMHATaX
Takxke OyayT BepHbIMU. [10 5TO mprUMHE MX 31€Ch HE pacCCMaTPUBAJIM.

3anaua 1. Haiinure cymmy BekTOpoB d(3; 5) u b(2; 7).

Pewenue. a(3;5)+b(2; 7)=3;5)+(2;7)=B+2; 5+7) =(5; 12).

3HAYUT, KOOPAMHATHI BeKTOpa d + b paBHBI (5; 12).

’4 (2) (3)
y 4, AGy) vy k70 k<0 ya
1
A
B/ | ka B “
% B(x; y,) 2
ka, .
i a A 0 a, x
J
g i ka

Al Bl N 0 al kal .rx B 2

OI ; xl XZ x a 6
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3anaua 2. HaiiauTe pasHocTh BeKTOpoB d(-3; 5) u h(3; —3).
Pewenue. d(-3; 5)—b(3; -3)=(=3;5)-(3;-3)=(-3-3; 5-(-3)) =

=(-6; 8). Omeem: (—6; 8).
3anaya 3. Haiinute KoopauHaTbl BekTopa b, MPOTUBOIOJOXHOIO

BekTOpy d(3;5).

o~ -

Pewenue. Bextop l;, OPOTUBOIIOJIOXKHBIN BEKTOPY d , paBEH:
b=-d=-1-ad=-1-(3;5)=(-3; -5).

Omeem: b(-3; - 5), wm (=3;-5).

3anaua 4. Haiinute KoopauHATHI BEKTOpa b = 44, ecnu a(-3; 4).

Pewenue. b =4d=4-(-3;4)=(4-(-3); 4-4) = (-12; 16).

Omeem: b (-12; 16), wm (-12; 16).

Bonpocst, 3a0auu u 3adanus

. 1) Kak BbINosHsIETCS CIOXEHME (BbIYMTAHUE) ABYX BEKTOPOB, 3allaH-

HBIX CBOMMU KOOpIMHATAMMU?
2) Kak BBIMOJIHSIETCSI YMHOXEHME BEKTOpa Ha YMCJIO, 3aJJaHHOTO CBO-
UMM KOOpaAuHaTaMu?

Haiinute KoopauHaThI:

1) cyMMBI; 2) pa3HOCTH BEKTOpOB, eciu d(—4; 8) u b (1; —4).

. aubl BekTopbl d(=2;6) u b (=2; 4). Haiimure KOOpIMHATH BEKTOPA:

)a-+b; Dad-b; 3) b-a; 4) -G -b.

Ianbl BekTopbl @ (2; 3) u b (~1; 0). Haiiaure KOOPAMHATHI BEKTOPA:
1)2d +b; 2) @ -3b; 3) 2b-a.

Jaubl BeKTOpbI d (2; —3) 1 b (—2; —3). Haiinute KOOpAMHATHI BEKTOPA:
1) ¢ =a-2b; ) é=-2a+b; 3) ¢ =-3a-2b.

. Jlanbl BeKTOPBI d = -2 —3j u b = -2 . Haiinure KOOPAMHATHI BEKTOPA:

1) é=2a-b; 2) ¢=-4d+3b; 3) ¢=-3a+4b.

HaHbl BekTOpbl a@ =-2i+2j u b =3i . Haiinute KoopauHaThI BEKTOpa:

1) ¢=3d-2b; 2) ¢=4d-b.

JlaHBI BEKTOpHI d = 2i -3 n b = 2/ . Haiimure KOOPIMHATHI BEKTOpa:

1) ¢=-da-2b; 2) é=a-5b.
JlaHbl BEKTOPHI d = 3 ub=-i+ 2j . Haiiaure KOOpPAMHATHI BEKTOpa:
1) é¢==2a+b; 2) é=-da-b.
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NHTEPIIPETAIIMN BEKTOPOB. PEIIIEHUE

41. PUSNYECKUE U TEOMETPUYECKHUE |
IT’EOMETPUYECKHUX 3AJAY METOAOM KOOPAUHAT J)

1. ®u3nyeckne U reoMEeTpHYECKHE HHTEPNPETANHH BEKTOPOB.

1. Cuna geiicTByonias Ha Tejo, M300paxaeTcsi BEKTOPOM, HarpaBjieHue
KOTOPOTO COBIIalaeT C HampaBjie€HUEM JAEHCTBUSI CUJIbI, a MOIYJb paBeH
a0bCOTIOTHOM BeauurHe cuibl. I3 MpakTUKU M3BECTHO, YTO ACHCTBUE JABYX
WJIM HECKOJbKMX CWJI, MPUJIOXEHHBIX K TeJly, MOXHO IpeICTaBUTh KakK
JIEWCTBUE PABHOJCWCTBYIOLECH CUJIbI, PABHOI CyMME BCE€X NEMCTBYIOLIMX Ha
tesio cul. Ha pucyHke 1 u3obpakeHbl B BUIE BEKTOPOB d U b IBe CUJIbI,
JIIeCTBYIOLIME Ha TeJdo B Touke A. PaBHomelicTBylolasi 3TUX CUJI OydeT
U300paxKaTbCsi BEKTOPOM

c=d+b.

T'oBopsT, 4TO BEKTOpP, M300paKalolUii PAaBHOAECUCTBYIOIIYIO CUTY, pa3-
JA0JCeH HA COCMABAANWUE BEeKMOpbl, YKA3bl8AWUe HA GeAUHUHbl U HAN-
pasaeHus delicmeaus Smux cuJ.

2. B dusuke nocmynamenvHoim O0udiceHuem Ha3bIBAETCSI TaKOE JIBUXE-
HUe, TIPU KOTOPOM Kaxkjaasl TOuKa Tejla 3a OAMHAKOBOE BpeMsl B OJHOM U
TOM € HallpaBJICHUU IepeMellaeTCs Ha ONMHAKOBOE PAacCTOSIHUE B OJHOM
U TOM K€ HarpaBjieHUU. TakuM oOpa3oM, gekmop nepemeueHuss UMEET TOT
JK€ CMBICJI, UYTO M BEKTOp B HallleM MOHMMaHUM. Pa3zHMIIa TOJBKO B TOM,
YyTO B Kypce TEOMETPUMM PACCMATPUBAIMCH BEKTOpHI, IapajliejbHbIC
(bukcupoBaHHON IIJIOCKOCTM, TOrda Kak B (u3MKe ¢ caMoro Hauvaja
paccMaTpuBalOTCSl TIPOCTPAHCTBEHHBIE BEKTOPHI.

3. B usuke «BEeKTOpbl» IOHUMAIOTCS B
Oosiee IIMPOKOM cMbIcae. Harpumep, BeKTOpom
cyuTaercsi cKopocTb. Eciiu B reoMeTpuu BEKTOP
UMeeT UIMHY, U3MepseMol B MeTpax, To ab-
COJIIOTHOE 3HAY€HUE CKOPOCTU ITOHMMAETCs B
(¢uszuke kak Merpnl B cekyHmy (m/s). Takum
o0pa3oM, B TeOMETPUM CKOPOCTb paccMaTpu-
BaeTCsl KakK 6eKkmopHas eeauuura. BeKTopHbIe
BEJIMUMHBI XapaKTepU3YIOTCSI HE TOJbKO ab-
COJIIOTHBIM 3HAaY€HWEM, HO M HaIlpaBJICeHUEM.
Ilpu Hamnexainem BbIOOpe MacmTada BEKTOP- @

Hbl€ BEJMYMHBI MOXHO CpaBHMBATb C TeOMeET- v
PUYECKMMM BEKTOPaMU.

CJ0XXEeHUI0 BEKTOPHBIX BEJIMYMH M YMHO-
JKEHUIO MX Ha YMCJIO COOTBETCTBYIOT COOTBETCT-
BYIOILIME TIOHSATHUS, OTHOCSIIMECS K T€OMETpU-
YECKMM BEKTOpaM.

Q)
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PaccmoTtpum nipumep. Ha puc. 2 BeKTOp U MOXHO MpPEACTaBUTb Kak
CKOPOCTb TpU BpallaTeIbHOM JBMXEHMH, a BEKTOp 4 KaK BEKTOpP YCKO-
peHus. Ho ¢ Touku 3peHuss (U3UMKM UX HENb3sl, HalpuMep, CKJIalbIBaTh
KaK OObIYHBbIE BEKTOpbl. TeM He MeHee €CTb CMbICJI TOBOPUTh O CKOPOCTU U
YCKOPEHUM KaK O BEKTOpax.

Takas BOJILHOCTh B OOpalllecHUM C TePMHMHAMU HE BIMSIET HAa OOILLHOCTh
paccyxaeHnuit. [IpumepHO TO Xe camoe Mbl JeJlaeM U B T€OMETPUU, OTOX-
JIECTBJISISL JUIMHY CTOPOHBI TPEYTOJIbHUKA C CAMOM 3TOM CTOPOHOM.

2. Pemenue reoMeTpuYecKuX 3a/a4 METOJAOM KOOPIAMHAT.

BexkTopbl 1IMPOKO MCIMOJb3YIOTCS M1 PELICHUSI TEOMETPUYECKUX 3a1ay
U B JI0KA3aTEJIbCTBE TEOPEM.

3anaya 1. Touka C — cepenuHa oTpe3ka AB, a O — Npou3BOJIbHAS

Touka rrockoctu. Jlokaxure, uto OC = %(O—A + 073) (puc. 3, a).

Pewenue. Cnoco6 1. Tlo mpaBuiy TpeyrojbHUKA:

OC=04+AC n OC=0B+BC.
CknanbiBasi 3TU paBEHCTBA, MOJYYUM:
20C = 04 + OB +(AC + BC) -

Tak kak C — cepenuna orpeska AB, o AC + BC =0, T.K. cymMMa Ipo-
TUBOITIOJIOKHBIX BEKTOPOB paBHA HYJIEBOMY BEKTODY.

TakuMm obpazoMm, 20C = OA + OB, v OC = %(07 + O—B)

Cnoco6 2. JonosHuM TpeyroibHUK OAB no mapasuiesorpamma (puc.
3,6). Tornta OA+OB=0D (1m0 mpaBWily napauienorpamMma). JnaroHamm
Hapajuie/iorpaMMa Iepecekasich, Aesitcsl momoiaM, nosromy OC =CD u
0D =20C.

CrenoBarenbHo, OA + OB = 20C . Otkyna: OC = %(@ +0B).

3amaua 2. JlokaxkuTe, YTO CEpPeAMHBI CTOPOH MPOU3BOJBHOIO YEThIPEX-
yroiabHuKa ABCD sBASIIOTCS BepLIMHAMM IapajijiesorpaMma.

Pewenue. Tlycty E, F, G, H — COOTBETCTBEHHO CEepeIMHBLI CTOPOH AB,
BC, CD u DA (puc. 4). B cuny TpeTbero IpM3HakKa Iapajuiejiorpamma,

JIOCTaTOYHO J0Ka3aThb, YTO, Hanpumep, oTpe3ku EF u HG paBHBI MO JIJIMHE
U mnapajeabHbl. Ha g3pIke BEKTOPOB 3TO O3HAYAET, YTO HYXHO J10Ka3aTh

paBeHCTBO BekTopoB EF u HG .

@ B D B

C C
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JIeACTBUTEIBHO,
EF = EB + BF = L(4B + BC), HG = HD+ DG =5(4D+ DC).

Kpome Toro, oueBmaHo, uto AB+ BC = AD+ DC . Tlostomy, EF = HG .
Otkyna ciaenyer, 4yto oTpe3ku EF u HG paBHbBI 1O IJIWHE U TMapaieabHbl.
HMrak, cepeadHbl CTOpPOH IIPOM3BOJILHOIO 4YeTblpexyrojibHuka ABCD
SIBJISIIOTCS BEPLUIMHAMU Napajuiesaorpamma. Yto u TpeboBanoch A0Ka3aTh.

M3 npuBeneHHbIX 10Ka3aTeJbCTB BUAHO, YTO pEIICHME 3amady M JOKa-
3aTEJIbCTBO TEOPEM B BEKTOPHOM BMjE IMOAOOHBI ajare0panvyeckKum pele-
HUSM U J0Ka3aTeJbCTBaM. DTa Mpoleaypa ajiredopansaliy pelieHus 3aaady
COCTOMT U3 TPEX ITAIOB MOJOOHO TOMY, KaK 3TO IPOUCXOAUT IpU pellie-
HUM TEKCTOBBIX ajireOpanyecKux 3ajaay.

Ilepewiii sman. YcioBUs 3aJadyd HaAO 3alucaTb B BEKTOPHOM BUIE,
BBOJSl YAOOHBIE BEKTOPhl (IMOAOOHO TOMY, KaK BBOJSTCS HEU3BECTHLIC
BEJIMUMHBI M COCTABJISIETCS aaredbpanyeckoe ypaBHEHUE).

Bmopoii s5man. C NOMOIIBIO CPeICTB BEKTOPHOM ajreOpbl MCXOMTHOE
yCJIOBME 3a/1auM, 3allMCAaHHOE B BEKTOPHOI (hopme, Mmpeodpa3yercs: K Tako-
My BUAY, KOTOpPbIM HAacT pellleHWe 3alauyd B BEKTOPHOM BuIe (MOmAO00HO
peLIeHUIO airedpanyeckoro ypaBHeHMUSI).

Tpemuii sman. IlonydyeHHOE BEKTOPHOE COOTHOLICHME HCTOJKOBBIBA-
€TCSd B MCXOIHBIX TepMHUHax (IMOJOOHO TOMY, KaK 3aIllMChIBA€TCS OTBET
3a/1a4M, TOCJIe TOrO KaK pelleHOo aaredpandyeckoe ypaBHEHUE).

Bonpocst, 3a0auu u 3adanus

1. Haiinute nnuny Meauansl CC, TpeyrojibHMKa ¢ BepuimHamu A(3; 1),
B(1; 3) u C(0; 2).

2. Touka K — cepeauHa ctopoHbl AD napamienorpamma ABCD. Bripasure
BekTOp KC uepe3 BeKTOpH AB U AD.

3. Jdanbl touku A(2; 4), B(3; 6) u C(6; 14). Haiimure KOOpIMHATHI
Bektopa AB + AC .

4. Jlanbl NBe IPOTMBOIIOJOXHBIE BepluuHbl KBaapata ABCD: A(0;4) u
C(6; 0). Haiinute KOOpAMHATHI ABYX IPYTUX BEPIIUH.

5. Haiinute koopauHatel KoHla (B) BekTtopa d(-3;8), eclii KOOPAMHATHI
Havana A(-2; 3).

6. Vicronb3ys BEKTOPHI, JOKAXHUTE, TEOPEMY O CPEIHEl JIMHUM TpaIlelnu.

7. Hdaubl Bektopsl: a(1; 3), b(=2;4), ¢(-1; -3), d(-4; 4), p(3; 9),
d (-1; 2). Haiimure cpeau 3TUX BEKTOPOB: 1) coHampaBlieHHBLIE BeEK-
TOPBI; 2) Maphbl IPOTUBOIOJIOXKHO HAIPABJICHHBIX BEKTOPOB.

8. Touka N — cepennna otpeska CD pom6a ABCD. Boipasute Bektop AN

yepe3 BeKTOpbl AB U AD.
95



( 42. ITIPAKTUYECKME 3AJAHUA U ITPUMEHEHUME ]

JOMNOJHUTEJIBHBIN MATEPUAJ, PA3BUBAIOIIUI
INPAKTUYECKUE KOMIIETEHIIUU
1. 3apaun Ha MpakTHUYECKHE NMPUMEHEHHUS] BEKTOPOB.
3amaya 1. IlapaumroTuct cmyc-
R 7 ? @ KaJICsl Ha 3eMJII0 CO CKOPOCTIO 3 m/s,
% 33m/s  C a TIIOpBIBOM BeTpa €ro HauyuHaeT
= OTHOCUTb B CTOPOHY CO CKOpOCTBHIO
33 m/s. Ilom KakuM YIJIOM K BepTU-
KaJIM CITyCcKaeTcsl mapalnoTuct (puc. 1)?
< Pewenue. IlycTh mapallroTUCT Ha-
E xoauTcsl B Touke B. PaBHopeiicTByro-
as cuiia TAXEeCTU (ﬂ) U cuJia BET-
5 e pa (BC), ectb Bektop BD u ABCD —
: : MpSIMOYTOJIbHUK, AB — BepTUKAalb.
A D CnenoBaTelbHO, Hag0 HAWTU 3Hade-
Hue yria ADB.
BC = AD u BC=AD (ABCD — npsamoyronsHuk (£A=90°)). Mo Teopeme
Mudaropa: BD?= AD?*+ AB?, 3Hauwr:

BD =JAD? + AB? =\J3\3)? +3% =27+ 9 =/36 = 6 (cm).
B tpeyronbHuke ABD xateT AB=3 cm B 2 pa3a MeHblle TUIOTEHY3bI

BD=6 cm. CnenoBatenbHo, AB=0,5BD 1 mo CBOICTBY KaTeTa, JIeXalLEro
npotuB ymia B 30° B IIpSIMOYTOJBbHOM TpeyroibHuke ~<ADB=30°, wumu

sin ZADB = % = 0,5, orkyna ~ADB=30°. Omeem: /ADB=3(".

3apmaua 2. [lapallloTUCT CITycKaJicsd Ha 3€MJII0 CO CKOPOCThIO 4 m/s,

a TOPBIBOM BETpa €ro HauMHAET OTHOCHTb B CTOPOHY CO CKOPOCTBIO 4+/3 m/s.

ITong xakuM yrjaoM K BepTHKaIU CIIycKaeTcs mapaunoTuct (puc. 1)? 3amauy

pellrTe CaMOCTOSITEIbHO.

3amaua 3. C kakoit cuioil F Hamo yaepxaThb I'py3 BecoM P Ha HaKJIOHHOM
TJTOCKOCTU, YTOOBI OH HE crosi3ajl BHU3 (puc. 2)?

Pewenue. Ilyctb O — LEHTp TSLKECTU

rpy3a, K KOTOpOMYy IIpWIOXEHa cuia P.

@ L Pa3ioxuM BeKTOp P IO ABYM B3aMMHO Iep-

0 NEeHIUKYISIPHBIM HaIpaBJIeHMUSIM, KaK IIOKa-

B 3aHO Ha puc. 2. Cuna 04 NEPHEHANKYISIpHA

HAKJIOHHOM IUIOCKOCTU Y HE BBI3BIBAET Iepe-

MelneHust rpysa. Cuma F, yaepXuBaroluas

Ipy3, OOJKHA OBITh paBHOM MO BEJMYMHE U

\0‘ P MPOTUBOIIOJIOXKHOI I10 HaMpaBJICHUIO CUJIE

OB. IToatomy: F= Psino. .
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3anaua 4. Ha HaKJIOHHOU IUIOCKOCTU JIEKUT @ B
rpy3 P=50 N. Haiitu ckaTbhiBawllyl0 CUIy U %
CWIy HOaBleHUSI Ha HAKJIOHHYIO ILIOCKOCTb,
ecnu yr?ﬂ HaKJIOHA IIOCKOCTU K TOPU3OHTY " ..
pasen 30°.

Hano: P=50 N, £A4 = 30°.

Haimu: F,, F,,, B )30

Pewenue. 1) Paznoxum cunmy P Ha 1Be 4 R KC
CWIbL: HampaBJIEeHUE CKaThIBAIOIIEH CUJIbI Ma- P

paJlieJibHO, HaIlpaBJI€HUE AAaBJICHUS IIepIIeHIU-
KyJIIPHO HAKJIOHHOU ILJIOCKOCTH.

2) CTpouM mapajulesiorpaMM, €ro AIMaroHalb — BeKTOp OP, IPOBOAUM
OM| AB, OK L AB, PK || AB, PM L AB, OM = F ., OK = F ,, (puc. 3).
3) ZOPM= /A = 30° (OPLAC, PM 1 AB).
4) VI3 npsIMOYroJILHOTO TpeyroabHuka OPM:
OM=0,50P=0,5-50=25; F,=25N.
5) U3 npsmoyroybHoro tpeyrojibHuka OPK no teopeme Iludaropa:

OK =JOP? — PK* =OP? —OM? =+/50> = 25> =25 - (4—1) = 253 ~ 43,
T.e. F, ~43 N.

JaBJl.

Omeem: F, =25 N, F_, ~43 N.

JaBJI.

3amauya 5. M3 mpakTUKU M3BECTHO, YTO €CJIM Ha TeJdo A JEeNCTBYIOT IBe
CWIBL @ U b, TO paBHOIEICTBYIOIIASl CUJla paBHA ¢, 9Ta Cuja ¢ U300paxaeTcsl B
BUIE NMaroHajiu mapajuiejorpaMma MOCTPOSHHOIO0 Ha oTpe3Kax a u b. PaBHO-
JIEMCTBYIOIIAS CUjla HAaXOOUTCSL IO «MpPAGUAY NAPAAAeA0SPAMMA».

Hanpumep, 4enoBek, MOyl IO majayde IUIBIBYIOLIEro Kopabisa (puc. 4),
WIM JIOJKa, Ilepecekaromias peky (puc. 5): ee IlepeMellleHUe cClaraeTcs U3
nepeMelleHUi Tonepek pekKu 1 Mo TeuyeHuto peku. O003HaubTe 3TU CWIbI Ha
pucyHke. CocTaBbTe MOXOXHME 3a1a4d U OTPa3UTe UX Ha PUCYHKE.

2. HaxoxneHune KOOPIHHAT IEHTPA MacC.

3anaua 6. Jlenenue orpe3ka B IAaHHOM OTHOUIEHUHU (B KOOpIuHATHO# ¢opme).

Touka C penuT orpe3ok AB B oTHoweHuu A, eciu AC = ACB (puc. 6).
Haiitu xoopmuHatel X; y Touku C, M3BECTHbI KOOPAMHATHI KOHIIOB OTpE3Ka:

Axp; v, B(xy; yy).

4
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Pewenue. Tloctpoum Bektopsl OA, OC wu
OB . Tak xak OA (x;; ¥, OC (x; ), OB (X35 »),
AC(x-x;; y-y), CB(X,—-Xx; y,—-y) U yuu-
ThIBasl, YTO IPU YMHOXEHUM BEKTOpa Ha YHUCIO
A, €ro KOOpIMHAThI TakKxXe YMHOXAlOTCS Ha
YUCJIO A, UMEEM:

AC =\CB < AC(x-x; y—y,) =

X —x; = Mxy —X);
Y=y =My - ).

X +2Ax, _itWs

1+ 1+

3apaua 7. Maccel Tpy30B paBHBIE m; U m,
0 IIOMEILIEHbl COOTBETCTBEHHO B TOYKax M, (x,; y,)
u M,(x,; y,). Hailnure xoopauHatel (Touku C)
LIEHTPA TSKECTU 3TOM CUCTEMBI Macc.

Pewenue. llentp TskKecTu cucteMbl C JIEXUT
Ha oTpe3ke M;M, n o6paTHO MPONOPLUOHAIbHA
PACCTOSTHUIO MAcChl m,; U m, NOMELIeHHbIe B Toukax M, u M,, 1.e. touka C —
LIEHTP TSKECTUM CUCTEMBI JBYX MAaTePUAIBbHBIX TOYEK HEJIUT OTpe30K M, M, B

:x@(xz—x; yz—y)<:>{

CrnenoBateabHO, X =

m
OTHOLIEHUN A = —2., 3HaUyeHUe A TMOACTAaBUM B BBIBeAEeHHBIC (POPMYJIBI B
m
3ajgaye 5, mocje Impeodpa3zoBaHUs HAaXOOMM KOOpAUHATHI TOUYkKU C:
x . = Xt Xomy | _ im +yony
¢ m+m, °’ m+m,

3. 3agaya Ha J0Ka3aTeJbCTBO BEKTOPHBIX COOTHOINEHMIA.

3amaua 8. Jlan mapasmienorpamMm ABCD u O — Touka mepecedyeHus aua-
roHaseil. Jlokaxure, uto 04 + OC = OB + OD.

Hano: ABCD — mapaienorpamMmMm, O — ToYyKa MepecedyeHus OuaroHajei
ACwu BD, AO= 0C, BO= 0D (puc. 7).

Tpebyemes doxazams: OA + OC = OB + OD.

Iokazamenscmeo. IlokaxeM, 4TO pa3HOCTb paBHa HYJIEBOMY BEKTODY.

1) (0A+0C) - (0B +0D) =(0A-OB) +(OC - OD) = B4 + DC = BA+ AB = BB = .

B n1okazaTenbCcTBE MCHONB30BAJMCh IIPABUJIO BBIYUTAHUS CYMMBI OT
CYMMBI, COYETATEJbHBI 3aKOH, MpaBIIO TpeyrombHuka, DC = AB (mpo-

TUBOIIOJIOXHbBIE CTOPOHBI MapajjiejiorpaMMa M COHAIlpaBJIC€HHbIE BEKTOPHI),
ompeaeaeHre HYJIeBOrO BEKTOpa.

2) (04+0C) -(OB +0OD) =(0OA-0D) +(OC - OB) = DA + BC = DA + AD = DD = 0.

B nokasaTeibCTBE MCIONB30BAIUCH IMPABWIO BBIYMTAHUS CYMMbI OT CYM-
MBI, TPABWJIO TPEYrOJIbHMKA, codyeTaTe]bHblil 3akoH, DC = AB u ompe-
NieJIeHNe HYJIeBOrO BEKTOpA.
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(43—44. KOHTPOJIbHASA PABOTA 3. PABOTA HA/JL OI]JHBKAMH)

1.

2.

CocTraBbT€ ypaBHEHME MpPSIMOIM, KOTOpas MHPOXOAUT depe3 Touku A(-2; 3)
u B(4; 0).

CocraBbTe ypaBHEHHE OKpPY:XKHOCTU ¢ HeHTpoM C u pammycom R, eciu
C(4;9) u R=5.

Haiiaure KOOpIMHATBHI BEKTOpPOB d—b u b+¢, ecmu da(l;0), b(1;2) u
c(1; 3).

Janbl BekTophl ¢(—1;0) u  d(l;2). Haiimure KoopauHaThl BeKTOpa
2¢+3d.

TECT 3 IIpoBepbTe cebs!

. B kakux deTBepTsx pacrojiokeHa IIpsiMasi, IPOXOISIlasi 4epe3 TOUYKU
A(0; -1), B(1; 0)?

A) I, 1V, I; B) 1, 11, III; B) 11, 111, IV; N 11, 1V.

2. B kakux 4eTBepTSIX pacIlloJioXKeHa IIpsMasi, IIPOXOoIsdiias 4yepe3d TOUYKM
A(-2; 0), B(-2; 2)?
A) L, 11, 1II; b) 11, III; B) 11, 1V; I I, IV, L
3. Haiinute KoopauHaThl cepeduHbl oTpe3ka AB, eciu A(-4; 0), B(-4; 4).
A) (-2; 0); b) (0; 2); B) (2; -4); I) (-4; 2).
4. Haiinute KoopauHathl cepeauHbl oTpe3dka AC, eciau Touku A(-2; 0),
B(0; 2), C(2; 0) aBnsroTCS BeplIMHAMU TPEYTrOJIbHUKA.
A) (-1; 1) b) (1; 0); B) (0; 0); ) (0; D).
5. Jlansl BekTopbl d(-3; 1) u b(5;-6). Haiioute KOOpAMHATBH BEKTOpa
c=bh-3ad.
A) (14; -9); b) (4; -3); B) (14; -3); ) (9; 3).
6. Janbl BekTophl A (-3; 0) u B (-5; 4). HaiiauTte KoopauHaThl BeKTOpa BA .
A) (-8; -4); b) (-8; 4); B) (2; -4); ) (8 4.
Dy
W3yyaeM aHIIMICKHA SA3bIK! E
'VpaBneHne OKpy:KHOCTH — circle equation | PaBHble BeKTOpbI — equal vectors
Vpasuenue npsamMoii — straight-line Ckansap — scalar
equation ITpoTHBONOJI0XKHBIE BEKTOPHI —
Koanmneapubie BekTopsl — collinear opposite vectors
vectors Eau4HbIi BeKTOpP — unit vector
Jlnamna BekTopa — vector length Conanpagpiennslii — equivalent
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W #
Y fr Hcmopuueckue ceedenusn
Y

1. BnepBble mpsIMOYTOJIbHBIE KOOPIMHATHI ObUIM BBEIEHBI (PpaHITy3CKUM
yuyeHbIM Pene [lekapToM, ITO3TOMY IIPSIMOYTOJBHYIO CHCTEMY KOOPAMHAT
HAa3bIBAIOT TaK X€ deKapmoeoi cucmemoli KoopouHam.

Pene dekaprt (1596—1650) — dpaHuy3ckuii ¢punocod, MaTreMaTuK, GU3MK,
¢usuonor. Yunics B komtemke La-Flesh iezuit, n3yyan rpeueckuii U JaTUHCKUIA
SI3BIKM, MaTeMaTuKy u ¢pwiocodpuio. Punocodus JekapTa cBA3aHa C ee MaTe-
MaTHKOI, KOCMOToHuel 1 ¢u3ukoi. OmHa U3 OCHOB aHAIUTUYECKON TeOMETpUN
B MaTeMaTHuKe (MPsSIMOYTOJbHYIO CUCTEMY KOOPAMHAT HA3bIBalOT €r0 MMEHEM).
JlexkapT BHeC 3HAYUTENbHBLIA BKJIan B (Guiocoduio
XVII-XVIII BekoB u pa3Butre Hayku. Pabota [lekapTa
B XVII Beke npuBena K METOLYy KOOPAMHAT, KOTOPBIiA
PEeBOJIIOIIMOHM3MPOBAJT BCIO MAaTeMaTHUKy, B YaCTHOCTHU
reoMeTputo. IlosiBuiaach CHOCOOHOCTb WHTEPHIPETU-
poBaTh anredbpanyeckue ypaBHEHUS C ITOMOIIBIO
reoOMeTpUYECKUX TpapruKoB U HAOOOPOT, pelIaTh reo-
METPHUYECKHE 3aIa4l C TTOMOILBIO aHATUTUYECKUX (hop-
MYJI U CUCTEM YPABHEHUIA.

BBon cMMBOJIOB, KOTOPBIE COXPAHMIMCH IO HAIIUX
IHel, a UMEHHO 0003HayaTb HEU3BECTHBIE X, V, Z, 4
MOCTOSIHHBIE BEeJMUYMHBI (KO3(P(PUIIMEHTBI) — CHUMBO-
Pene Jlexapr JIaMu a, b, ¢, cTeneHeit X2, )2, 72, 5TO OOJIbIIAS 3aC/Iyra
(1596—1650) Pene ekapra.

2. IloHATHEe BeKTOpa MPUILJIO B MaTeMaTUKy, B YACTHOCTHU, B T€OMETPUIO,
CcpaBHUTEJNbHO HenaBHO. B cepeayHe XIX B. MOHSTHE BEKTOpP BCTPEYAETCS B
TpyIax HeCKOJIbKMX MaTeMaTHKoB. Ha 1utockocTu ¢ Bekropamu BriepBbie (1835 T.)
HayvaJl paboraTh UTadbssHCKUi yueHbilt Besmmsurc (1803—1880). Kpome Toro,
K. I'aycc (1777—1855) B 1831 roay B cBoeM Tpyae «Teopuu OMKBagpaTUIHBIX
BbIYeTOB», a Takke S1. Apran (1768—1822) u K. Beccean (1745—1818) BBem
MOHATHE BEKTOpA, paccMaTpuBas KOMIUIEKCHbIE ynciaa. HakoHelr, Y. I'aMuibTOH
(1805—1865) u P. I'paccman (1854—1901) paspaboTany NOHATHUSI BEKTOPOB U
neiicTBug Ham HUMU. ['amMuibToH B 1845 roay mepBbIM chOpMyIUpOBaJl, B UeM
COCTOMT OTJIMYME CKaJISIpOB OT BeKTOpoB. OH Xe BIEpBbIE BBEJ B YIIOTPEOICHNE
TEPMUHBI «CKJIIp» U «BeKTOp». CI0BO «BEKTOp» ['aMWJIBTOH MPOU3BOIMI OT
JIATUHCKOTO Vvehere — «1iepeHOcUTh» (1845). IlepBbiM cTan 0603HAYaTh BEKTOPHI
OykBaMH cO cTpesikoil BBepxy B 1806 romy Apran. /i Toro, 4robbl yKa3aTh
Hayajo M KoHell Bekropa, A. Meonyc (1790—1868) cran 0603HaYaTh BEKTOPHI B
Buge AB. I'paccmMaH Ha3bIBaJl BEKTOPHI «OTpe3KaMW», OH CTaJl 3alMChIBaTh
pas3yloKeHre BeKTopa IO OcsIM B BUIE X,e, + Xx,e,, [1e e, U e, — eAUHUYHbIC
BeKTOphl oceil. 'amunbroH u Jx. I'mo6c (1839—1903) oGo3Havya BEKTOPHI
rpedecKuMu OykBamu. [1oay>XUpHBIM LIPUPTOM BEKTOPHI cTajl 0003HAYATh
0. Xesucaiin (1850—1925) B 1931 romy. O60o3HaueHNE IIMHBI BEKTOpa B BUIE
|AB| BBen B 1905 rony P. Tanc (1880—1954).
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N IJABA IV

Y -
S MJIOIIAb
§- 9. IJIOIIATD MHOTOYTOJTbHHUKA )
C[ 45. TIOHSATHE O TUTOIIAIN D

1. IloHATHE O IIOLIA/IH.

IToHgTne IIoOLIAAM HaM M3BECTHO M3 MOBCEAHEBHOro ombiTa. Ilpen-
CTaBJIEHUE O IUIOLIAASIX UMEETCS Y KaxKJI0ro U3 Bac M Bbl YK€ yMEEeTe Haxo-
IUTh WX B IpOCTerIIuX ciaydasix. Hampumep, Bbl 3HaeTe, KaK HaWTHU ILIO-
1Iaab MPsIMOYrOJbHMKA M KBajapaTa, CKaXkeM, KOMHAaThl, T€ Bbl XUBETE U
T.0. Hama nanbHeiiiias 1ejab COCTOUT B TOM, YTOOBI Pa3bsICHUTh TMOHSITUE
TUTOLLIATA.

I'eomerpuueckyro ¢urypy Oynem Has3blBaTb 1pocmou, €CIA €€ MOXHO
pa3duTh Ha KOHEUHOE YMCIIO IUIOCKUX TPEYTroJbHUKOB.

HamoMHuM, YTO IJIOCKMM TpPEYroJbHUMKOM Mbl Ha3biBa€M KOHEUYHYIO
YacTb IIJIOCKOCTH, OTPaHMYEHHYIO TPEYroJbHUKOM. BbINMyKJIbIE MHOIO-
YIrOJIbHUK pPa30MBaeTCsl Ha IUIOCKME TPEYrOJbHUKMU JMAroHajJsIMM, IpPOBe-
JNEHHBIMU U3 KaKOW-HUOYIb ero BepiuuHbl (puc. 1, a).

Hdnst mpocThix (GUIYyp naowads — 5TO MOJOXUTEIbHAS BEJIMYMHA, YMC-
JIeHHO€ 3HayeHMe KOTOpOoi objamgaeT CileayllIMMU CBOMCTBaAaMU (aKCHO-
MaMu).

Cgoiicteo 1. PasHble chucypol umerom pagHvie naowaou.

Cgoiicteo 2. Ecau MH020y20nbHUK cOCMasneH U3 HECKOAbKUX Henepek-
DPblBAIOWUXCST MHO20Y201bHUKO8, MO €20 HA0Wadb paeHa cymme naoujadel
SMUX MHO20Y20AbHUKO0B.

l'oBopst, uyTOo durypa F cocrtaBieHa U3 HECKOJbKUX HEMepeKphi-
BawoIIMXcs QUTyp MMeeTcsl B BUAY TO, 4TO: 1) F COCTOUT U3 CyMMBI IUIO-
maneit aTux ¢puryp u 2) JoOble ABa U3 3TUX MHOTOYTOJbHMKOB HE MMEIOT

@ a 6 C ¢ B C
B
B D
h D
kKK
F
A E A F A D
SABCDE :SFi +SF2 SABCD :Sfi +SF2 +S}:3
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o01IMX BHYTpeHHuX Touek. Hampumep, Ha puc. 1,6 u 1,6 MHoOro-
YTOJbHUKYU COCTABJEHBbI U3 HEMEPEKPBIBAIOLINXCS MHOTOYTOJIbHUKOB.

CpoiictBa 1 1 2 Ha3LIBAIOT OCHOBHBIMU CEOUCMBEAMU NAOWAOCI.

2. W3zmepenne miomaneii. M3mepeHue miomaau MPOBOAUTCS C IIO-
MOLIbIO BBIOPAHHOW €IWHUILIBI U3MEPEHUS AHAJOTMYHO U3MEPEHUIO JJIMH
OTpe3KOB. B pesynbTaTe nojiydyaercsl uucieHHoe 3Ha4eHue naoujadu NAHHOM
urypsl.

[Inowank — 3TO OAHA M3 OCHOBHBIX MATEMAaTUUYECKUX XapaKTEPUCTUK
IUIOCKOM urypnl. B mpocTeiiiux ciayyasx 3HauyeHUE IUIoIanu (UIrypbl
MOXHO IOJIyYUTbh, ITOCUMTAB YMCJIO €AIMHUYHBIX KBAaJApaTOB, T.€. KBAIPaTOB
CO CTOPOHOM, paBHOW €IWHUIIE UIMHBI, U3 KOTOPBIX COCTaBJIEHA JaHHAas

¢urypa.

Cgoiicteo 3. [lwowade keadpama co CcmopoHoU, paeHOU eOouHuye
OAUHbL, pasHa eouHuye NAoUWAouU.

TakuM 00pa3zoM, cripaBejiMBa cieaylolias TeopemMa (YTBepKAeHUeE).
Teopema.
ITnomanp KBaapaTa co CTOPOHOI a paBHA a’.
OObIYHO, TUIOIIAAb O0O3HAYaeTcsl 3arjaBHOM JaTMHCKOW OYyKBOM .
3HAuMT, MIOIIAb KBajgpaTa CO CTOPOHOIM a BbIUMCIISIETCS MO (hopMyJIe:
S=a’
3. PaBHoBeJIHKHE (DUTYPBI.

Onpenenenne. Ecau o0un uz 08yx MH020Y204bHUK08 COCMABAEH U3 (hu-
2yp, PABHbIX COOMBEMCMBEHHO MeM, U3 KOMOPbIX COCMABAeH Opyeol MHO-
20Y201bHUK, MO MU MHO20Y20AbHUKU HA3bl6AIOMCS PAGHOCOCMABACHHbIMU.

Ecaun nBa MHOroyrojJbHMKa HMMEIOT paBHbIC ILIOIIAAM, TO OHM Ha3bl-
BAlOTCSI pAGHOGeAUKUMU MHO20y20abHUKamu (puc. 2).

PaBHBIE MHOrOYroJbHMKM pPaBHOBEIUKM (CBOMCTBO 1), HO oOpaTHOe
yTBEepKACHUE, YTO €CIu ABe (UTYphl OYIyT paBHOBEIMKHUMU, TO OHU OyIyT
paBHBIMHU, BOOOIIIE TOBOPsI, OyIET HE BEPHBIM.

3amaua. Ha npomomxkennu cropounsl DC nipsimoyronbHuka ABCD oTMe-
yeHa Touka E, cumMeTpuyHasi Touke D oTHocuTeabHO BepiuuHbl C (puc. 3).
HokaxwuTe, 4TO TUIOIAAb TpeyroibHKa ADE paBHA IUIOLIAAU TIPSIMOYTOJIb-

Huka ABCD.
() (3) E
.
£ f B F |
] I_C
Z 7 B - 1 !
A D
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Jlokazamenvcmeo. Ilyctb F — Touka nepeceyeHusi ctopoH AE u BC.
TpeyronbHuku ABF u ECF paBHbl (1O KaTeTy U octpomy yriy: AB= EC,
/BAF= 2F). TpeyronbHuk ADE coctaBieH wu3 Ttpaneuuu AFCD wu
TpeyronbHuka ECF, a npsimoyroibHuk ABCD cocTaBiieH U3 TOU ke Tpare-
uuu AFCD wu tpeyronbHuka ABF, paBHoro ECF. Takum obpa3oMm, Tpe-
yroibHUK ADE u nipsimoyrojibHUK ABCD cocTaBiieHbl U3, COOTBETCTBEHHO,
paBHBIX QUTYP U, CJIENOBATEIbHO, PABHBI UX IUIOIAAU. YTO U TpebOOBAIOCH
JI0Ka3aTh.

IIpakTyecKn MOXHO M3MEPUTh WJIM BBIUMCIUTDH ILIOLIANAL OO0 (pu-
Iypbl, €CJIM TaKasl IUIOLAb CyIIeCTBYeT. Yalle Ijs1 onpeneaeHus riolanei
pa3IMyHbIX (uUryp mnojab3yloTcs dopmyaaMu. YcTaHOBJEHUEM (Gopmy
IUIOLAe HEKOTOPBIX (DUTYP MbI 3aiiMeMCSl B CJICIYIOLINX TeMax.

Bonpocst, 3a0auu u 3adanus

1. 1) a) Yro HasbiBaeTcsl mpocToit ¢urypoii? 6) Yto BBl MOHMMAaeTe MO.
iowanbio purypsl? B) ChopmMyaupyiiTe OCHOBHbIE CBOMCTBA IIOLIAIN.
2) Kakue nBa MHOroyrojJbHMKa Ha3bIBalOTCSI PABHOCOCTABJIEHHBIMU?
3) Kakue ¢urypbl Ha3bIBalOTCSI paBHOBEIMKUMU?
2. Haiinure niolaab KBajapara, €Cjid ero CTopoHa paBHa:
1) 1,3 cm; 2) 0,15 dm; 3) 2,5 cm; 4) 18 dm; 5) 2,5 m.
3. Haiigute CcTOpPOHY KBaapara, €CJIM €ro Iuiowaab paBHa: 1) 16 dm?;
2) 144 cm?; 3) 121 cm?; 4) 499 mm?; 5) 0,64 dm?; 6) 6,25 m?.
4. Haiinure ruiolaab KBaapara, IMEepUMETP KOTOPOro paBeH MEpUMETPY
MPSIMOYTOJIbHMKA CO CTOpOoHaMu 54 cM u 42 cM.
5. Hokaxwure, 4ro TpeyroibHUku Q, U Q,, Ha PUCYHKE 4 paBHBI.

'~

6. Ilnowans kBagpata paBHa 36 cm? Kakoil craHeT IIoliagb KBaapara,
€CJIM BCe €r0o CTOPOHBI: 1) yBeIMUUTh B 2 pa3a; 2) yMEHbIIUTh B 3 pasa;
3) yBeaMuMTh Ha 2 cm?
Oopaszen. ITmomiane KBagpata paBHa 81 cm? Kakoil craHer Iiouianb
KBajipaTa, €Cju BC€ ero CTOPOHbI YMEHBIIUTh HA 1 cm?
Pewenue. CTopoHa MaHHOrO KBajapara paBHa a=9 cm, a CTOpOHa HO-
BOro KBampata paBHa a,=a-1=9-1=8 (cm). Torma S, 6 =8 =
=64 (cm?). Eciu Bce CTOPOHBI JaHHOTO KBajJpaTa YMEHbIIWTh Ha 1 cm,
TO TOTJAA €ro Iiow@ans yMeHblmres Ha §— 8, , =81 — 64 = 17 (cm?).

Omeem: ymeHplIATCS Ha 17 cm?,

v
olo, %lo F A;
- e

o

a o0 8
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7. Craenyet Ju U3 paBHOCOCTABJICHHOCTU JBYX MPSIMOYTOJIbHUKOB:
1) paBeHCTBO 3TUX MPSIMOYTOJBbHUKOB; 2) UX PABHOBEIMKOCTh?

B Kax m3meHuTCA TUIOLIANb KBAaapaTa, €CJIM BCE €r0 CTOPOHBI: 1) yBenu-
YUTb B n pa3? 2) yMEHbIIUTb B k pa3?

9. Hapucyiite kBaapar. HapucyiiTe apyroit kBaapar, CTOpoHa KOTOpPOIro B
2 paza OoJibllie, YeM CTOpOHa MepBOro kpaapatra. Bo ckoibko pa3
IUIOLIAAb BTOPOro KBajapara OoJiblle IUIOLIAAM TepBOro?

10. ITyctb AD — Goabliiee ocHoBaHue Tpaneuuun ABCD. Yepes cepenuHy P
cropoHbl CD u 4yepe3 BeplUMHY B mpoBeneHa IpsiMasi, IepeceKarollas
ayd AD B Touke F (puc. 5). Jlokaxurte, 410 S, p50p = S pr

lokazameavcmeo. 1) ABCP=AFDP — 1o CcTOpoHE U JBYM
npuiexamuym K Heid yram (CP=... — ..., ZBCP=/...— ... 1 ... , TaK
KaK 3TU YIJIbl ... MPU MNEPEeCeYEeHUM IMapaIEAbHbIX IPSIMbIX ... U ...
CEKYIUMMH ... U ... , LZBPC= Z... — ...)), T.€. Spcp= ... .

2) Sipep=Suppp t s Supp= Sugpp T .-, TOITOMY S50p = .. -

3anoHuTe MPOIMYCKMU.
11. Haiinute nepuMeTp KBajapaTa, €C/iM €ro rJiollaib paBHa:

1)2,25cm?,  2) 0,81 dm?  3) 289 mm?, 4) 5,76 m?;, 5) 400 dm?.
12. Ha pucyHke 6 yKaxXuTe paBHOBEIMKUE (DUTYPHI.
13. Teppuropuss Pecnyonuku Y36ekucraH coctapisier 448,9 Toicsy km?.

Okono 80 % osroro miomany 3aHuUMaeT paBHUHA. CKOJBKO ThICSY
KBaJIpaTHBIX KUJIOMETPOB COCTaBJISIET TIOIIAAb PABHUHBI?

\
3HATh 3TO MOJIE3HO!

O § — OT JaTMHCKOIO CJIOBO
«superfacies», 0O3HaUYaeT «noeepx-
HOCMb».

O IInolaagyu MaTepuKoB, TOCYIAPCTB
BBIPAXAIOTCS B KBaIpPaTHBIX KU- Tawicermg
JIOMETpax, TOoJIsI OOJIBIIMX pa3Me- :

POB U3MEpSIOTCSI B TeKTapax.
Ilonst, He cTONb BEIMKUE IIO
IO, U3MEPSIOTCS B COTKAX.

Teppumopus Pecnybauxu
Y36exucman — 448 900 km?
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46—47. IVIOIIAAD ITPAMOYT'OJIBHUKA
N IHAPAJIVIEJTOTPAMMA

~

1. Ilnomanp NMpAMOYroJIbHUKA.

Brul pelnanu 3agauu, Haxons ILIOLIAAbL HPSIMOYTOJAbHMKA KakK IIPOU3BE-
JICHUE €T0 CMEXHBIX CTOPOH.

Teneps mokaxkeM, 4To 3TO ACHCTBUE ObLIO OOOCHOBAHHBIM.

Teopema.

ILnomann NpAMOYTOJbHUKA CO CTOPOHAMHA a H b BhIUHCIISIETCA 1O

dopmyne:
S=a-b.

Jokazamenvcmeo. JlaH TIpSIMOYTOJIBHUK — CO -
CTOpOHaMU a U b, tne a u b — NPOU3BOJIbHbBIE MO-
JIOXKUTEJIbHbIE ynciia. JJokaxeM, 4yTo ero IJiouanb
BbIUMCIISIETCs 10 hopmysie S= a - b.

Hns  pgoka3zaTelnbCTBAa TEOPEMbl  JTIOCTPOUM
MpSIMOYTOJIbHUK 10 KBajapara CcO CTOPOHOM
(a+ b). PazobObeM B3TOT KBaapaT Ha 4YacTU Tak,
KaK IT0Ka3aHO Ha pucyHKe 1. MBI BUOAMM, YTO €ro
IUIOLLIAlb paBHA CyMMe€ JIBYX KBaJapaTOB CO CTOPO-
HaMM a U b COOTBETCTBEHHO U NIBYX MpPSMOYrojib- | b § S b
HUKOB CO CTOpOHAMU a U b.

TakuMm obGpasom, IUIOIIAAb KBaapaTa CO CTO-
poHoii (a + b), paBHa S, + 25+ S,. C apyroii cro- a b
POHBI MO CBOWCTBY 3 IUIONIAAb 3TOrO KBajaparta
paBHa (a + b)?, T.c.

S, +25+ S8, = (a + b))% win
S, +25+ S, = a? +2ab + b
Ecnu npuHATh BO BHMMaHMe, 4To S|, = @?, S, = b?, TO monyyaem
S=a-b.

Teopema mokaszaHa.

3anaua 1. Haiimure mepuMeTp IpsIMOYroJIbHHMKA, €CJIM OTHOIICHUE CO-
CEIHMUX CTOPOH paBHO 3 : 2, a ero ruromans pasHa 150 cm?2.

Pewenue. TlycTb MeHbllieE OCHOBaHME MPSIMOYIOJIbHUKA  PAaBHO
b=2x cm. Torma miuHa OoJblieil cTOpoHbl paBHA a = 3x cm. Mcnonb3ys
(bopmynny mwis BBIYMCIECHMS TUIOIIANM TIPSIMOYTOJbHMKA, COCTaBUM YpaB-
HEHUEe U pelllM ero:

S =3x-2x, T.e. S = 6x2

Otkyma x2=8:6, x*=150:6, x2=25, x=5 (cm).

HMrak, MeHblIasi CTOpOHA MPSMOYTrojibHUKA paBHa b =2 -5 =10 (cm),
a ero OoJjbliasi cTopoHa paBHa a = 3+ 5 = 15 (cm).
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@ B Ternepb BBIMUCIUM €TI0 NIEPUMETD:
P=2-(a+b)=2-(15+10) =

\ =2-25 =150 (cm).
o CF Omeem: P = 50 cm.
" 3anaya 2. KaTteTbl MpsIMOYrOJIbHOTO Tpe-
yrojibHUKa paBHbl 12 cm u 24 cm. Yepes ce-
i I_E I—C peauHy TUIIOTEHY3bl IPOBEACHBI IEePICHIN-

KyJspbl K Kareram. Halinure miomaab mosy-
YEHHOTO MpPsIMOYTOJIbHUKA.

llano: B npsimoyroibHoM AABC: AO= 0B, OE1l AC, OF_1 CB,
AC=24 cm, BC=12 cm (puc. 2).
Tpebyemca natimu: Sqpop.

Pewenue. Ham 13BeCTHO, UTO ABa MEPIEHAMKYJISIpa K OJIHOW IPSIMOM,
napanenbHbl. [To Teopeme Paneca:

AE=EC=0,54AC= 0,5-24=12 (cm),
CF=FB=0,5BC=0,5-12=6 (cm).
Urak, Scpop= CE- CF=12-6 =72 (cm?).
Omeem: mionianpb npsimoyrojibHuka CEOF paBHa 72 cm?.
2. Ilnomaap mapajuieorpamMma.

JI100y10 CTOpOHY MapasuiesiorpaMMa MOXHO TIPUHSITH 32 €r0 OCHO8aHUe,
a TIePIEeHAUKYJISP, TIPOBEAECHHBIN U3 JI000M TOYKKU MPOTUBOMNOJIOXKHON CTO-
POHBI K TIpSIMOM, coIepXallleii OCHOBAHWUE, — BbICOMOU NAPAALeN0ePAMMA.
BricoTa MOXeT OBbITH OIylIEHA Ha caMy CTOPOHY WJIM Ha €€ MPOHAOJIKEHUE.
Ha pucynke 3, BP u CF — BbicoTbl napajienorpamma ABCD.

Teopema.

[Lnomane mapaiiesiorpaMMa pPaBHA NPOW3BENEHHIO €r0 OCHOBAHHWS HA
BBICOTY:

S=a-h,
Paccmorpum  mapannenorpamm  ABCD.
@> B c IIpumem 3a ero ocHoBaHUE CTOPOHY AD=a u

MyCTh €ro BbicOTa OyneT paBHa 4, (puc. 3).
TpeOyercs nokasath, 4To S=a- h,.

h, h, Hoxazameavcmeo.  IlocTtpoum  mOpsiMO-

] P yroabHUK PBCF, uMmewoluii Ty e CTOPOHY

2\ A BC u BoicoTy h, Tpeyronbuuku ABP u DCF
A P D F | paBHB (IO TUNOTEHy3e M OCTPOMY VIJY:

AB=DC — runorenysbl, <Z1=/2 —
cootBeTcTBeHHBbIE YIiibl). [lapamienorpamm ABCD cocTaBieH M3 Tpamneuuu
PBCD n tpeyronbHuka ABP, a nipsimoyroibHUK PBCF cocTaBiieH U3 TOM
ke Tpaneuuu PBCD un tpeyroabHuka DCF paBHoro ABP. CnenoBaTelbHO,
iolanas napasmwienorpamma ABCD paBHa 1utolanau npsimoyroibHuka PBCF
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(t.e. paBHOBenukue). OTcioga clieayeT, 4To IUIOLIAIb IapajjiesorpaMmma
ABCD pasHa mowaau npsmoyronbHuka PBCF, T.e. ah,.

Hrak, muowans S napasienorpaMMa co CTOPOHOM a W BBICOTOM £,
MPOBEJEHHOMN K HEU, BBIUMCISETCS 10 (hOpMyJIE:

S=a-h,

Yto 1 TpedoBaIoCh 10Ka3aTh.

Cnencreue 1. Ecam B AByX mapajuieiorpaMMax OJHO OCHOBaHMUE U
BBICOTBI PaBHbI, TO OHM PAaBHOCOCTABJIEHHBIE.

Jano: B napamnenorpammax ABCD, AEFD u APQD ogHO OCHOBaHUE
AD = a, BbICOTHI paBHHI (4,) (puc. 4).

Tpebyemcs dokazams, uto mnapasienorpammbl ABCD, AEFD u APQD
PaBHOCOCTABJIEHHBIE.

Jlokazamenvcmeo. Hanpumep, nokaxem, 4yto mnapasuienorpammbl ABCD
u AEFD paBHococTtaBieHHble. TpeyroabHuku BAE w CDF paBHbl (110
IepBOMY IMPU3HAKY pPaBEHCTBA TPEYrOJbHUKOB), TaK Kak BA= CD u
AE= DF, u /BAE= ZCDF (kaK yrjibl CO COOTBETCTBYIOLIMMHU Mapasieiib-
HbIMU cTopoHamu). CrenoBaTesbHO, MapaieaorpaMm ABCD cocrtaBiieH U3
tpanteuuun AECD u tpeyronbHuka BAE, a mapamienorpamm AEFD coc-
taBjeH u3 tpaneuun AECD u tpeyroabHuka CDF, paBHOTO TPeyroJibHUKY
BAE. 3nauut, napamienorpammbl ABCD u AEFD paBHOCOCTaBJIEHHBIE.

AHaJIOTMYHO, MOKa3bIBAlOTCS PAaBHOCOCTABJIEHHOCTU OCTAJIbHBIX Mapa-
JIeJIOTPaMMOB.

3anaua 3. CtopoHbl IapajuiesorpaMmma paBHbl 25 cm u 20 cm. Bricora,
OIyllIEHHasl Ha MEPBYK CTOPOHY, paBHa 8 cm. Haiigute BBICOTY, OITy-
IIEHHYIO Ha BTOPYIO CTOPOHY MapasuiejiorpaMmma.

Ilano: B napayienorpamme ABCD:

AD=a=25 cm, DC=b=20 cm, h,=8 cm (puc. 3).

Tpebyemca navimu: h,.

Pewenue. 1) S=ah,=25-8=200 (cm?). @

2) S=bh, Te. 200=20-h, Ortkyna
h,=200:20= 10 (cm). A

Omeem: 10 cm.

Caencrsue 2. Ilmowanbs mnapajuiesorpaMmma (o
paBHA MPOU3BEACHUIO JIBYX €0 CMEXHBIX CTO- | 4 P D
POH Ha CUHYC yIja MeXAy HUMHU. [JokaxuTe.
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Jlokazameavcmeo. Ilyctb B mapamienorpamme ABCD: AD=a, AB=b n
ZBAD = a. JlokaxeMm, 4TO IJIOLIAAb MapajuieJiorpaMMa BbIYMCIISIETCS II0
dbopmyne S = ab sino.

IIposenem B mnapamienorpamme ABCD Bbicory BP u 0003Hauum ee
BP=h,=h (puc. 6). Torna B npsIMOyrojibHOM TpeyroibHuke ABP BbicoTa
h sBnsieTCs KaTeToM, IMPOTMBOJEXKAIIUM YIIy o. BbeIpa3suB A 4yepe3 mpo-
MU3BEJCHUE CTOPOHBI b Ha CMHYyC yrja o, umeeM: kA = bsino. IloacraBisiem
BbIpaXXeHue Wil 4, B GopMyJly IUIOLIAAM Napajieiaorpamma S = ah. Orciona

S'= ab sina.
@ B C 3apaua 4. Jano: ABCD — mnapai-
nenorpamm, AD=20 cm, BD=16 cm,
ZBDA = 30°.
Tpebyemca natimu: S ,pcp-
30° Pewenue. Cnoco6 1. 1) TIlposenem
A P D BLICOTY BP pgaHHOro mnapajuieorpamma

U pPacCMOTpPUM  TpeyrojbHUK BDP
(puc. 7). OH OpsIMOYroJbHBIN, Tak Kak BP 1 AD. Tenepb HaX0OUM BbICOTY
BP. Karet HanpotuB yrja 30° paBeH MOJOBUHE TUIIOTEHY3bl, IIO3TOMY:

BP= 0,5BD=0,5-16=8 (cm).
2) Takum obpa3zom, miaowanb napaaieiaorpamma ABCD paBHa:
S=AD- BP=20-8=160 (cm?

Cnoco6 2. B mpsiMoyrojibHOM TpeyroibHuke BDP Beipazum BP uepe3
CTOpOHYy (rumoteHy3y) BD wu cuHyc ymia /BDP=30° U noacTaBuB B
(opmyiy momany mapaaiesorpaMMa, HaxXoauM MCKOMYIO TUIOLIAb:

S=AD- BP=AD- BD - sin/BDP=20"16-sin30° =
=20-16-0,5=160 (cm?).

Omeem: S= 160 cm?.

Bonpocyot, 3a0auu u 3adanus

1. 1) Yemy paBHa IuIolIaab MPSIMOYTOJbHUKA?

2) Kakoe u3 cBOiCTB (aKCMOM) ILJIOLLIAAM KMCIIOJb30BaJIOCh MPU TOKa-

3aTeJIbLCTBE TEOPEMBbI O TUIOLIAAN MPSIMOYTOJbHUKA?

3) Yto BBl MOHMMAaETe MOJ OCHOBAHWEM M BBICOTOH Mapasuiesiorpamma?

4) Kak BbIpaxaeTcsl IUiollaab IMapajieJjorpaMMa 4yepe3 CMeXHbIE CTO-

POHBI U YIoJl MEXIy HUMU?

2. Haiinute nepuMeTp M IUIolIalb NPSIMOYTOJbHUKA, €CJIU CMEXHBIE CTO-
poHbI paBHbI: 1) 30 cm 1 2,9 cm; 2) 34 dm 1 0,6 dm; 3) 2,5 dm u 12 cm.

3. Haiinute nepuMeTp M IUIOLIAab MPSIMOYTOJbHUKA, €CIU OJHA CTOPOHA
paBHa 15 dm, a Bropast B 5 pa3 0oJibllie IEPBOIA.

4. bBacker6ospHas Tiomanaka romanbio 240 m? cocrapnsger 15 % cnop-
TUBHON ruiowaaku. Ilmomaas CHOPTUBHONM IIOLIAAKKA COCTABJISIET
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32 % oTr BCcell LIKOJABHON Iutolany. Halnure turomans BCeil MIKOIbHON
TUTOIIAIN.

5. Hajigute nepumerp U IUIOWIAAb IIPSIMOYTOJbHMKA, €CIAM OAHA CTOPOHA
paBHa 23 cm, a Bropas cTopoHa Ha 17 cm OoJibllie APYTo.

6. Haiinure mepuMeTp mpsIMOYTrOJIbHUKA, €CJIA €ro IUIolaas paBHa 20 c¢cm?
u 1) mmmHa paBHa 5 cm; 2) miMHA cocTaBisieT 125 % oT IMpPUHBI,
3) omHa M3 CTOPOH paBHA X.

7. Haiinute miowans npsimoyroibHuka ABCD, eciu: 1) AB=9 cm,
BC=4cm; 2) AB: BC=5:7, P;cp=48 cm.

8. IlycTh ogHA M3 CTOPOH mapajiejiorpaMma paBHa 16 cm, BbICOTa, MPO-
BeleHHas K Hell paBHa 9 cm. Haiiaure cTopoHy KBajapaTa, paBHOBe-
JIMKOTO TapajjiesiorpaMmmy.

9. Ilyctb a — ocHOBaHMe, & — BbICOTa, a S — IJIOLIAAbL IapajiejaorpaMmma.
Haitnure: 1) S, eciu a=10 cm, h,=0,5 m; 2) a, eciu h,=4 cm,
S=48 cm?; 3) h,, ectu a =24 cm, S =120 cm?.

10. Ha pucyHke 8 ykaxxuTe paBHOBEJIMKUE MapajlieIOrpaMMBbl.

- Kaxk u3mMeHuTCS 1iomanb IMpsIMOYTroJbHMKA, €ciu: 1) ero ocHOBaHUE

YMEHBIIUTb B 5 pa3, a BbICOTY YBEJIMYUTh B 8§ pa3; 2) U OCHOBaHME, U
BBICOTY YMEHBIIIUTh B 2,5 pa3a?

12. Kakyio yacTtb cocTaBisieT IUiowanb S ¢GpuUrypbl OT IUIOLIAAM Iapas-
snenorpamma ABCD Ha pucyHke 9?

13. Haiinute ruioianab NpsIMOYroJbHUKA, €CIM CMEXHbIE CTOPOHBI PaBHBbI:
1) 24 cm u 20 cm; 3) §mwu 4,5 m;
2)3,5dmu 8 cm; 4)3,2dm u 1,5 dm.

14. ITnowanp napaiesorpamMma paBHa 36 cm?, BeICOTHI 3 ¢cm M 4 cm.
Haiinute mepumerp 3TOrO0 MapajuiejorpaMmma.

15. Haiinute miomans mMmapajieorpaMmMa JIByMsI CHOCOOAMM, €CJIU €ro
CTOpOHHBI paBHBI 20 cm 1 28 cm, a yroa mexay HuMu paseH 30°.
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@ 48. TUIOMIAILb TPEYTOJIbHUKA D

®DopMyny [ojisi BBIYMCICHUS IUIOLIAAM TPEYroJbHUKA, BBIBEAEM CBEIS
3a7a4y K HaXOXACHUIO TIOLIAAM TapajuiejiorpaMma.

Teopema.

IL1omaasr TpeyroJjbHUKA PABHA MOJOBHHE MPOU3BEIECHHS €r0 OCHOBAHMS
Ha BBICOTY:

1
S=5a'ha,

i€ a — OCHOBAHHUE TPECYroJibHHUKA, ha — BbICOTA NMPOBCACHHAA K OCHOBAHHIO.

lokazamenvcmeo. IlycThb naH Tpe-
@ A D yronbHUK ABC (puc. 1). Hoctpoum
TpeyrojibHUK ABC no mapaienorpam-
mMa ABCD (BC — ocHOBaHME), Kak
MOKa3aHO Ha pHUCYHKe. TpeyrojbHUKU
BAC n DCA paBHBI, TaK KakK JIMaro-
Haib AC mapajuiejjorpaMMa JIeJUT €ro
B P C Ha JBa paBHBIX TpeyrojbHUKa. Iloato-
My MX Iuiowaau paBHbl. ClenoBarelib-
HO, mjowanb mapajienorpamma ABCD B nBa pasza OoJiblle IUIOLIAAU
tpeyronbHuka ABC, T.e. 25=a" h,.

ah,
5 Teopema mokazaHa.

Otcoma, § =

Dopmyiny 115 TUIOLIAAM TPEYTroJbHUKA MOXHO C(hOPMYJIMPOBaTh U TaK:

naowadv mpeyzoabHUKa PAeHa Npou3éedeHulo cpedneil AUHUU MPeEYy2Oab-
HUKa, napaiieavHoli 0CHOGAHUIO, HA 6bICOMY, ONYUWICHHYI0 HA 3MO OCHOGAHUE

(puc. 2):

a
S—E-h

Cnencreue 1. Iliowaoe npamoyeonvbHoeo mpeyeoabHUKA PABHA NOA0BUHE
npouseedenuss eco Kamemos, TaK KaK OIMH M3 KaTeTOB MOXHO OpaTbhb 3a
OCHOBaHME, a BTOPOM 3a BHICOTY (puc. 3).

Caencreue 2. Iliowadu 08yx mpeyeoabHUKO8 OMHOCAMCA KAK Npou3ge-
OeHus Kaxcooeo OCHOBAHUS HA COOMEemcmayouyo evicomy (puc. 4).

D4 s[4 G [@
/. apiBC B
D pAPTR T s L
AD= DB >
< = AE=EC
DE=0,5a
B P C C a B A D ¢4 D G




o
BC=a
AE 1 BC
n AE=h h h,
" DF1BC | !
L DF=h, | p C E B a C

Sic _ 0,5AC-BD AC-BD

Jlokazamenvcmeo. = = .
Sypce, 054G -BD AC -BD

Cnencrseue 3. OmHuowenue naowjadeii 08yxX mpeyeoabHUKO8 ¢ 00UHAKO-
8bIMU OCHOBAHUAMU PABHO OMHOUWIeHUIO ux evicom (puc. 5).

SABC _ 0,5a‘hl _ hl

ﬂomwameﬂbcmeo. .
SDBC 0 ,5 a- h2 h2

Cnencreue 4. Omuowenue naowadeii 08yX mpeyeoabHUKO8 C 00UHAKO-
8bIMU BbICOMAMU PABHO OMHOUIEHUIO UX ocHosanull (puc. 6).
Suc _ 05BC-h _ BC _a
Sype O5BE-h BE g

Joxazamenvcmeo. , tne BC=a, BE=a,.

Cnencrsue 5. TpeyeoavHuku ¢ 00UHAKOBLIMU OCHOBAHUSMU U BbICOMAMU
pasroseauku (puc. 7).

Hokazamenvcmeo. Sy,c= Sppe = Spec=0,5ah,. B AB=c
Cnencreue 6. [Iliowads mpeyeorvHuka paeHa ﬁgfz
NON08UHE NPOU3BeOeHUss 08YX €20 CMOPOH HA CUHYC -
yeaa mexcoy HUMU. h
Lokazamenvcmeo. Ilycte BC=a, AC=b, AB=c b
— CcTOpoHbl TpeyroabHuka ABC. Jlokaxem, 4TO S "
S = %bc sin A. IIpoBenem B TpeyroibHuke ABC Bbl- | A D C

cotry BD =h, (puc. 8). Beipazum #, yepe3 CTOPOHY ¢
u cuHyc yra A: h,=csinA. [loacraensss BblpaxeHue mnst h, B dopmyny

IUTOIIAAM TPEYTOJbHUKA S = %bhb, MoJIydyum (opmyy:

S =%bcsinA.

AHaJIOTUYHO BBIBOASTCS (DOPMYJIbl JUISI BBIYMCJICHMSI IUIOLLIAAUA Tpe-
yrojibHUKa CO CTOpOHaMu a, b u cuHycoMm yria C, cO CTOpOHaMu a, ¢ U
CUHYCOM yriia B.

TakuM oOpa3oM, IIOLIAAb TPEYrojJbHMKA IO ABYM CTOPOHAM U YIJIy
MEXIy HUMM BBIYUCIISIETCS 110 (popMyJiam:

S=%absinC=%acsinB =%bcsinA.
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Ewme omHa dopmyna, BeIpaxarollasi IJjollaab TPEYrojJibHUKA Yepe3 ero
CTOPOHBI OblJIa BIIEPBbIC HalileHa TpeBHErpeueckuM mMaTeMaTtukoM I'eponom
(mpubausurenbHo 1 B. H.3.) U3 AJIeKCaHAPUU U HOCUT Ha3BaHUE Gopmyvl
Tepona. ®@opmyna I'epoHa MCMONB3YeTCS [JIs BbIYMCACHUS TLUIOLIAIN
TpeyrojbHUKa B cJlyyae, KOrja M3BECTHbI UIMHBI BCEX TpPeX CTOPOH Tpe-
yTOJIbHMKA.

ITposenem mokaszarenbcTBO (hopMmylibl ['epoHa.

Kaxk Bbl 3HaeTe, IIolIajb TPEYroJbHUKA paBHA I1OJOBMHE IPOMU3BE-
JIEHUST OCHOBAaHUS Ha BBICOTY: S = %a “h, = %b “hy = %c -h,.

IloactaBuM B 3TU BbIpaXeHUsT (POPMYJbl BBICOT 4Yepe3 CTOPOHBI Tpe-
yroJbHUKA

ha =2\[p(p-a)(p-B)(p—0) , by =2:[p(p - @)(p~B)(p~©) m

2
he ==\p(p-a)(p-b)(p-c),
1 1IOCJIC YIIPOLICHUA, HAXOANM:

a+b+c

S=\p(p-a)p-b)(p-c), e p=—3
@ B AD= DC 3amagya 1. JdokaxurTe, 4TO MeauaHa
pa3buBaeT TPEYroJibHUK Ha JBa paBHOBE-
BPLAC JIMKUX TPeyroJjbHUKa.

Pewenue. Tlycte BD — MenuaHa Tpe-
yronbHuKa ABC (puc. 9). TpeyroibHUKu
ABD u CBD wumelT paBHBIE CTOPOHBI
ADwu DC un ob6myio BeicoTy BP, T.e. Tpe-
D C VIOJIbHUKM, HAa OCHOBAaHUM CJIEACTBUS 3,
paBHOBEJMKU: S,5p= Scg)

B C 3amaua 2. JHano: ABCD — npsiMo-
yroabHUK, AC=20 cm, BP= 12 cm,

BP 1 AC (puc. 10).
Tpebyemca natimu: S ,pcp-
Pewenue. 1) S,3.=0,54AC- BP=
P =0,5-20-12=120 (cm?).
2) Sipep=2"Spc=2-120=240 (cm?).

Omeem: S z-p=240 cm?.

~ ol

A D

Bonpocst, 3a0auu u 3adanus

1. 1) Yemy paBHa IuiolIaab TPEYyroabHUKa?
3) Kak BblumMcisieTcsl mioliaab NpssMOYToJIbHOIO TPEyroJabHUKa?
4) Kak BbIUMCISETCS TIOLIAAb TPEYroJbHMKA 1O TPEM CTOPOHAM?
HaiinuTe maomaab MpsIMOYrOJbHOTO TPEYrojbHMKA, €CIM €ro KaTeThbl
paBHbl: 1) 4 cmu 7 cm; 2) 1,2 dm u 25 cm.
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3. OcHoBaHue omHoro TpeyroibHuka 20 cm, BbicoTa 8 cm. OcHoBaHuE
BTOpOro TtpeyrojibHuka paBHa 40 cm. Kakoii nokHa OBbITH BbICOTa
BTOPOI'O TPEYrojibHMUKA, YTOObl OHU ObLIM PAaBHOBEIMKUMMU?

4. B tpeyronbHuke ABC ctopoHa AB=5AC. YeMy paBHO OTHOILIEHUE
BBICOT, MPOBeAEHHBIX U3 BepuH C u B?

5. a— ocHoBaHMe TpeyrojbHMKa, 4 — BbICOTA, ONYIIEHHAas Ha OCHOBa-
Hue, S — miowanb TpeyrojbHuKa. HalinuTe HeM3BECTHBIC BEJIMYMHBI.

1 2 3 4 5 6
a 69 cm 0,8 dm ? 0,25 m ? 0,9 m
h, 0,5m ? 20 dm 100 cm 4,8 cm ?
S ? 4 cm? 2000 cm? ? 9,6 mm? 36 dm?
6. dokaszaTb, 4TO IIpOM3BeACHME KareToB (a u b)
pPaBHO MPOU3BEAECHUIO TMIIOTEHY3bl (¢ ) Ha BBICOTY A @
(h.), ONMyLUEHHYIO M3 BEPLUMHBI MPSMOrO yIrja Ha
runorenysy (puc. 11). AB=c
Pewenue. Eciv oavH KaTeT NPUHATH 3a OCHO- b
BaHUE, TO Ipyroi kareT OyaeT BbicoToii. IToaTomy 5 D
IUIOLLAb MPSIMOYTOJIBHOTO TPEyrojbHUKA paBHA /’
MOJIOBUHE IIPOM3BEACHUSI €ro KaTreToB: S =lab,
2 C a B

orkyna ab=2S8; § = %chc, otkyna ch,=2S. 3Ha-
yuT, ab = ch,. YTo u TpeOOBAIOCTb 10KA3ATh.
Haitnute ¢ (teopema Iludaropa) u h, (ab=ch,, ecnu ero KareTsl
paBHBL: 1) 12 cm 1 16 cm; 2)Scmu 12 cm.

7. Ha pucyHke 12 yKaxuTe paBHOBEIUKUE TPEYTOJbHUKM.

- HaiinuTe miuomans TpeyrojbHUKa 1Mo TpeM cropoHaM: 1) 39 cm, 42 cm,
45 cm; 2) 35 cm, 29 cm, 8 cm; 3) 20 cm, 20 cm, 32 cm.

9. Kakyio uacTh cocTaBisieT IUIOLIaAb S 3alUTPUXOBAHHOM 4YacTU OT
iolaay napamieaorpamma ABCD Ha pucyHke 13?

10. ITrowane TpeyroapHMKa paBHa 150 cm? Haiigure nepumerp Tpe-
yroJIbHMKA, €CJU €ro BhICOThI paBHbI 15 ¢cm, 12 cm u 20 cm.

11. Haiinute miolaab TpeyrojibHUKa, ABE CTOPOHBI KOTOPOro paBHbI 5 dm
u 6 dm, a yron Mexay HuUMM paBeH 30°. Pemure nBymst criocobamu.

=V | ]
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-
| 49—50. IIJIOIIALD POMBA U TPAIIELIU |

1. Ilnomans pomda. Tak Kak pomO sIBisSIeTCs IapaiieorpaMMoOM, TO
iomanp poMdoa MOXXHO BBIYMCIIUTB 110 CTOPOHE @ U BBICOTE /1, 110 (hopMmyJIe:
S = ah,.

HaM u3BecTHO, 4TO BC€ BHICOTHI pOMOa paBHBIL.
Kpome toro, mioiaab pom6a MOXXHO BBIYMCIUTH C MOMOIIBIO €ro aua-
TrOHaJIei.

Teopema.

HJ'IOI[laIlB p0Mﬁa PAaBHA MOJIOBUHEC IPOU3IBCACHHUA €TI0 nnaronaﬂeifl:
S=2dy-dy,
rae d, u d, — nnaroHaau pomoa.

Jlokazameavcmeo. W3BecTHO, uTo auaroHaib AC pa3douBaeT poMO Ha
JIBA paBHbIX paBHOOEIPEHHBIX TpeyroibHuKa (puc. 1). Torma BToOpas
NMaroHajab OyaeT MepneHAUKYJIsIpHA K TEepBOM, U paBHA YIBOEHHOM BBICOTE
ATUX TPEYrOJbHUKOB, MOATOMY IUIOLIAIb pOMOa:

S = Susco = Susc +Spc =5 AC-BO + 2 AC - DO = 3 AC-(BO + DO) =
1 1
“jACBD-1d 4

1
Urak, S = Edl -d, . Teopema noKaszaHa.

3anaya 1. CropoHa pomba ABCD paBHa a, a OCTPbI Yrojl paBeH o.
Haiinure miomans 3Toro pomoba. Beruuciaure miomaas pomoa, ecinu o = 30°.

Pewenue. 1) Ilyctb y pomba ABCD AB=BC=CD=AD=a, ZA=o.
IIposenem BPLAD (puc. 2). Torna BeicoTa A, SIBASIETCA KAaTETOM, JIEXALLUM
HaIpOTUB OCTPOroO yrja o B MPSIMOYrojJbHOM TpeyrojibHuke ABP. Boipazum
h,4yepe3 CUHYC OCTporo yria o: /,=asin o. IloncraBum 3to 3HaueHue h, B
(bopmyy nast BeIMMCIEHUS TUIOWAau pomOa = ah,, MOIyYUM CIIEAYIOLLYIO
dopmyay:

S= a?sina.
® B (2) B c
=~ -
ha
A = C
0 \o
» 5 A PD
AC=d, a=AB= BC= CD=AD
D BD=d, BPLAD, BP=h, /A=o.
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2) Haxomum 1uiomaab poMba, UCIoab3ys popmyny S= a? sina
S=a*sin30°=a?-0,5=0,54 (xB. en.).

Omeem: S=0,5a* xB. en.

3amaua 2. Haiinure nuaroHaau pomba, ecliM ogHa u3 HUX B 1,5 pasa
OoJiblle APYroi, a Imioliaas poMba paBHa 27 cm?,

Jano: ABCD — poM0; S, 5cp=27 cm?; AC=1,5BD (cMm. puc. 1)

Tpedyemcs natimu: AC, BD.

Pewenue. Tlycte BD =x cm, Torna AC=1,5x cm. [loacTtaBuB 3T 0003-

HaueHus B S, =%AC-BD, HOJIyYUM: 27=%-1,5x-x. Torma x2 = 36,

oTkyaa x = 6 (cm). Takum obpaszom, BD=6 cm, AC=1,5-6=9 (cm).

Omeem: 9 cm, 6 cm.

2. Ilnomans Tpaneuun. M3BECTHO, YTO JItOOOI BBIMYKJIbIA MHOTOYIOJIb-
HUK MOXHO pa30UThb Ha TPEYroJbHUKHU, IPOBEAsl €ro AuMaroHajiu, HC-
XOJs1Ie M3 OAHOU ero BepiuuHbI. [loaToMy mjist TOro 4TOObl BBIYMCIUTH
IUIOLAlb MHOIOYTOJIbHMKA, €ro Hajo MpelaBapUTeJbHO pa30UThb Ha Tpe-
YIrOJIbHUKU. 3aTeM BBIYMCIWUTH MX IUtowaau. 1o 2-My CBOMCTBY Iuiollalib
MHOIOYTOJIbHMKA paBHAa CyMMe IUIOIIAAeil COCTaBISIIOIIMX €ro TPeyroJjb-
HUKOB. Bocnosab3yeMcsi 3TMM CIocoOOM MpU  BBIYMCICHUM ILIOLIAAN
Tpamneluu.

Teopema.

ILnomaas Tpanenmuu paBHA NPOM3BENAEHHI0 MOJYCYMMbl €€ OCHOBAHMIMA
HA BBICOTY:
a+b
S = 3 -h,
rae a u b — ocHoBaHMsI Tpamenud, i — BbICOTA Tpamemuu.

Lokazamenvcmeo. Paccmorpum Tpaneuuio ABCD ¢ ocHOBaHUSIMU
AD=a, BC=b u Boicotoit CE=h (CEL AD) (puc. 3).

Huaronanp Tpaneuuu AC pazaensieT Tpa-
neuuto ABCD Ha nBa tpeyrojbHuka ABC u @ B b C
ACD. CrnepoBaTelabHO, IUIOLIAAb Tpalenun
Oyner paBHa CyMMe IUIOIIAQAEH BSTUX Tpe-
yroJbHUKOB. Tak Kak pacCTosiHUEe MEXIy
napajuieIbHbIMU TIPSIMBIMU  TIOCTOSIHHA, TO
BbICOTBI TpeyroibHUKOB ABC u ACD paBHBI | A a E D
MeXay COOOM.

Otkyna, Sy =5 BC-CE=1b-hn S,y =5 AD-CE="ah.

[Tnowans Tpaneuuu S= S,5c+ S,cp, T-€.:

S:%a-h+%b-h wim S = ”;”.h.
TeopeMa mokaszaHa.
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Cnencteue. [liowads mpaneyuu pagHa npousgedeHuro ee cpeoHell AUHUU
Ha evicomy.

DTO cieayeT U3 TOro, YTO CPEAHsIs JIMHUS paBHA MOJIYCYMME €€ OCHO-
BaHUIA.

3anaya 3. OcHoBaHus Tpaneuuu paBHbl 15 cm u 30 cm, a mowanb
paBHa 225 cm?2. Haiigute ee BBHICOTY.

Pewenue. CpenHsisi TMHUS Tpareluy paBHa:

a+b 15+30 45

3HauMT, BBICOTA Tpaneluu paBHa:

h=S, : ”;” =225:22,5=10 (cm).

Omeem: h =10 cm.

3amaua 4. JlokaxuTe, 4TO IpsiMasi, TIPOXOISILAsl Yepe3 CepeauHy Cpel-
HEell JIMHUM TparelMM U TepeceKarollas OCHOBaHUS, HEJIUT 3Ty TpameLuio
Ha JIBeé paBHOBEJIMKME YaCTHU.

Pewenue. Tlycte ABCD — tpaneuust (AD| BC), EF — cpenHsis JIUHUS,
a MN — npsimasg, mnpoxonsiias 4depe3 cepeauHy O cpenHell JUHUM U
nepecekatoiasi ocHoBaHusi B Toukax M u N (puc. 4). Tpaneuun ABMN u
MNDC wumerT paBHble cpenHue JuHUU EO u OF COOTBETCTBEHHO U
BBICOTBI, paBHbIE BbICOTE MCXOAHOW Tpameuuu. CienoBaTelbHO, IUIOLIAAN
9TUX Tpaleluii paBHbl, T.€. PABHOBEJIMKMU:

Sasun = Sunpc-
YTto u TpedoBaIoCh 10Ka3aTh.

3amaua 5. JlokaxuTe, 4TO €CJIM AUAroHalIu
@ B M ¢ paBHOOEAPEHHOM TpamneLyuy B3auMHO MepIreH-
W, A IUKYJISIPHBI, TO BBICOTA TpallellMM paBHA ee

" F cpenHel JIMHUM, U IUJIOLIAAb TpallelMyd paBHa
0\ KBaJpaTy €€ BhICOTHI.

3 Jano: ABCD — paBHOOeIpeHHas Tpare-
4 N p| uus (AB=DC), ACLBD, AD=a, BC=b

(puc. 5).
Tpebyemcs dokazamo:

) h=2xb. 9 Sm=h2:(“—+b)2.

2 0 2
Pewenue. 1) ANAOD — paBHOOEIPEHHBII
MPSIMOYTOJIbHBIE ~ TPEYroJIbHUK,  IO03TOMY
ZADO = 45°.

2) OmycTuM U3 BeplIMHBI B  BBICOTY
BP L AD. TpeyronbHuK BPD Takxe paBHO-
) OCAPEHHBI MPSIMOYTOJIbHBIM  TPEYrOJIbHUK,

A P D | rtax kax £ADO= 45°, u 3”Hauut, LPBD = 45",
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Otkyna DP= BP. Ham wu3BeCTHO, UTO MO CBOWCTBY BBLICOThI PaBHOOE-
PEHHOM Tpareuunu, OMyLIEeHHON U3 BEPIIMHBI MEHBIIETO OCHOBAHUS:
a+b

2
3 Sy = L2 h=hh=k S, :aTH)'h:aTH)'aTH):(aTH)) _

TakuM o06pa3oM, MbI J0Ka3ajyd MOJHOCTbIO, YTO €CJAU AMaroHajiu paB-
HOOEIpEeHHOI Tpaneury B3aMMHO MEepIeHAMKYISIPHbI, TO BbICOTA Tpamneuuu
paBHa €€ CpeaHed JMHUM, W IUIoLIaAb Tpaleluuu paBHa KBaapaTy ee
BBICOTHI.

Bonpocst, 3a0auu u 3adanus

1. 1) Kak MOXHO HaiiTU TUIOIIaAb pomMOa C MOMOILbI €ro CTOPOHBI U
BBICOTbI?
2) Kak MOXHO HailTu IUIOLIAAb poMba C MOMOIIBIO €ro auaroHauein?
Bripasute ce.
3) Yemy paBHa 1olaab Tpaneuuu?

2. Tliowanb pomba paBHa 40 cM?, a BbicoTa paBHa 5 cM. Haitnure nepu-
METp 3TOro pomoa.

3. Haiigure miowmans pomba, eciu ero: 1) BeicoTa 16 cm, a ocTpblii yroa
paBeH 30°; 2) ctopoHa 1,8 dm, a ocTpsiit yroy paseH 30°.

4. Tiomwans pomba paBHa 60 cm?, a ogHa u3 muaroHaneir — 10 cm.
Haitgure BTOpYIO AMaroHajib 3TOro poMmoa.

5. IMnowans pombOa paBHa 30 cm?, a mepuMmeTp paBeH 24 cm. Haiimurte
BBICOTY 3TOTO poM0a.

6. /lano: ABCD — pomb6. /BAD =60°, BP 1 AD, BP= 12 cm (puc. 6).
Tpebyemcsa naiimu: S.
Pewernue. PaccmoTpuM mpsiMOYTOJIbHBINM TpeyroibHUK BPA. Ilo ompe-

. BP
JICJICHUIO CHUHYyca OCTPOro yria: sin A = =B IloncraBuB B 3TO paBeH-

CTBO JaHHBIE, HaXOOUM AB:

BP 12 @ B ¢

. BP
Sind =g=>A4B === =

_o_24 o B .
IMoncraBus AB =a = R sin 60 =5 B \60

A
¢dopmyay iomaaM pomoa yepes CTOpoHy | A P D
U OCTPBIN yTOJI, UMEEM:

2
24} BT80N _963 (em).

S =qg%. 'n60°——(— 20
Omeem: 96+/3 cm?.
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7.

8.

10.

11.

12.

13.

14.

15.

. B npsamoyronapHOM

Haijigure miomanbk poM0a, €y ero AMaroHajayd paBHBL:
1) 1,5dm u 1,8 dm; 2) 24 cmu 15 cm; 3)3,2cm u 0,5 dm.

1) HaiipuTe nioluanb TpaneLyu, OoCHOBaHUsI KoTtopoit 11 cm u 18 cm,
a BbICOTa 6 cm.

2) OcHoBaHuMe Tpamenuy paBHO 26 cm, Beicota 10 cm, a IUIOIIAIb
200 cm?. HaiinuTe BTOpOe OCHOBaHUE TpaIleLVH.

tpaneuuu  ABCD,
AB=BC=18 cm, /D=45 (puc.7). Haii- (B C @)
IATe IUIONIAAb Tpameuuu. 3aroJHUTe
MIPOITYCKU.

Pewenue. Tlposenem CF 1 AD. 1) ABCF —
KBagpaT, TaK KaK B IIpSIMOYIOJbHUKA
ABCF cMmexHble CTOPOHBI
noatromy AF= CF=... (cm).
2) ACFD — npsimoyroibHbiii, ZF=90° no

. 45°
AB u .., |;A = D

nocrpoeHuto, £D=45" o

ycinoBuio, noaromy ZDCF=..° u, cinemoBarenbHo, ACFD — .. u
DF=..=.. (cm).

3)AD=AF+..=...+..=..(cm) U Spcp=--* . = e oo = ... (CM?).
Omeem: ... cm2.

Haiinute miomangk poMba, eciid €ro yribl OTHOCATS Kak 1:5, a cro-
pOHa paBHa a.

Haitpure tiowmans  Tpaneuuu ABCD, ecim  AD = 202 cm,

BC =102 cm, AC=24 cm, LCAD= 45 (puc. 8).

Haijigure miomanb poM0a, €y ero JMaroHajayd paBHBL:

1)3,5dmu 1,4 dm; 2) 28 cm u 17 cm; 3)42cmwu 1,5 dm.
BricoTta paBHOOEApPEHHOU TpameuuMu paBHAa 5 cm, a JAUAroHaaud Iiep-
MeHAUKYJIsIpHbI. Haliaure nomanb Tpaneuumu.

BbruuciuTe miollaab MONepeyHoro ceYeHusl pBa B BUJIE PaBHOOEAPEH-
Hoii Tpaneuuu (puc. 9).

OcHoBanug Tpaneuuu 16 cm u 12 cm. PaccrossHue oT TOYKM mepe-
CeHMSl JMaroHajieii 10 OCHOBaHUI paBHBI 6 cm u 4 cm (puc. 10).

B C

HaiipguTe molanb 3Toil Tpaneluu.
B E C
L 0]
A F D




( 51. IUVIOIIAJAD MHOTOYTOJIbHUKA )

Jnsg  BbIUMCICHUSI TUIOIIAAM  ITPOM3BOJIBHOIO
MHOIOYTOJIbHMKA 4allle BCEro ero pasouBaiOT Ha
HeMepeKphIBaIOIIMECs TPEYrOJbHUKU UM HaXOHsT
CyMMYy IUIOLIAAEH STUX TPEYroJbHUKOB. s TOro
YTOObl BBIMYKJIBI MHOTOYTOJIbHUK pa30UTh Ha
TPEYroJibHUKU, IOCTAaTOYHO IIPOBECTM BCE AUaro-
Haiu u3 Jwoboil onHoit BepumHbl (puc. 1, a).
HMuorna ynoOHee MoJib30BaTbCs W JAPYTMMU CIOCO-
O0amu pazoueHus (puc. 1, 6).

3anaya 1. M3BeCTHO, YTO B MHOTIOYTOJIbHUKE
ABCDE BD| AE, CPLAE (puc. 2).

Hoxaxute, 4t0 S,pcpp=0,5(BD - CP+ AE - OP).

Hoxazameascmeo. W3 pucyHKa BHMAHO, 4YTO
MHOT'OYTOJIbHUK COCTOMT M3 TPEYroJibHUKAa W Tpa-
neuuu. [ToaroMy, 1o 2-My CBOMCTBY IUIOLLIAMIM:

S,pcor=Sscp+ Syspp=0,5BD - CO+0,5(AE+ BD) - OP=

o

~0,5(BD- CO+AE- OP+ BD- OP) = 0,5(BD - (CO + OP) +
+ AE- OP)=0,5(BD- CP+ AE- OP).

3HauuT, S,pcpp=0,5(BD- CP+ AE- OP).

3anaya 2. AC u BD — nuaroHanu uetbipexyroibHuka ABCD, O — ux
Touka mnepeceueHust (puc. 3). Jokaxure, yto eciu S;o=3S), Spoc=9,

Scop="S3 1 Syop= 54, T0 Sy §3= 5, 5.

Jlokazamenvcmeo. 1) Ilposenem AE L BD u CF L BD.
S, _0,50B-AE _ OB S, 0,50B-CF OB

2) S, 050D -AE ~ OD (1) un S, ~ 0,50D - CF

o0 .

3) Us (1) 1 (2) mveent: S=22= 8-S, =5, - S,.
4 3
(@) ¢ O
S
"
B 0 D 4
D £ 0
S3
.-
A P E

119



B P C
h AD=a
POLAD
PO=nh
A 0 D

3anaua 3. BC u AD — ocHoBaHus Tpaneuuu ABCD, O — touka repe-
ceyeHus1 nuaroHaneit AC u BD (puc. 4). AD = a, BC = b.

2
1) S =8 =45-8;: 28, =(/S+JS).
Peuenie. 1) Sypc = Sy =5bh=> S, +5, =5, +8 = §, = 5.
2) Ham wusBectHo, uto S, 8;=3S,"S,. YuursBag, uro S, =38, TO
noayuuM S) =S5 == /S, - §, . IlepBas yacTb yTBepXIEHMS NOKa3aHa.

3) Ilo 2-oMy CBOKMCTBY ILIOLIAAM, U YUUTBIBAsl MOJYYEHHbIE (DOPMYJIbI,
nMeeM:

Sp. =81+ +85+8, =5, +25 + 5, =

z(\/Sj)z +25, -5, +(\/S74)2 Z(E+E)2'

2
Urak, S, = («/S2 + «/S4) . Bropas 4acTth yTBepXKAeHUS JOKa3aHa.

3anaya 4. Ilnomwaabs TpeyrojbHUKA paBHA MOJIOBMHE ILIOLIAAM Tapa-
JleJjorpaMma, B KOTOPOM OCHOBaHME M BbICOTA OOIIME C TPEYTOJIbHUKOM.

Pewenue. OcHoBaHue AD u BbicoTa h — o0lIas Ijs mapasuiesorpaMmma
ABCD u tpeyronbHuka APD (puc. 5). lokaxem, 410 S,,p = 0,55 50p-

MssectHO, 4TO S 80 = ah (1) 1 S,,, = 0,5ah (2). B (2) BMecTO ah nox-
CTaBuUM S, ¥ HaxonuM: S,,, = 0,5ah = 0,55,

IIpumveuanue! Brlllle nmpuBeneHHyO 3agadyy MOXHO C(OpMYJIMpoOBaTh U
TaK:

— naowads napannenocpamma 6 06a pasa 00avuie NAOWAOU MpPeyeosab-
HUKAa, y KOMopo2o OCHOBAHUE U 8blcOMA 00uue ¢ napaiienocpammo.

3anaua 5. JlokaxuTe, 4TO €CAM 4Yepe3 BEPIUMHBbI YETbIPEXyroJbHUKa
MPOBECTU MpsIMble, Mapasje/ibHble €ro AMaroHalsiM, TO IUIOLIAAb Iapajiie-
JlorpaMMa, o0pa3oBaHHOTO 3TUMM MPSIMBIMM, B JiBa pa3a OoJibllie IJIOIIAAN
JJAHHOTO YEeThIPEXyroJbHUKA.

Pewenue. Tlyctb ABCD — naHHbBIIA YeTbIpeXyroJbHUK, O — TOYKa Iepe-
ceueHus nuaronaneit AC u BD, h; u h, — nepneHAUKYJISIPbL OMYIIEHHbIE U3
BepuuH B u D x nuaroHanmu AC, EFPQ napasnenorpamMmMm — oOpa30BaHHBIN
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NpU TEPECEYEHUN TapaUIeJbHbIX NMPAMBIX, NIPO- | g B F
BEICHHBIX 4Yepe3 BEpIIMHBI YEThIPEXYroJbHUKA,
MapajieJibHO ero auaroHansam (puc. 240). h,
HokaxeM, 4to Syp, = 28,50, A L C
ITo mocTpoeHuo, CTOPOHBI MapaieiorpaMma h
EF v QP napamienbHbl auaroHaan AC U paBHBI.
I[Mostomy, muaroHanb AC OeIUT MOAYYMBLIMIACS @ 0 D P
napauiesorpamMm EFPQ Ha nBa nmapajuieorpamma
AEFC n ACPQ. YuutbiBasl BbIlIe U3JIOXKEHHOE 3aKJII0UYeHUE B TPUMEUaHUH,
JOKaXeM PaBEHCTBO Sp;pp = 28, 50p:
SEFPQ =Suere t SACPQ =285ct  2800=2(Sscc T Sind) = 28 5

Bonpocst, 3a0auu u 3adanus

1. Haiinute rutomanb ¢puUrypbl Ha pucyHke 7.
Pewenue. Ilnowanb Gurypnl, u300paxkeHHON
Ha puc. 7, yooOHO HaWTH, €CJAMU JIOIOJHUTH €€ 10 10,
0 KBajapara, coeguHMB TOouyku A u B. Ilno- A B
maab (Gurypbl paBHa pasHOCTU ILIOLLAAEH
KBaapaTa u TpeyrojibHuka ABC: | X
S=S8, —Spc=-2—05-(50-2-10)-...=
=..—375=... (xB.en.).
3anonaHuTe niponycku. Omeem: ... KB. e]l.

2. BeiBegute (opMysly BBIYMCICHUS ILIOLIAIN 50
(urypbl n300paxkeHHON Ha pucCyHKe 8. 3mech @

AE| BC|| PD, AE= BC, AP=PB, PD 1 AB.

3. Jlano: ABCD — npsiMmoyrojibHuk, AB=12 cm, B C @

AD=16 cm; Touku E, F, Pwu Q — cepenvHbI

y
A 4
A

>

50
a

COOTBETCTBYIOIIIUX CTOPOH. +

Tpebyemcsa natimu: Sgpcpoy- P b ND

4. Jlano: ABCD — mapamienorpamm, PeBD,
KL|| BC, MN|| AB (puc. 9).

Tpebyemca dokazamov: S, xpn = Spycy- A ¢ E
5. AC v BD — jauaroHaJiM YeTbIpeXyrojbHUKa
ABCD, O —Touka mepeceyeHsl €ro auaroHa-
neit. Haitnure S, ecmu S,op=12, Szoc=S$, ‘@ B__M ¢
S,105=6. A
6. Ilnowanb 3emMenbHOrO yyactka B popMme ImpsiMo- K L
yroabHuka paBHa 400 ha. Yemy paBeH mepu-
METp BTOrO0 y4yacTka, €CJIU:
1) nnuHa yyactka paBHa 10 km; A N D

2) yyacTok umeer opMy KBaapara?
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[ 52. ITIPAKTUYECKUE 3ATAHUA U ITPUMEHEHUE )

I. 3apaum a1a MccienoBaH.

3amaua 1. PaccmorpuM 3amady. CTOpOHBI IPSIMOYTOJbHMKA HaTypaJibHbIE
qyucia U mepuMeTp KpaTeH 4.

IlepumeTp IpsIMOYrojJbHMKA paBeH 72 Cm M CTOPOHBI BbIpaXXeHbI HATY-
paJbHBIMU 4MciaaMu. HalinuTe cpead HUX IIPSIMOYTOJBbHMK C HauOOJbIIEH
mwiomanpio. Kakasa ata ¢urypa? Cuenaiite BHIBOJIL.

Peweneue. B mpsimoyrojbHuke: P=2-(a+b)=72 cm — mnepumerp,
p=a+b= 36 cm — mnolynepuMmeTp, T.e. CyMMa CMEXHBIX CTOpoH. Eciu
3HaYeHUs a U b OyayT M3BECTHBI, TO TOrJAa MOXEM BBIYMCIUTL S=a- b. YTo-
Obl OTBETUTHh Ha BOIIPOC 3aJauyM, HAIO HAWTU 3HAYEHUE CMEXHBIX CTOPOH
MPSIMOYTOJIbHUKA.

st aTOro mpeactaBuM 36 B BUAE CYMMbI ABYX HATypaJbHbBIX YKMCEIL:

a+b=36=1+35=2+34=3+33=...=33+3=34+2=35+1.
Orcloga BUIOHO, YTO CYLIECTBYET 35 pasHbIX MPSIMOYTOJIBLHUKOB, CyMMa

CMEXHBIX CTOPOH paBHa 36 sm. BBemeM maHHble B TaOaully, cAejlaeM aHaIU3
U COOTBETCTBYIOIIVE BHIBOJIBL:

acm 1 2 | ... (17 |18 |19 |20 | ... | 34| 35
bcm 35 |1 34| ... [19 |18 | 17| 16 2 1
(a+b)ycm | 36 | 36 36 | 36 | 36 (36 | ... | 36 | 36
S=a-bcm?| 35 | 68 | ... |323(324 323|320 | ... | 68 | 35

W3 T1abauubl BUOHO, YTO HaMMEHbIIAs IUIOIIAAb JOOCTUraeTcsl IIpU
a=1lcmu b=35cm wm a=35 cm u b=1 cm, a HauOoJbLIAs IUIOLIAAbL IIPU
a=b=18cm, T.e. Korma cropoHa KBadpaTa paBHa 18 cm. B ocTajabHbIX
MPSIMOYTOJIbHUKAX MEepUMETP paBeH 72 cm, HO IUIOLIAIU HUX OYAyT MEHbIIe

18 - 18 = 324 (cm?).
Ilocne aHanm3a TaOAMLIBI, CAEaeM CJIEIYIOLIEe BBIBOIBL.
BriBon 1. Ecam cTOpOHBI HpPsSIMOYTOJIbHMKA HATypajbHBIE YHWCJIA M MEpU-
MeTp KpaTeH 4, TO HauOoJIblasl IUIOLIAAb BRIYUCIILIETC Mo (popMyIie:
2
P
S = (Zj KB. €]I.

max

BeiBon 2. Ecim CcTOpOHBI IPSIMOYIOJIbHMKA HATypaJibHbIe 4YHUCIA U
NepyuMeTp KpaTeH 2, TO TOraa Cpedu IIPSIMOYTOJbHUKOB C pPaBHBIMM IIEpU-
MeTpaMy HaMMEHBIIYIO IUIOLIAAb HMEET TOT IPSIMOYIOJbHUK, B KOTOPOM
odHa CTOpoHa paBHa 1, a BTopas nomojiHeHuWe 1 (€AMHUIIBI) OO0 YKCIOBOTO
3HaUYeHUs Iojymepumerpa: a =1, b=p-1.

BriBon 3. Eciv OIMHBI CMEXHBIX CTOPOH MPSIMOYTOJbHMKA COJIMXKAIOTCS,
TO ILIOLIAIb YBEJIMYMBAETCS.
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Jamaua 2. Kwuraiickasg urpa «raHrpeM» — 3TO KBajJpaT, pa3pe3aHHbI Ha
TPEYIOJbHUKM M YEThIPEXYroJbHUKM TaK, KaK MoKa3aHO Ha puc. 1. W3 Hux
COCTaBJISIIOT pasHble ¢urypku. Haiinure ux Iioliamu, ecad CTOpOHa KBaapaTa
paBHa 8 cm.

Pewenue. a=8 cm — cropoHa KBamgpara. = a?=82= 64 (cm?) — miolaab
JIaHHOTO KBajpaTa. Tenepb HaXOAUM ILIOIIAAUA (DUTYPOK.

1) Ilnowangu S, 1S, — paBHbl OJHOW YETBEPTOM IUIOLIAAM KBajapaTa.
3Hauut, S, =5,=5:4=64:4=16 (cm?).

2) Ilmomans paBHOOEAPEHHOIO IIPSIMOYIOJIBHOIO TPEYroJbHMKA paBHA
OIHOI YeTBEepTOM KBajpaTra MOJOBUHBI TUIIOTEHY3bl. 3HAYUT,

S$=5,=0,25-(a:2)>=0,25-4=0,25-16=4 (cm?).

3) Ilnowanp kBagpara S; paBHa YABOCHHOW Iulowwagu .S,. 3HAYMT,
5,=285,=2-4=8 (cm?).

4) KareTsl TpeyrojpHMKA S, PaBHbI IMOJOBMHE CTOPOHBI JAHHOTO KBal-
para, T.e. a:2=8:2=4 (cm). Iltomaabs paBHOOEAPEHHOIO TPEYTrOJbHUKA
paBHa TOJIOBUHE KBajipaTa CTOPOHEI, T.e. S, =0,5-42=0,5-16=8 (cm?).

5) KBagpaT u mapajuiejaorpaMM ¢ OOMHAKOBBIMU OCHOBAaHUSIMU U BBICOTOM
PaBHOBEJIMKU, MO3TOMY S = 8, =24 =238 (cm?).

Omeem: S, = S,=16 cm?, S,=58,=4 cm?, §;=5,=5,=8 cm

3amaua 4. YacTh cTeHBI, UMeLIeil ¢GopMy MOPSIMOYTOJIbHUKA CO CTOPO-
Hamu 2,25 m u 1,8 m, HeoOXoauMoO IMOKPbITh KadenaeM. CKOJIbKO IUIUTOK IS
9TOT0 IIOHAZOOMTCSI, €CIM IUIMTKAa uMeeT opMy KBaapaTa CO CTOPOHOM
15 cm (puc. 2)?

Pewenue. 1) HaxonuM 1ioliaab 4aCTU CT€HbI, KOTOPYIO HEOOXOAUMO MOK-
PBITh KadesieM 1 BhIpa3uM B KBaApaTHBIX CAaHTUMETpPax:

2,25+ 1,8 =4,05 (m?)=4,05- 10 000 cm? = 40500 cm?.

2) Haxonum moniaab onHoro kadens: > = 152 =225 (cm?).

3) Haxomum, CKOJIbKO IUIUTOK ITOHAZOOUTCS IJIsSI IMOKPBITUS YacTU CTEHBI
B ¢popme npsamoyroabHuka: 40500 : 225 = 180 (1uTyK).

Omeem: HeobxonuMo 180 1mITyK Kades.

Crenymollyio 3aaqy pelIUTe CaMOCTOSITEIbHO.

3anaua 4. CKoJbKO moTpeOyeTcs KadeabHbIX IUIUTOK KBaApaTHO (pOpMbI
co cTtopoHoit 20 cm, 4TOOBI OOJMILIOBATh JOPOXKKY MMeElIyio hopMy KBaapaTa
CO CTOpOHOI 4 m?
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JNOMOJHUTEJIBHBINT MATEPHUAJI, PA3BUBAIOIIIU
IMPAKTUYECKUE KOMIIEHTEHIIUU

BBIYUCJIEHUE ILIOINAAN MHOTI'OYI'OJIbHUKA,
HAPUCOBAHHOTO HA KIIETYATOU BYMAIE

[Mpusenem «®opmyay Iluka» — ¢opmysny BbIUMCIEHUS TUIOLIAAM BBIMYK-
JIOTO Y HEBBIMTYKJIOTO MHOTOYTOJIbHMKA, HAPMCOBAHHOTO Ha KJIeTYaTol Oymare.
CTopoHbl Kaxmol kjaeTouku paBHbl 1 cm. HazoBeM TOuku mnepeceyeHUsI
NMpSIMBIX Ha KJIeTYaToil Oymare y3JiOBbIMH TOYKaMd. Torma Toionaib MHOTO-
YIOJIbBHUKA BBIYMCISIETCS MO cleaytowein hopmyse:

S=2+N-1.

B ar1oit popmyne M — 4uciao y3JIOBBIX TOUEK, JIeXKAIIMX BAOJb TPaHUIIbI
MHOT'OYTOJIbHUKA, N — YMCJIO Y3J0BBIX TOUEK BHYTPU MHOTOYTOJbHHUKA.

D1y PopMyTy MOXHO NPUMEHSATH B JIIOOOM MHOIOYTOJBHUKE, BEPIIMHBI
KOTOPOIr'0 HAaXOMASITCSl B y3JIOBBIX TOUKAX. .

3amaua 1. Beruuciaure 1momanb GUrypel Ha pucyHke 1.

Pewenue. Cnoco6 1. 1) Hucno nonHbIX KBaApaTUKOB paBHO 59, muiomaab Ux
paBHa 59 cm?; YMCJIO TPEYroOJbHUKOB paBHBLIX IIOJIOBUHE KBaapara 16, ux
moianb paBHa 16 : 2 =8 (cm?); uMeeTcs TPEYroJbHUK, B KOTOPOM OCHOBaHUE
paBHO 2 cm, a BBICOTA paBHa 3 cm, a IUIOLIAAb €ro paBHa 3 cm?.

Takum oOpa3om, ILIOLIAAL JAHHOTO MHOTOYTOJIbHUKA paBHa:

§=59+8+3=71 (cm?).

Cnocob 2. OTMeTUM y3JI0BbIe TOUKH.

1) IlogcuutaeM YKMCIO Y3JIOBBIX TOYEK BHYTPU (UIYphl (OTMEUYEHBI 4ep-
HbIM 11BeTOM): ux 50, T.e. N=50.

2) IlogcuuTaeM 4YMCIIO Y3JIOBBIX TOYEK BAOJb HepuMeTpa (puUrypbl (OTMe-
YeHBbl KpacHBIM 11BeTOM): uX 44, T.e. M = 44. Ucnonbwzyem dopmyny Iluka:

§=2450-1=22+49 =71 ().
Takum obpa3oM, B 00OMX CIIydasix IOJYYWUIU OJMHAKOBBIA OTBET.
Omeem: 71 cm?.

3amaua 2. BeluMcauTe II0maab MHOT OyTOJIbHMKAa Ha PUCYHKE 2.

Pewenue. 1) IloncuntaeM 4KUCIO Y3JIOBBIX TOYEK BHAOJbL MEPUMETPa MHOIO-
yroJibHUKa (OTMEYEeHBbl KpacHbIM 11BeTOM): ux 40, 1.e. M = 40.

@
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2) IlomcumTaeM 4YMCIO Y3JIOBBIX TOYEK BHYTPU _@
MHOTOYTOJIbHMKA (OTMEUYEHBI 4YEePHBIM I1IBETOM). HX
37, t.e. N=137.

ITo dopmyne IMuka, umeem:
§ =20 +37-1=20+36=56 (cmd).

Omeem: 56 cm2,

Jamaua 3. BpelumciauTe IUIOIAAb MHOTOYTOJIb-
HUKa Ha PUCYHKE 3.

Pewenue. Cnoco6 1. 1) Ilomcuuraem 4KCIO Y3J10-
BBIX TOYEK BJIOJb CTOPOH MHOTOYTrOJbHHMKa (OTMeYe-
HbI KpacHbIM 11BeTOM): ux 39, T.e. M = 39.

2) IlomcumTaeM 4YMCIO Y3JIOBBIX TOYEK BHYTPU
MHOTOYTOJIbHMKA (OTMEUYEHBbI YEePHBIM I1IBETOM). HX
17, r.e. N=17. \

ITo ¢popmyne Iluka, umeeM:

S=3—29+17—1=19,5+16=35,5 (cm?).

Cnoco6 2. YtoObl yOeouThCcsl B IIPaBUJIBHOCTH IIOJYYEHHOI'O OTBETA, BbI
MOXeTe BOCIOJIb30BaThCcsl Oosiee yMOOHBIMU I BAaC pazOMEHUSIMM JAHHOTO
MHOroyrojbHukKa. Ilocjie 3Toro, BIMMUCINTE IUIOLIAAM ITOJYYEHHBIX BBITYKJIBIX
MHOTOYTOJILHUKOB IO M3BECTHBIM (popmyaaM. A IOTOM CYMMUPYETE ITOJTyYCH-
HbIe pe3yabTaThl, M COIIOCTaBbT€ C pe3yabraToM 1-ro  cmocoba. Ecnm
BBIUMCJICHNE BBIINOJHUTE IPABUJIBHO, TO TOrJa B O0OOMX CJydasX ITOJIY4YUTe
onuHakKoBhI oTBeT. CIocO0 BBIUMCIICHMS ILIOIIAAM BhIOMpacTe camu. Bbrumc-
JIEHUE MOXHO TPOBECTU YCTHO.

Yuco MoJIHBIX KBaApaTUKOB PaBHO 26, IUIOLIAAL UX paBHA 26 cm?; YKCIIO
TPeYroJIbHUKOB paBHBIX IOJIOBMHE KBadpaTa 17, MX IUolanb paBHa 17:2=
= 8,5 (cm?); uMeeTcsl TPEYroJbHUK, Yy KOTOPOIO OCHOBaHME paBHO 2 cm, a
BbIcOTa paBHa 1 cm, a miuomiagb ero paBHa 1 cm2. TakuMm oOGpa3zoMm, TToLIATb
JAHHOTO MHOTOyrojbHuKa: 26 + 8,5+ 1 = 35,5 (cm?).

3Hauut, oda pesynabTaTa OAMHAKOBBL. Omeem: 35,5 cm?.

3amaua 4. Bpluucaure miomiagd MHOTOYTOJIBHUMKOB Ha puc. 4u 5, Ipu-
MeHuB dopmyiy [luka.

(a) ) L L]

125



(53-54. KOHTPOJILHASL PABOTA 4. PABOTA HAJL OHII/IBKAMI/I)

1.

. Haitnute mepuMeTrp mpsIMOYroJIbHUKA. o

. [Inowanp nmapauicjaorpaMmma paBHa

Haiigute muiolaas KBaapaTa, Iepu- I
METp KOTOPOTO paBeH IIePUMETPY @
MPSIMOYTOJIbHUKA  CO  CTOPOHAMU
27cmu 21 cm.

ecau ero miomanbk 540 cm?, a cMex-
HbIE CTOPOHBI OTHOCATCS Kak 3 : 5.

24 cm?, a BBICOTBI paBHBI 3 cm u
4 cm. HailiguTte mepuMmerp 3TOro mna- |
pajuiesorpamma.

. Haiinure miomanb ¢urypel, n3o0paxkeHHO Ha puc. 1, ¢ pa3doueHUeM Ha

MHOTOYTOJIbHUKHN WU HCITOJIb3YA (l)OpMy.TIy IMuxa.

TECT 4. IlpoBeprTe ceba!

1.

Bo ckosibko pa3 yBeJIMUMTCS TLUIONIAAb TPEYroJbHUKA, €CIM €ro CTOPOHBI
YBEJIMYUTh B 4 paza?

A) 4; b) 8; B) 16; I 32.

Haiinute mepumeTp MpsIMOYrojbHMKA, €ciau ero Imoiianb paBHa 400 ha,
a OTHOUIEHWE CMEXHBIX CTOPOH paBHO 4 : 1.

A) 10 km; B) 5 km; B) 2 km; I') 8 km.

JnuHa npsSMOyrojbHMKa yBeamdyeHa Ha 25 %. Ha ckKonbKo IIpOLIEHTOB
Ha0 YMEHBIIUTh HIMPUHY, YTOOBI €ro Iuiollaab He U3MEHWIACh?

A) 20 %; b) 16 %; B) 25 %; I 18 %.

Bo ckonbko pa3 Hago YMEHbBIIUTh CTOPOHY KBajapara, YTOObl €ro rioniaib
yMeHblIuaach B 4 paza?

A) 1,5 pa3a; b) 2 pa3a; B) 3 pa3a; I') 3,5 paza.

. Haiinute nepumerp mapajuiejorpamMma, ecilM ero Ivomans 144 cm?,

BBICOTHI 8 cm 1 12 cm.
A) 40 cm; Bb) 30 cm; B) 80 cm; I 60 cm.
B mapamienorpamme ABCD Ha muaroHaib AC omylleH IeprneHaukysp BO.

Haiigute mnowmanpk napamuienorpamma, ecim AO=8 cm, OC=6 cm u
BO=4 cm.

A) 50 cm?; b) 28 cm?; B) 52 cm?; I') 56 cm2.

. IInmomans pomba paBHa 40 cm?, a ero nepumetrp paBeH 20 cm. Haiigure

BBICOTY 3TOr0 poMoOa.
A) 2 cm; b) 8 cm; B) 4 cm; I 16 cm.
OcHoBaHMS Tpameuuu paBHbl 5 cm u 9 cm. Hailinure BbICOTY Tpareiuu,
€CJIM ee IUIoLIaab paBHa 35 cm?.
A) 9 cm; b) 8 cm; B) 5cm; I 10 cm.
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9. HaiinuTe miomanbk paBHOOEAPEHHON Tpalely, B KOTOPOH OCHOBaHUS
paBHBI 8 1 12, a IMaroHajau B3aMMHO MEPIEHIUKYJISIPHBI.
A) 100; b) 64; B) 144; I 76.

10. Boicota Tpanmeumuu paBHa 6 cm, a miomank 30 cm? Yemy paBHa ee
CpelnHsIsT JTMHUS?
A) 2,5 cm; b) 5 cm; B) 7,5 cm; I')4,5cm.

a‘

N3yyaem aHramiicKmii si3bIK!

KsaapaTHblii KOpeHb — square root ®opmyana I'epona — formula of

TpeyrosbHuK — triangle Heron
Cpennssa quang — midline Ilnomanp — area
Y »
Y /{ Hcmopuueckue ceedenusn
S

Ilgaras rnaBa «KHura 3HaHMii» ABUILIEHHBI HOCBSIIEHA
OCHOBHBIM TE€OMETPUYECKMM 3aJadyaM, OTHOCSIIUMCS K
YeTBIPEXYTOJIbHUKAM, Pa3MEIeHHBIM B HUX TPEYrOJIbHUKAM
U CBS3SIM MEXIY HUMU.

Teopema 1. Durypsl, pa3MemieHHblE MeXIy ABYMSA
napajuieJIbHbIMA NMPSIMbIMH, HMEIOIIe paBHbIE OCHOBAHHUS M
B3aMMHO NapaJjuie/ibHbie MPOTHBOJIEKAINE CTOPOHBI, PABHO-
BeJHKH (T.e. paBHbI WX IUomamm). Hampumep, riockue
¢urypst ABCD nu EGCD ¢ ocHoBanueM CD paBHOBEJIUKU

(puc. 1).

Teopema 2. TpeyroJbHUKH, pa3MemeHHbIe MEXKIY ABYMS ]
napajuie/ibHpIMA NPSMBIMA W MMEIOIEe PaBHbIe OCHOBAHMS, ABuuenna
pasHoBesmku. Hanpumep, tpeyronsHuku ACD u GCD ¢ (980—1037)

o61yM ocHoBaHueM CD paBHOBENIUKH (puc. 2).

Teopema 3. YeTbIpeXyroJbHUKH, pa3MelMieHHbIE MEKAY IBYMS MapaJLieIbHbIMA
npsMBIMA M MMeIOIe pPaBHbIe OCHOBAHHSA, PaBHOBeJMKH. HampuMep, yeTbIpex-
yroabHuku ABCD n GEHF (puc. 3).

G E B A G A G E B 4

(1) C D (27D c (3)F H c D
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TJIABA V
OKPYXHOCTD

§ 10. YIJIbl B OKPYKHOCTH

55. B3BAUMHOE PACITIOJIOXEHHUE ITPIMON U OKPYXKHOCTH
KACATEJIBHA{A K OKPYXKHOCTU U EE CBOUCTBA

1. HavyaibHble CBeJeHHS 00 OKPYXKHOCTH.

é Onpenenenne. OKpy#cHOCIbIO HaA3bleaemcs e2eomempuyeckas @ueypa,
Komopas cocmoum u3 6cex MmMo4eK HAOCKOCMU, PABHOYOANCHHbIX Om
@aHHozi moukxu

HanHass Touka O Ha3bIBACTCS WUEHMPOM OK-

@ A PYXCHOcmu, a JAHHOE pPACCCTOSIHUE — paduycom
R okpyxucnocmu. WHaue roBopsi, paduycom OKpYX-
HOCTHM Ha3bIBA€TCS PACCTOSIHUE OT LIEHTPa OKPYXK-
0 HOCTHU 10 JIOOOW €€ TOUYKMU.
Takum 006pa3oM, OKPYXHOCTb C LEHTPOM B
Touke O M paguycoM R mpeacTaBiisieT co0oit reo-
OkpyxkHoCTh (O, R)c | METPHYECKYIO ¢urypy, cocTosiiylo U3 BCEX TOYEK
uentpom O u panny- | IUIOCKOCTH, DPAcCTOSIHME OT KOTOPBIX IO TOYKH
COMR a O paBHO R.
OOBIYHO, OKPYXHOCTb C LieHTpoM O U pa-
C _____x‘l’@-l-—— D nuycoMm R o6o3Havarot Tak: (O, R) (puc. 1, a).
A d[,%e OTpe30K, COCAUHSIOIIMI TMPOU3BOJIbHbIE JBE
0 7 TOYKM OKPYKHOCTHU, Ha3bIBAaeTCsl X0pood. Xopja,
X B MpoxoJsiias 4yepe3 LIeHTP, Ha3blBaeTcsl duamem-
_QG pom.
E Ha puc. 1, 6 u3o0paxeHsbl ABe XOPAbl OKPYX-
CD —xopna, OF —| HOCTHU, OIHA U3 KOTOPHIX SIBJISIETCS €€ AUAMETPOM:
pamuyc, AB — nuameTp OF — pagnyc, CD — xopna, AB — nuamerp.
0 OObIYHO JMaMeTp o00o3HauvarT OyKBoOil d.

OueBUOHO, YTO AUAMETpP BABOE OOJblIE paguyca,
TO ecThb d = 2R.

2. B3auMHoe pacnojioKeHHe NpSIMoOil M OKPYKHOCTH.

PaccMoTpuM ciiyyau B3aMMHOIO PaCHOJOXEHUSI TIPSIMOM M OKPYXK-
HOCTU. SIcHO, 4TO ecliu IpsiMasl MIPOXOAUT Yepe3 LICHTP OKPYKHOCTHU, TO OHA
repecekaeT OKPYKHOCTh B IBYX TOYKaxX — KOHLIAX JuaMeTpa, Jexalllero Ha
9TOU TpsMoi. [Ijis1 TOro, 4ToObl OTBETUTH HAa BOMPOC, CKOJBKO OOILMX TO-
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yeK UMeIT mnpsimast /[ u okpyXHocTb (O, R), Hy)XHO CpaBHUTb paauyc R
¢ pacctosiHueM d oT Touku O 10 npsiMoi L

HamomMHuM, 4TO paccTosiHUEM OT TOYKM 10 MPSIMOIl Ha3bIBaeTCsl dauHa
nepneHoUKyAApa, ONYueHH020 U3 Mol MoYKU HA NPAMYIO.

PaccmotpuM Tpu cayvasi: 1) d> R; 2) d=R; 3) d< R.

Cayuaii 1. Ecau paccmosHue om ueumpa OKpyscHocmu 00 HNPAMOU
boabule paouyca OKpYyJICHOCMU, MO NPAMAs U OKPYICHOCMb He umerom 00-
WuUx mouex.

HeiicrBuTenwHo, ecnu d > R (puc. 2, a), To B 3ToM ciaydyae OA > R, nist
000t apyroit Touku B npsimoit [ OB Gyaet Oosibliie neprieHauKysspa OA
U, cleaoBaresibHO, Oojblile R. 3HauuT, npsiMast / 1 OKPYXKHOCTb HE UMEIOT
OOLIMX TOYEK.

Cayuaii 2. FEcau paccmosHue om ueHmpa OKpydlCHOCMU 00 NpAMOlU
PAasHO paouycy OKDPYICHOCMU, MO 5Ma HNPIMAs U OKPYICHOCHb UMeom
MOAbKO 00HY 00WYH MOUKY.

HeiicrButensHo, ecnu d= R (puc. 2,6), To Touka A mnpsMoir [, 1o
YCJIOBUIO HaXOMSIIASICS OT LIEHTpa OKPYXKHOCTU O Ha pacCTOSIHUM, PAaBHOMY
panuycy, MPUHAMIECXKUT OKPYKHOCTU, Jt00as Ipyrasi TOYKa STON IPSIMOM
yIaJIeHa OT LIEHTpa OKPY>XHOCTU Ha PacCTOsIHUE, OOJibllie paauyca, CJeno-
BaTEJIbHO, K OKPY>KHOCTU HE MPUHAUIEKUT. 3HAYUT, NpsiMast [ 1 OKpyXK-
HOCTb UMEIOT OJHY OOIILYIO0 TOUKY A.

Cnyuaii 3. Ecau paccmosmue om uyewmpa OKpPYICHOCMU 00 NPIMOU
Mmenvuie paduyca oxpyyucHocmu (d < R), mo npamas u 0KpyscHocmv nepe-
CeKaromcs, mo ecmo umerom ose oduue Mo4Ku.

Yactb npsiMoii, HaxXOas1IasICsl BHYTPU OKY>KHOCTHU, MPEICTABISIET XOPay
OKpYyXHOCTHU (puc. 2, ). B aTOM cityuae nipsiMasi / Ha3bIBaeTCsl cekyujeti 1o
OTHOILLIEHUIO K OKPYXHOCTU. dnuHy xopabl AB MOXHO BBIUMCIUTb Yepes
paanuyc OKPY>KHOCTHM M PacCTOSIHME OT LIEHTpa OKPY>KHOCTU A0 MPSIMOM MO

dopmyne: AB =2\ R* -d* .

Z[OKa)Kl/ITe 9TO PaBCHCTBO CaMOCTOATC/ILHO.

BA l - VA1A2A3A l

W A C \B

d W
R

0 0 0

OA=d>R OA=d=R 0OC=d<R
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Beion. OkpyjcHocmv u npamas moeym He umems OOWUX MOYeK, UMemb
O0HY unu 0ee obujue MouKu.
2. KacarejibHas K OKPYKHOCTH.

Onpenenenne. Ilpamas, umerwwas ¢ OKPYICHOCMbIO MOALKO OOHY
00wy MoKy, HA3bIBAeMCcsi KACAmMeAbHOU K 3MOol OKPYJICHOCMU, A UX
obuias Mo4ka Ha3vleaemcs: Mo4Koil KACAHUA NPSIMOU U OKPYICHOCMU.

Ha puc. 2, 6 npsimast / — KacareyibHasi K OKPY>KHOCTHU ¢ LieHTpoM O, A —
TOYKa KacaHus. MOXHO cKa3aTbh, YTO OKPY>KHOCTb KacaeTcsl mpsiMoit L
JlokaxeM TeopemMy O CBOMCTBE KacaTeJbHOM.

Teopema 1.

KacareanbHaa K OKPYKHOCTH NEPHNCHAMKYJISAPHA paauyCy, HpPOBEIACH-
HOMY K TOYKE KaCaHusl.

Jlokazameavcmeo. Ilyctb | — KacatenbHasi K OKPY>KHOCTU € LieHTpoMm O,
A — Touka kacaHus (cMm. puc 3). [lokaxem, 4yTo KacartejibHasi [/ TeprieH-
IUKyIsipHa K paauycy R= OA. W3 yciaoBuUsI TEOpeMbl cCieayeT, 4To ISt
Jo00il apyroil Touku A, Ha npsaMoill / HakioHHas OA, OGyner Oosblie
nepneHaukyiasipa OA u, ciaenoBatesbHO, Oojblie R. Takum oGpaszom,
paccTosiHhe OT JIIOOOW TOUKM MpsIMOK [, OTIMYHOM OT A, IO LeHTpa
O 6onbiie R, 1.e. OA,> OA. 3Hauut, OA — Kparyaiiuiee paccTossHUE OT
touku O po npsmoit [. CnenoBarenbHo, OA L [. Teopema noka3zaHa.

HokaxeM TeopeMy, oOpaTHyO Npeabiayiieit (MIpu3HaK KacaTeJabHOM).

Teopema 2.

Eciu npsMas nmpoxoauT 4epe3 KOHEN pajauyca, Jiexkamuid HA OKpYXK-
HOCTH, M TEPNEeHAUKYJISAPHA 3TOMY paauycy, TO OHA SBJSAETCS Kaca-
TEJbHOM.

Joxazameabcmeo. Ecam paccTosiHMe OT IIeHTpa OKpyXHocTM O 10
npsimoii / paBHO paguycy R okpyxkHocTu (d= OA= R) (cMm. puc. 2, 6), 10O
TOYKA A JEXUT Ha OKPYXXHOCTHM M, 3HAYUT, OHA SBJISIETCA OOILIEH TOYKOI
MPSIMOM U OKPYKHOCTU. JI100ast Touka (B) mpsiMoii /, OTIMYHas OT TOUKU A,
JIEXKUT BHE OKPYXHOCTM, TaK Kak ajauHa oTpe3ka (OB) OoJjblie IJIUHbI
pamuyca OA, U MO3TOMY He JIeKUT Ha JaHHOUM OKpyxXHocTu. OA L[ mo
ycaoBuoo. Ilo ompeneneHuto, npsimMasi / sIBJAsIeTCSl KacaTeIbHOM K OKpYX-
Hoctu. TeopeMa JokaszaHa.

3anaua. Karetsl mnpsmoyrosbHoro TtpeyroibHuka ACB (£C=90°)
paBHbl AC=3 cm u BC=4 cm. IlpoBeneHa ok-
*@ 4 pyxHoctb (C; R), R=2,4 cm KakoBo B3auMHOe

D pacnosioxxeHue npssMoii AB 1 3TOi OKPYKHOCTU?

Pewenue. B NACB (£C=90°): AC=3 cm,

BC =4 cm. Ilo teopeme Iludaropa:

¢ AB =3’ +4> =25 =5 (cm).
IIpoBonum CD 1 AB (puc. 4). MOXHO BbI-
YUCIUTh TUIOLIAAb TPEYroJibHMKA JBYMs CIiocoba-
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MU, T.e. BepHO paBeHCTBO: CA: CB=AB- CD. Otctona CD=CA- CB: AB=
=3-4:5=2,4 (cm). CnenoBarejbHO, TpsiMasi AB KacaeTcsi OKpY>KHOCTH,
TaK Kak paccrosiHue oT Touku C 1o Tnpsimoit AB paBHO paauycy.

'~

Omeem: AB — xacareabHad.

Bonpocst, 3a0auu u 3adanus

1) Kakaa d¢urypa HasbIBaeTCcsl OKpPYXHOCThblO? YUTO Ha3bIBaeTcs:
a) LIEHTPOM OKPYKHOCTHU; 0) pagnlyCOM OKPYKHOCTHU?

2) Urto Ha3bIBaeTCs: a) XOpIoii; 0) IMaMETPOM OKPYKHOCTHU?
3) Kakasi mpsimasi Ha3bIBaeTCsl KacaTeJbHON K OKPY>KHOCTHU?
4) Kakoe CBOICTBO M MpU3HAK KacaTeJbHON Bbl 3HaeTe?

. Ilyctb d — paccrosiHue OT LIEHTpa OKPYKHOCTU € paauycoM R [0 mpsiMoi

/. KakoBO B3aMMHOE€ pachoyIOXeHWEe MpsIMOi / U OKPYXKHOCTHU. €CJIU:
I)R=8 cm, d=6 cm; 2) R=10 cm, d=8,4 cm; 3) R=14,4 dm,
d=7,4dm; 4) R=1,6 dm, d=24 cm; 5) R=4 cm, d =40 mm?

. lansl kBaapaT ABCD, cTopoHa KOTOPOro paBHa 8§ cm, M OKPYXHOCTb C

LeHTpoM B Touke A paguyca 7 cm. Kakue uz npsmeix AB, BC, CD u
BD gBnsitoTcst CeKyIMMU MO OTHOIIEHUIO K 3TOM OKPYKHOCTHU?

IIpsimasi AB xacaeTcst oKpyxXHOCTU ¢ LieHTpoM O paguyca R. Haiigute
OB, ectu AB= 24 cm, a paguyc OKpPY>KHOCTU paBeH 7 cm (puc. 5).

B mnpamoyroasHom TpeyroabHuke ACB (LC=90°) AB=10 cm,
ZABC = 30°. TlpoBeneHa OKpPYXHOCTb C LIEHTpoM B Touke A. Kakum
Oyner ee pamuyc, eciau: 1) mpsimass BC Kacaercsl OKPY:XHOCTU; 2) He
umeer ¢ BC obmux Touek; 3) umeer ¢ npsimoii BC nBe oOl11re TOYKU?

Ecnm mpoBecTu aBe KacaTelbHble K OKPY>XKHOCTH M3 TOYKU BHE €€, TO
OTPe3KU KacaTeJIbHBIX, 3aKJIIOUEHHBIX MEXIy 3TOM TOYKON M TOYKAMU
KacaHus paBHbIL. Jlokaxute 310 (puc. 6).

. KakoBo B3anmHoe PaCIIOJIOKEHHNEC HpHMOfI 1 OKPY>KHOCTHU, €CJIM paanycC

OKPY>KHOCTU paBeH 5 cm, a pacCTOsIHME OT IIEHTpa OKPYXHOCTHU O
npsgMoit paBHo: 1) 6 cm; 2) 5 cm; 3) 4 cm?

. Jlan npsmoyroabHuk ABCD, tne AB=16 cm, AD=12 cm (puc. 7).

Kakas w3 mnpsmeix AC, BC, CD u BD saBasercss KacaTellbHOM K
OKPYKHOCTU C LIeHTpoM A 1 paguycoMm 12 cm?

@ A 2 @ C C D @
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IIEHTPAJIbHBIN YTOJ U TPAIIYCHASI MEPA IYTH

‘ 56. BBAUMHOE PACIIOJIOXKEHUE JIBYX OKPY)KHOCTEI‘/'I.W
OKPYXHOCTHA

1. B3aumMHoe pacnojio;KeHue IBYX OKPYKHOCTEIA.

PaccmotpuM ciiyyanm B3aMMHOTIO PacIiojiOKEHUs IBYX OKPY>KHOCTEH.

1) IBe OKpPY>XKHOCTU MOTYT He MMeTh oO1mx touyek (puc. 1). IIpu stom
OHM HaxomsdTcs BHe Apyr apyra (puc. 1, a) uau ogHa BHYTPU APYroi

(puc. 1, 6).
2) IBe OKpPYXXHOCTHM MOTYT

WMEThb OIHY OOLIYyI0 TOYKY
0 (puc.2). B aToM ciyyae roBopsr,
: YTO  OKPYXHOCTU  KACAHMCA.

IIprueM OKpY>KHOCTM MOTYT Ka-

0,0,=d> R +R, d+ R =R, caThCs GHEUIHUM o6pazoM

@ a 6 (puc.2,a) wWIM  BHYTPEHHUM
obpazoM (puc. 2, 6).

3) JIBe OKpY:XHOCTHM MOTLYT

UMETh JOBe  OO0IIMe  TOYKU
(puc. 3). B aTOM cityyae roBopsir,
0, YTO OKPYXKHOCTU HepeceKaromcs.

OKpYXHOCTH, MMeEIOII1Ee 00-
0.0,=d=R +R, d=R —R, LMW 1IEHTP, Ha3bIBAIOTCA KOH-
@ P P yenmpuyeckumu (puc. 4).
BzaumHoe pacmoaoXeHue
JIBYX OKPY>KHOCTEI 3aBUCUT OT MX PAAUyCOB U PACCTOSIHUSI MEXY LIEHTPAMMU.
Teopema.
Ecim paccrosinme MeXay HEHTPaMH JBYX OKPYKHOCTEH 00JbIIe CyMMBI
HX PaaycoOB WM MeHbIIe MX Pa3HOCTH, TO 3TH OKPYKHOCTH He HMMEIOT
00muX TOYEK.

Hokazamenvbcmeo. I1ycTb naHbl 1BE OKPYXHOCTU C LIEHTPAaMM B TOYKAX
O,, O, u paguycaMu cOOTBETCTBEHHO R,, R, (d=R,+ R,< 0,0,) (puc. 5).
Paccmorpum  TOouky A Ha nepBoii  OkpyxHoctd, OA=R,. Torna
0,A 2 0,0,- O,A> R+ R,— R, = R,, u, cienosateibHO, TOYKa A He IpU-
HAIJIEXUAT BTOPO OKPY>KHOCTU. 3HAYUT, 3TU OKPYXHOCTU HE HMEIOT
00LLIMX TOYEK.

@, @

01 a @
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CaMoOCTOSITETbHO PacCMOTPETh Cyyau, KOraa JBe OKPYKHOCTU HMMEIOT:
a) OIHYy OOIIYI0 TOUKY; 0) ABE OOILLKMEe TOYKU.
2. llenTpanbHbIii YroJ.

Onpenenenne. Yeon ¢ eepuunoll 6 ueHmpe OKPYICHOCMU HA3bIBACMCS
ee UeHmMpAIbHbLIM Y2A0M.

JIyau OA wn OB, ucxopsive U3 ILIEHTpa
OKpYyXXHOCTU O, OMNpenessioT ABa LEeHTPaIbHbIX
yrjia, OAWH U3 KOTOPbIX OrpPaHMYMBAET BBIMYK-
Jyto obnactb. Touku A U B pa3duBalOT OKPYX-
HOCTb Ha ABe Ayru. YToObl pa3audyuTh 3TU IYIHU,
Ha KaxXJ0H M3 HUX OTMEUYalOT MPOMEXYTOUHYIO
TOYKY, OTJIMYHYIO OT KOHILIOB, WX J00aBJSIOT B
0003HAUYEHUE IYTU CTPOUYIO OYKBY JIATUHCKOTO
andaBuTa, Hampumep, HasbiBalOT dyea ACB
(umu AnB) n dyea ADB (unu ApB) (puc. 6). Dt
nyru obo3HavaroT Tak: UACB (i wAnB) u
UADB (unmu UApB). HMHorma wucnosibdyercsi 00O3HayeHue 0e3 IpoMe-
XKYTOYHOU TOUYKU: UAB (Korga sicHO, 0 KaKOi M3 ABYX IyT UAET pedb).

Jyra Ha3bIBaETCS MOAYOKPYICHOCMbIO, €CIA OTPE30K, COCAUHSIOLIMI €€
KOHIIBI, SIBJISIETCSI IMaMeTpoM OKpyxXHocTu. Ha pucyHke 7, 6 mM300paxkeHbl
JIBE TOJYOKPYKHOCTHU, OJHA U3 KOTOPBIX BBIJAEIICHA XXUPHOU JIMHUEN.

3. 'pagycnasa mepa ayrm.

/AOB—
LIEHTPAJIbHBINA YTOJI

Onpenenenne. Yea060ii eeauuunoil oy2u OKPY¥CHOCMU HA3blGACNIC Ye-
108451 GeAUHUHA COOMBEMCMEYoue20 ell  UeHMpPAabHo2o yaaa >moll
OKPYICHOCIU.

Jyry OKpY:KHOCTM MOXHO U3MepsTh B rpanmycax. Ecau dyea ACB ok-
pyychocmu ¢ yeumpom O MeHbule NOAYOKPYICHOCMU UAU A6A5emCs NOAY-
OKDYJICHOCMbIO, MO ee epadycHasi mepa cuumaemcsi pasHou epadycHol mepe
yeumpanvnoeo yena AOB (puc. 7, a, 6). Ecau xce dyea ACB 6oavwe no-
AYOKpYJCHOCMU, MmO ee epadycHas Mmepa cuumaemcs paenou 360° — -/ AOB
(puc.7, e).

C
@ @' C
é‘
A B ;0
A B A B B 115\
C C
UACB = UAOB  UACB =180° UACB = 360°— ZAOB
a) 0) 6)

133



Orcrona cienyer, 4to cymma epadycHbix mep 08yxX 0ye OKPYICHOCMU ¢ 00-

wumu xounyamu paena 360°. Tlo ompenencHUIO, 06a NAOCKUX Yy2aa pPaGHbl
TOJILKO TOTJA, KOIIa paBHBI UX YIJIOBbIE BEJIMYUHEI.

3amaya. Touka O —ueHTp OKpyxkHocTu, LAOB= 115", UBC=UAB

(puc. 8). Haiinurte rpagycHyto mepy yria AOC.

Pewenue. Yron AOB sBisieTcss UEHTPAJIbHBIM YIJIOM OKPYXHOCTH,

a nyra AB MeHblIEe IOJYOKPY>XKHOCTHU, Mmo3ToMy vAB=/A0B=115°. Ilo
ycioBuio 3agauu v BC=vAB, u 3HauuT, rpagycHas mepa ayru BC paBHa
115°. vABC= vAB+vBC= 230° > 180°, 1.e. nyra ABC 0Goblie IOJIYOK-
pyxHoctu, moaromy £AOC=360° - vABC= 360°-230° = 130°.

10.

OrBeT: £LA0C=130".

Bonpocst, 3a0auu u 3adanus

1) B xakom ciyyae mpsiMasi KacaeTcsl OKpy>KHOCTU ?

2) Kakue oKpy>KHOCTM Ha3bIBAIOTCSI KOHLIEHTPUYECKUMU?

3) Kakoii yron Ha3bIlBaeTCsl LIEHTPAJIbHBIM YIJIOM OKPY>KHOCTHU?

4) Kak obo3HavaeTcsl Ayra OKpy>KHOCTU?

5) Yrto Takoe yriioBasi BeJUuMHa Ayru?

PaccTosiHue Mmexnay uLeHTpamMu ABYX OKpPY:KHOCTe paBHO 2 cm. Kak
pPacnoI0XeHbl 3TU OKPYKHOCTU IO OTHOILLIECHUIO APYT K APYTYy, €ClIr UX
paguychl paBHbl: 1) 3cmu 5cm; 2) 2cm u 5 cm?

YeMmy paBHO pacCTOSIHME MEXIYy LIEHTpaMu JBYX OKpPYXXHOCTeH, pa-
JUYChl KOTOPBIX paBHBI 4 cm M 6 cm, eclii OKpPYXHOCTU: 1) KacaloTcs
BHEIIIHE;, 2) KacarTcsl BHYTPeHHe?

Ha ckoyibKO Ayr M UEHTpajJibHBIX YIJIOB pa30MBAIOT AAHHYIO OKpPYXK-
HOCTb JIBE MPSIMbIE, TTPOXOASIIME YEPE3 LICHTP OKPYKHOCTU?

M3 ogHOI TOUKM OKPYXXHOCTHM MPOBEIEHBI ABE XOP/bl, paBHbIE PAAUYCY
oKpyXHocTu. Haiimure yrona mexmay HUMU.

2 4
Jlyra, COOTBETCTBYIOIIAs LICHTPAJIbHOMY YIJIy, COCTaBJsIeT: 1) 35 2) i
7 5 13 17 23 .
3) o 4) 55 5) TR 6) 30> 7) 30 UacTH OKPYXHOCTH. Haiigute stor

LEHTPAILHBIA YTOJI.

OKpyXHOCTb pazjiejieHa ABYMsI Toukamu Ha aBe ayru. Haiinurte wnx
YIJIOBbIE BEJIMYMHBI, e€ciau: 1) yriaoBas BeaMyrMHa OonHOK M3 HUX Ha 40°
OoJIbllIe JPYIroii; 2) UX YIJIOBbIE BEJIMYMHBI OTHOCSITCS Kak 2 : 7.

Touku A, B, C nexar Ha OKpyXHOCTU ¢ lLieHTpoM O. Haiinute yrona
AOC, ectu WABC=170°.
HaiinuTe rpagycHyio Mepy UEHTPaJbHBIX YIJOB, COOTBETCTBYIOLIMUX
nyre AB, paBHoii: 1) %; 2) %; 3) %; 4) %; 35) % YacTU OKPYXKHOCTHU.
B kaxnoM u3 3THUX CyyaeB 3allUILMTE YIJIOBYIO BEJIMYMHY ayTu AB.
Haiinute nuameTp OKpY>XHOCTU, €CJIU Paauyc OKPYKHOCTHU:
1) 7,8 cm; 2) 10,5 cm; 3) 0,8 dm.
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- N
( 57. YI'OJI, BIIMCAHHbBIU B OKPYXHOCTDb /i

Onpeneneﬂne. y20./l, GePpULUHA KOomopoco aexcum Ha OKpPpYICHOCmU, a
CMOPOHbL nepeceKkarom OKPYICHOCMb, HA3bleAdemcsl 6RUCAHHBIM Y2A0M.

Ha puc. 1 yron ABC BnucaHHblii, ayra AnC pacrnojoxeHa BHYTPU
aToro yrmia. B TakoM ciyyae roBopsT, UTo enucauHuii yeoa ABC onupaemcs
Ha dyey AnC.

Teopema.

BrucanHplii yroj wW3MepsieTcsl TOJIOBHHOH Jyrd, HAa KOTOpPYI0 OH
onupaeTc:

ZABC= %UAC.

Jlokazamenvcmeo. Ilyctb /ABC — BIMCaHHBIM YIrojg OKPY>XXHOCTU
¢ ueHtpoMm O, onuparowuiics Ha nyry AC (puc. 2). PaccMoTpuM Tpu BO3-
MOXHBIX ClIydasl pacrnojioxkeHus jyda BO oTHocutenbHO yriaa ABC.

Cayuaii 1. Oona u3z cmopon enucannoeo yeaa, Hanpumep BC, npoxooum
uepez uenmp O okpyswcnocmu (puc. 2, a). IlpoBenem paauyc OA u pac-
cMoTpuM 1eHTpaibHbld yron AOC. Yron AOC — BHEIIHU yroa Tpe-
yronbHUKa BOA. Ilostomy ZAOC= /0OBA+ ZOAB (o CBOWCTY BHEll-
Hero yrjaa TtpeyrojibHuka). Ho ZOBA= Z0AB, Tak Kak TpeyrojbHUK
AOB — paBHoOenpeHHblii (OA= OB= R). A mnockoyibKy yrisl OBAu OAB
paBHbl KaK YIJbl MpPUM OCHOBAaHUM PaBHOOEAPEHHOIO TPEYrojbHMKA, TO
ZAO0C=2/ABC (1). Ho yron AOC ueHTpajbHbIii, €ero BeJWYMHA paBHa
yriioBoii BeauuumHe ayru AC, NpuHAIeXaliuii 3ToMmy yriay (tema 56).
B stoM cinyyae nyra AC MeHblIe IOJIYOKPYXHOCTH, CJI€I0BAaTEJbHO, IO
CBOMCTBY LIECHTPAJILHOT'O YTIJIa:

ZAO0C=UAC. (2).

M3 pasencts (1) u (2), umeem: 2/ABC = UAC, 1.e. ZABC= %UAC.

Jly1st mepBOTO ciydyasi TeopeMa J0Ka3aHa.
Cayuan 2. Ileump oxpyyucnocmu O aexwcum eHympu enucarnozo yeaa ABC.
IIposenem nyu BO, kotopsiit nepecekaer ayry AC B HEKOTOpoil Touke D
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(puc. 2, 6). Touka D pasnensetr nyry AC Ha nBe nyru: vAD u v DC. ITlo

nokazaHHoMy (ciydait 1): ZABD = %UAD u «DBC= %UDC. CkunanbiBast
9TU paBEHCTBA IMOYJIEHHO, MOJyYaeM:

ZABC = Z/ABD + /DBC =%uAD+%uDC =%(uAD+uDC)=%uAC.

Cayuan 3. Lleump oxpymcnocmu O aexcum eHe enucanHoeo yena ABC.
Hns aToro ciydasi, Mojib3ysiChb pUc. 2, 6 , IPOBEIUTE 10KA3aTeJbCTBO CaMOC-
TOSITEILHO.

Cnencrsue 1. BnucauHvle yeavl, onuparouwuecs Ha 00OHY u my dce 02y,
pasnbl (puc 3, a):

LB= 2B, = /B,=..= 3 GAC.

Cnencteue 2. Bnucanmuwiil yeon, onuparowutics Ha duamemp (NOAYOKPYic-
Hocms), — npamou (puc. 3, 6):

4ZB=/B/=/B,=..=90".

3anaya. B okpyXHOCTM TpoBeleHa xopia, paBHas paauycy. Ilon ka-
KHMM YIJIOM BHUJIHA 3Ta Xopaa u3: 1) LeHTpa OKPYKHOCTH; 2) TIPOM3BOJIbHOM
TOYKM OKPYKHOCTU, OTJIMYHOM OT KOHLIOB JaHHOW XOpPbl?

Pemenue. Ilyctb AB — xopaa OKPYKHOCTU C LIEHTpOM B Touke O,
paBHasi paauycy (puc. 4). Torna TpeyroibHuk AOB — paBHOCTOPOHHUI, U,
cJeoBaTeIbHO, LEHTPaJbHbINM yroi (yroj, mom KOTOpbIM BuMAHa xopaa AB
U3 LIeHTpa OKpyXHocTu) paBeH 60°. i mpo3BoibHOU Touku C OK-
PY>XHOCTH, OTJIMYHOU oT A u B, BnumcanHbii yron ACB (yroj, mnoj
KOTOpbIM BUIHA Xopiaa AB u3 Touku C) paBeH MOJIOBMHE LIEHTPAJIbHOTO,
T.e. paBeH 30°.

Omeem: 1) 60°; 2) 30°.

Bonpocst, 3a0anu u 3adanus

1. 1) Kakoii yros Ha3biBaeTCsl BOUCAaHHBIM YIJIOM B OKPYXXHOCTb?
¢ 2) Yem usMmepsieTcsl BIMCAHHbIA yron?
3) Yemy paBeH BOMCAHHBII yroJj, ONMPaIOLIMACSI Ha MOJTYOKPYXKHOCTb?

B, @

6) A——8R
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2. (Yemuo.) BnucanHblit yroa paBeH 25°. Onpenenvrte BeIWYMHY IyTH, Ha
KOTOPYIO OH OIMPAETCH.

3. AB u BC — xopnbl OKpyxXHOCTU ¢ LeHTpoMm O, ZABC = 30°. Haiinure
ninHy xopasl AC, eciu paauyc okpyxxHoctu 10 cm.

4. 1) Ha pucynke 5 Touka O — LEHTp OKpyxHoctH, LAOB=88°.
Haiinute ZACB. 3anojJHUTe IPOIMYyCKMU.

Pewenue. Yron AOB sBnsieTcs ... yIJIOM JaHHON OKPY>XHOCTH M paBeH
..°, cnegoBarenbHo, UADB=...°. Yron ACB sBnsercs ... U ONupaeTcs

o

Ha ayry... , noatomy LACB= %u =000
Omeem: ZACB= ...".

2) Ha pucynke 6 WCAB= 130°. Haiinure £ CAB.

Pewenue. Yron CAB sBisieTcsl BOMCAHHBIM YIJIOM OKPYXXKHOCTU M
onupaercs Ha nyry UCDB. Otkyna: WCDB=360°—uUCAB=

= 360°— 130° =230°, ZCAB= 3UCDB = 5-230° = 115".

Omeem: L CAB= 115",

3) Ha pucynke 7 ZAPE=46°, /BCE = 34°. Haiinute ZAEP.

Pewenue. Bnucannbie yrisl PAB u BCP ... Ha ongHy U Ty Xe ... BP,

ciaenoBatenbHo, /PAB= ~...= ... . I3 TpeyronbHuKka AEP noayyum:
ZAEP=180°— (£... + £..) =180 — (... + ..)=....
Omeem: ZAEP= ... .

S. Touku A, B, C pacnoyio€HHble Ha OKPYXXHOCTM, HENIST 3Ty OKPYXK-
HOCTb Ha TPU AYTH, IPALyCHBbIE MEPbl KOTOPHIX OTHOCITCA Kak 3:5:7.
Haiinute yrisl TpeyroabHuka ABC.

6. Xopma nequt OKpYyXXHOCTb Ha JB€ YacTH, I'pPalyCHbIe BEJIMYMHBI KOTO-
pbix OoTHocsTc Kak: 1) 5:4; 2) 7:3. Ilon kakuM yrjioM BUIHA 3Ta
XopJa U3 J1000i TOUKU OKPYKHOCTU?

7. IlpoBenennl auamerp AB u xopna AC. Haitnute yron BAC, ecnu
rpagycHble Mephl nyr AC u CB oTHOCATCS Kak 7 : 2.

8. AB u BC — xopabl okpyxHoctu, /BAC=70°, UAB= 120°. Haiinure
rpagycHyio mepy ayru AC.

® © =

Qe

88°
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1 58. U3SMEPEHUE YIJIOB, OBPA3OBAHHBbIX
CEKYHIMMUA OKPYXHOCTH

1. Yroa, oOpa3oBaHHbI KacaTeJbHOH M XOPIOIi.
Teopema 1.

YroJj, o0Opa3oBaHHBIi KAacaTeJbHOW W XOPAOiA, HMCXOAAMIEd M3 TOYKH
KAaCaHus, M3MepsaeTcs MOJOBHHOM AYrH, OTCEKAaeMOi ITOM XOP/IOH.

Lokazamenvcmeo. Ilyctb AB xacatenbHast, BC xopma. [lokaxeM, 4TO

ZABC = %uBmC (puc. 1). Hna ortoro, mnpoBenem uepe3 BepuiHy C
CD| AB, 3uaunr, LABC= /BCD (kaK BHYTPEHHHME HAKPECT JIEXKallue

yrabl). Tak kak £C= %uBnD u CD| AB, o nonyuum UuBnD=uBmC u
/B=/C= %uBnD = %uBmC.

3anmaua 1. Xopma AB cTaruBaeT Iyry OKpyXHoOCTM B 56°. Haiimure
yIJIbl, KOTOpbIe OOpa3yeT 3Ta XopAa C KacaTeJIbHbBIMU K OKPYXXHOCTH,
MIPOBEJACHHBIMU Yepe3 ee KOHeEIl.

Jano: (O; R), AB — xopna ZAOB= 56" — LIeHTpaJbHBII YTOJI, CTATH-
Batowuii xopay AB, AC 1L OA, BC L OB (puc. 2).

Tpebyemcsa naiimu: £ CAB, £ CBA, ZBAD, ZABE.

Pewenue. Yros, o00pa3zsoBaHHBI KacaTeJbHOW M XOpPAOW paBeH
UAB = 56° (cayuaii 1) umm uAnB = 360° — 56° = 304° (ciyuaii 2).
1

Takum obpaszoMm, umeeM: B 1-om ciayyae ZCAD= %UAB =3 56° =

o 1 1 o o
= 28°, a 2-oM ciydae 4BAD=5uAnB= 3 304° = 152°.

Ham u3BecTHO, eciyv M3 OJHOI TOYKMU IPOBEACHBI JIBE KacaTeJbHbIE K
OKPY>XHOCTH, TO OTPE3KM KacaTeJbHbIX, 3aKJIOUEHHbIE MEXIY 3TON TOUYKOM

U TOuKaMu KacaHus, paBHbl. [loatomy TtpeyroibHuk ACB — paBHOOEn-
PEHHBIA.

CnenoBarenbHo, LCAB= ZCBA=28°u /BAD= ZABE=152°.
Omeem: LCAB= 2CBA=128°, ZBAD= Z/ABE=152".

138



2. Yriabl, 00pa3oBaHHbIE NMEPECEKAIONMMHUCS XOPAAMH.
Teopema 2.

Kaxnapiiik u3 BCPTHKAJIbHBIX YIJIOB, 06pa301;ammx JIIOOBIMH ABYMS
NepeCeKAINMUMHUCA XOopAaMHu, U3MEPACTCA HOJchyMMOﬁ Ayr, Ha KOTOpbi¢
OnmuparnTCAa €ro CTOPOHbI U UX MPOAOJIZKCHUA.

Jlokazamenvcmeo. Ilycte ZABC — onuH U3 NBYX YIJIOB, 0Opa30BaHHbLIN
nepecekaromumucss xopgamu CD u AE  (puc. 3). JokaxeMm, 4TO

1
Z/ABC = E(UAC +UDFE) . 115 31010, COeAMHUM TOYKM A u D, Torma yroiu
ABC gBnsieTcss BHELIHUM YIJIOM TpeyrojbHuka AABD. CienoBaresibHO,

ZABC= /ADC+ /DAE. Ho /ADC = % UAC u /DAE = % U DE . Tlo-
otomy ZABC =20 AC + U DE = 2 (UAC + UDE)

AHaJIorMyHO nokaxurte, ytro ZABD = 2/ CBE = %(UAD +UEC).

3amaua 2. Ilyctb AB u CD — Xopabl OTHOI
OKPY>XHOCTHM, KOTOpBIE IepeceKaloTcsl B Touke P.
Haiinute yron CBP, ecnim yron BPD B 4 paza
oonbiie yra BPC, a yron CDA Ha 26° OGoiblie
yria BPC.

Mano: «BPD=4/BPC, /CDA = /BPC+ 26°
(puc. 4).

Tpedyemcs naimu: ~ CBP.

Pewenue. BPD+ /BPC=180°, 4/BPC+
+ ZBPC = 180°, orciona 52BPC = 180° u HakoHel, /BPC = 36°.

ZCDA= ZBPC+ 26°= 36"+ 26°= 62°. L/CBA= ZCDA= 62°, TaKk KaK

OHM SIBJISIOTCS BHYTPEHHMMM YyIVIaMM, omuparoiidecs Ha omHy ayry UAC.
Orcrona LCBP= ~CBA= 62°.

Omeem: L CBP= 62°.

3. VYroa, o0pa3oBaHHbIiA JBYMSI CEKYIIMMH, IMepeceKalomuMHucs BHe
OKPYKHOCTH.

Teopema 3.

Yron (ABC), oOpa3oBaHHBIii JABYMSI CeKY-
IMMH, TePeceKaloMMUMUCS BHE OKPYXHOCTH,
usmepsercs mnoaypasHoctoio ayr (AC u DE),
3aKJII0Y€HHbIX BHYTPH YTJIa.

Ilokazamenvcmeo. Ilycth cexymme BA u BC
nmepecekaloTcss B Touke B. JlokaxkeM, 4YTO

/B = %(UAC —~UDE). Jlnsg 9TOr0  COENMHMM
Touku A u E (puc. 5). Yron AEC — BHEWIHUH 1O
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OTHOLLIEHUIO K TpeyroibHUKy AEB. 3nauutr, ZAEC= /B+ ZDAE, otkyna
£4B= /ZAEC— DAE. Ho, ZAEC= 0,50AC u £DAEF=0,50DE. Cnenona-
TeJIbHO, TOJYPa3HOCTbIO 3TUX YT U3MEPSIETCS U TaHHBIN Yro:

1 1 1

3HauuT, 4yTO0 /B = %(UAC -~ UDE). Teopema noka3aHa.
4. CpoiicTBa JBYX KacaTeJbHbIX, NPOBEIEHHBIX M3 OIHOH TOYKH K
OKPYKHOCTH.
Teopema 4.
Yron, o0pa3oBaHHbIi ABYMS KacaTeJbHbIMH, NPOBEIECHHBIMA H3 OXHOIM
TOYKH K OKpPYXKHOCTH paBeH pasHoctd 180° ®W MeHbmieid wu3 ayr
3aK/MI0YEHHBIX MEXAY TOYKAMH KaCaHMS.

Jlokazamenvcmeo. Ilyctb KacateiabHble BC
@ C U BA K OKpPYXHOCTU C LEHTpOM B Touke O,
MpoOBeeHHbIE M3 TOYKM B U Kacawluiuecs
OKpy>XHOCTM B Toukax Cu A, u BD Ouc-
0 cektpuca yria ABC. dokaxem, uto AB= CB,
u ueHtp O nexut Ha BD, u /B=180°—uwAC
7l (puc. 6).

IIpoBenem pamuycel OA u OC, Tak Kak
OAL BA u OCLBC, To NAAOB n ANCOB —
MpSIMOYTOJIbHbIe, M OHU paBHbBl AAOB=
= ACOB, Tak KaK MMEIOT OOILYIO0 TMIOTEeHY3Yy
BO, u paBHbie karetei OA= OC=R. U3
paBeHCTBa TpeyrojbHUKOB, cienyer AB= BC.
Tak kak OC= OA= R u OA1 BA, AB= BC n

. )’C//]{ OC 1 BC, 1o cnenyeT, uyto HeHTp O JIEXUT Ha

- ouccekTtpuce BD. Ha ocHOBaHUM TEOpPEMEBI O

CBOIMCTBE M3MEpEeHUs YIJIOB, OOpa30BaHHBIX
JNBYMsI CEKYIIMMMU, MEPECEKAIOIIMMUCI BHE OKPYKHOCTU, UMEEM:

/B=0,5uADC — uAC) = 0,5(360° — UAC — UCA) = 180° — UAC,
3HauuT, /B = 180°— UAC.

Teopema nokaszaHa.

3amaua 3. OKpyxXHOCTb pasgeieHa TouykamMmu A, B u C Ha nyru,
rpagycHble BEJIMYMHBI KOTOPBIX OTHOCATCS Kak 11 : 3 :4. Yepe3 Touku A, B
n C npoBeleHbl KacaTesibHble A0 MX B3aMMHOTO mnepecedyeHus. Haiinure
yIJIbl 00pa30BaBIIEroCsl TPEYTroJbHUKA.

Pewenue. 1) UBnC:UCD:UDB=11:3:4. Ilyctb AKL — Tpeyroiyib-
HUK 0Opa30BaHHBIN KacaTeJIbHbIMU, MPOBEACHHBIMU Y€pe3 TOYKM KacaHMsI
0 UX B3auMHoro nepeceueHust (puc. 7). Haxooum yrasl A, AKL n ALK:

360° o 3600

-3=60°;
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n s

360° ..
UDB—m‘4—80 P}

UCDB=uCD+uDB=060°+ 80° = 140°;

£LA=180°—UCDB= 180" — 140° = 40°,

ZBKD=180°—uDB= 180" —80° = 100°,

LAKL = 180°— 2BKD = 180° — 100° = 80°,

LALK=180°— (LA+ £AKL) = 180° — (40° + 80°) = 180° — 120° = 60°.
Omeem: LA= 40°, LAKL = 80°, ZALK = 60°.

Bonpocst, 3a0auu u 3adanus

1) Kak uzMepsieTcs yroj: MeXay KacaTeJIbHOU U XOPIOi; MEXIy NBYMS
MepeceKaloMMUcs XopaaMu; OOpa30BaHHbBIM ABYMSI CEKyIIUMU, Tie-
peceKarolMMUCs] BHE OKPYXKHOCTU?

2) Kakum CBOMCTBOM 00J1alalOT JBE KacaTeJibHble, IMPOBEAEHHbIC U3
OIHOU TOYKU?

HaiinuTe yron, oOpa3oBaHHBIM Xopmoil AB, MIMHA KOTOpOl paBHa
paauycy OKpy>XHOCTH, U KacaTeJIbHOM, NMpOoXoAsiliell yepe3 Touky A?
OauH u3 yrioB, OOpa30BaHHBIX IEPECEKAIOIIMMUCI XOpIaMu, paBeH
70°. Haiinute CymMMy YIJIOB, CMEXHBIX JaHHOMY.

Ilo naHHBIM puc. 8 HalIUTE BEIMYMHY HEUM3BECTHOIO yIJja X.

Yron wmexny naByms panuycamu paBeH 150°. Haitnute yrom mexmy
KacaTe/JbHbIMU, MPOBEACHHBIMU Yepe3 KOHIIbl 3TUX PaauyCoB
KacarenbHble BA u BC, nipoBelieHHbIE K OKPY>KHOCTU M3 TOYKU B, TOu-
KaMy KacaHUs JeJsIT OKPY>KHOCTb Ha Ayry, oTHocsiMecs Kak: 1) 5:4;
2)12:6; 3) 9:6; 4) 13:7; 5) 2: 3. Haiinute BeamnuuHy yriaa ABC .
Yepes KoHel XOpabl, ACSIIEH OKPYXHOCTb B OTHoweHuu: 1) 2:7;
2) 4:5 mnpoBeneHbl KacarejbHble. Haiiaute yriael 00pa3oBaBIIErocs
TpeyroJjbHHUKa.

HaiinuTe yron Mexnay KacaTeJlbHbIMM, IPOBEIEHHBIMU U3 TOYKHU,
BHEIIIHEH MO OTHOLIEHUIO K OKPYXXHOCTH, €CJIM TOYKM KacaHUs ACNST
OKPY>XHOCTb Ha JBE JYI'M, OTHOCSILMECS KakK:

1) 1:9; 2) 3:15; 3) 7:11; 4)3:7.

Yron mexny nByms paadycamu paseH: 1) 52°; 2) 74°; 3) 104°. Haitnure
YIOJl MEXJIy KacaTeJbHbIMM, IPOBEACHHBIMU Yepe3 KOHIIbI 3TUX PaauyCOB.
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((__ 59. CBOVMICTBA XOPJI U TUAMETPOB OKPYKHOCTEN ))

Teopema 1.

JlaaMeTp, mepneHIUKYJISAPHBIA XOpae, MEJUT 3Ty XOpAY H CTATHBAEMYIO
€10 JIyTy momnoJiam.

Hoxazamenscmeo. IlycTb HgaHa  OKPY>KHOCTH
¢ ueHtpoMm O u pamuycoM R, nuamerp CD mepneH-
IUKYIsipeH xopae AB, P — touka nepeceyeHusi CD u
AB (puc. 1). okaxem, yto AP= PBu UAD = UDB.

B cnyuae, xorma xopma AB cama sIBsSIeTcsl aua-
METpOM, TouKa P coBnagaeT ¢ LieHTpoM O U YTBEpXK-
JeHue TeopeMbl oueBuaHO. Ilycth xopma AB He
sBisieTcst nuametpom. Ilposenem paauycbl OA u OB.
TpeyronbHUK AOB — paBHOOEAPEHHBIN, TaK Kak
OA= OB= R. Tak kak OP — BbICOTa, OIlylLUEHHAas
Ha OCHOBaHUE€ AB, TO OHa IO CBOMCTBY paBHOOEIPEHHOIO TPEYroJbHUKA
SIBJISIETCSI MEAMAHOM, TPOBEACHHOM K OCHOBAaHUIO, U OUCCEKTPUCOW yria
npu BepurHe O. CrenoBaTelbHO, TMAMETP, MPOXOASIIMIA 4Yepe3 cepeauHy
Xopnbl, Aeaut xopay AB nomonam, T.e. AP= PB. Tak kak OP— Ouc-
cektpuca yrma AOB, to ZAOP= ZBOP, cnenoBarenbHo, UAD = UDB.
TeopeMa moka3zaHa.

Teopema 2.

Xop,[[a OKPY2KHOCTH HE€ NPEBOCXOIHUT €€ NuaMeTpa.

Jlokazamenvcmeo. TpeyronibHUK OPB — TpsIMOYTOJIbHBIN (cM. puc. 1).
Torma B aTOM TpeyrojbHuke pamuyc OB — runoteHy3a, PB — karer. Ho
U3BECTHO, UTO KaTeT He OoJibllie TMIIOTeHY3hl, T.c. PB< OB, cinegoBaTeib-
HO, 2PB<2- OB u 2PB=AB u 20B=2R=d. 3nauur, AB<d.

Cnencreue 1. Ecau duamemp npoxooum uepe3 cepedury Xxopobvl, He
aeasowelics ouamempom, mo oH nepneHOUKyaapeH 3moi xopoe.

Cnencreue 2. CepedunHblli hepneHOUKYAap Xopovl, s8a1emcs ouamempom
OKPYICHOCMU.

JloKaxXuTe CaMOCTOSITEIbHO 3TU YTBEPXKIACHMSI.

3anaya 1. [lokaxwuTe, 4yTO IMaMeTp €CThb HaMOOJIbllas Xopaa OKpPYXK-
HOCTH.

@ 4
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Pewenue. Tlyctb 1aHa OKpYyXXKHOCTb C LIEHTPOM B Touke O M paamycom
R, AB— npou3sBojibHas1 Xopaa, oTJau4YHas oT auametpa (puc. 2). IIpoBenem
otpesku OA u OB. B tpeyronbHuke AOB ctopoHa AB MeEHbIE CyMMbI
IByX Apyrux ctopoH, T.e. AB< OA+ OB= R+ R=2R. CnenoBaTeibHO,
xopna AB meHblIe guaMerpa.

3anaya 2. Touka A pacnojiokeHa BHE OKPYXHOCTU C paguycoM R u
ynajgeHa oT ueHTpa O 3TOi OKpPYXHOCTM Ha paccrossHue d. Yemy paBHO
HaMMEHbIIIee PACCTOSIHME OT TOYKU A 0 TOYEK JaHHON OKPYKHOCTH?

Pewenue. Tlycte B — TOYKa TepeceuyeHusi OKPYKHOCTU ¢ oTpe3koM OA
(puc. 3). ITokaxem, 4TO pacctosiHue AB SBisIeTCS HaMMEHBIIUM U3 BCEX
BO3MOXHbBIX PACCTOSIHUIA OT TOYKU A 10 TOUYEK OKPYKHOCTH. JleiicTBUTEb-
HO, 1151 J1IoOo# npyroit Touku C OKPY>KHOCTU BBIMOJHSIETCSI HEPABEHCTBO
AB+ BO<AC+ CO. Tak kxak BO= CO= R, TO uU3 3TOro HepaBeHCTBa
nosyyaeM HepaBeHCTBO AB< AC. VYuwuthiBasg, uro AO=d u BO=R,
MojlyyaeM, 4TO MCKOMOE HaMMEHbIIEe PAacCTOSIHME PaBHO JUIMHE OTpe3Ka
AB, T.e. paBHO d — R.

Bonpocst, 3a0auu u 3adanus

1. 1) Kakumu cBoiictBamu objanaer aMameTp, MepreHIuKyJIsIpHbIi Xopae?

2) Moxet i xopaa OKpY>KHOCTU ObITh OOJIbllIe ArameTpa?

3) MoxXeT iu cepeAMHHBIN NEePIEHIUKYJISIP XOPbl HE ObITh AUaMeTpoM?

2. HauepTtuTe OKpPYXHOCTh M NPOBEAUTE JiBa MEPHEHIUKYISIPHBIX APYr
npyry nuamerpa AB u CD. Haiinute rpamycHble Mephl AYT, Ha KOTOpPHIE
JEJIAT OKPYKHOCTb Touku A, B, Cu D.

3. Haiinute paccTtosiHue OT LIEHTpa OKPYXXKHOCTM 10 XOpPIbl, €CJIM XOopja
JIUJIMHON 8 cm crsiruBaer ayry B 90°.

4. VI3 pmaHHOM TOYKM OKPYXHOCTU TIPOBEIEHBI JIBE XOpIbl, paBHbIC
panuycy okpyxHocTtu. Haiinure yroa mMexmay HUMU.

5. W3 naHHOI TOYKM OKPYKHOCTU MPOBEACHBI AMAMETP M XOpja, paBHas
paguycy okpyxxHocTtu. Haiiaure yron mexay HUMu (puc. 4).

6. B okpyXHOCTM MpoBeACHbI JABE MapasjeibHble XOpPJbl, CTSATMBAIOIIME
ayry B 90°. InuHa omHoil u3 HuUX 8 cm. Haiigute paccTossHue MeXAy
XOpJaMM.

7. JlokaxuTe, 4TO ABE XOPIbl OKPY>KHOCTH, KOTOpPbIE HE IMPOXOIST 4epe3
ee LEHTp, MepeceKasiCb, HE MOTYT JACJIUThLCS MOIOJIaM.

8. OT TOUYKM A OKPYXHOCTH MNpoBeaeHbl ABe Xopabl AB u AC, nauHbl KO-
TOpbIX paBHBI paguycy. Touku B u C coenrHeHbl oTpe3koM. Hailigute
paccTosiHue OT LEeHTpa OKPYKHOCTU 00 Xopabl BC, ecnin R= 12 cm.

9. B OKpYyXXHOCTM IPOBEJEHBI JIBe MapasiebHbIe XOPAbl, CTATMBAIOLINE TYTY
B 90°. InuHa onHoit u3 Hux 10 cm. HaiiauTe paccrosiHue MexXiy XOopaaMmu.

10. Paguyc okpyxHocTtu paBeH 13 cm. IlpoBeaeHa xopaa 3Toi OKpPY>KHOCTH,
paBHast 10 cm. BerumciavTe paccTosiHUME OT LIEHTpa OKPYXKHOCTU J0 XOPIBbI.

11. Otpe3ok AB — nuametp OKpykHocTu c LieHTpoM O, AC u CB — pas-
HbI€ XOpAbl 3TON oKpyxHocTtu. Haiinure yron COB.
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( 60. IIPAKTUYECKUE 3ATAHUA U ITPUMEHEHUE D

TOMOJHUTEJIBHBIN MATEPUAJI, PA3BUBAIOIIIN
IMPAKTUYECKUE KOMIIEHTEHIINU

JAJIBHOCTb I'OPU30OHTA

3amaua 1. (OnopHas 3adaua.) [doxaxure, 4TO KBaApaT IJIMHBI OTpe3Ka
KacaTeJbHOM paBeH IIPOM3BEASHUIO IJIMHBI OTpe3Ka CeKyllell Ha IJIMHY ee
BHEIIHEW 4acTu.

Pewenue. TlycTh 13 TOUKU B BHE OKPY:KHOCTU C LEHTpoM O IIpOBeIeHBI
cexywasi BE u, kacarenbHeie BC u BD (puc. 1).

Hoxaxem, uto BC? = BE - BA. Jlna 3Toro pac-
CMOTpPUM  IIpSIMOYTOJIbHBIA  TpeyrojbHUK  BOC
(£C=90°). Orkyna no teopeme [ludaropa:

BC? = BO*- 0C*.

B 5T0 paBeHCTBO MOACTAaBUM Clenylolue 0003-
C HaueHust BO=BA+ AO=BA+ R u OC= R, nony-
YEeHHOE PaBEHCTBO YIIPOCTUM:

BC* =(BA+R)’-R* = BC* =BA +2BA-R+R -R =
= BC? =BA> +2BA-R= BC? =BA-(BA+2R) >
= BC? = BA- BE

YTto 1 TpeboBaIOCh J10OKA3aTh.

1. IlonsaTHe 0 rOpH30OHTE.

Ha poBHOM I10Ji¢ BbI BUAUTE ce0SI B LIEHTPE OKPYKHOCTH, KOTOpasl orpa-
HUYMBAET NOCTYIIHYIO BallleMy IJla3y 3€MHYIO ITOBEPXHOCTb. DTO — TOPM30HT.
JIluHus ropu3oHTa HEyJOBHMMA: KOINa Bbl MAETe K HEM, OoHa OT Bac OTOI-
Buraetcs. Ho, HegocTymHasi, OHa BCe Xe peaJibHO CYIIECTBYET; 3TO HE OOMaH
3peHusl, He Mupax. s Kaxkaoi TOYKM HaOJIOAEHUs MMEETCS OIpeacsIeHHas
rpaHuvIla BUAUMOU M3 HEE 3EMHOU MOBEPXHOCTU, M NAJTbHOCTH 3TOU TPAHUILIBI
HETPYOHO BBIYUCIUTH. YTOOBI YSICHUTH cebe IeoMeTpUYECKUe OTHOIICHUS,
CBsI3aHHBIE C TOPU3OHTOM, OOpaTUMCS K puc. 1 (umu puc. 2), nzodbpaxaroliemy
yacTb 3¢MHOro Iiapa. B Touke B momelaeTcs Iy1a3 HaOJrogaTessi Ha BBICOTE
BA Haj 3eMHOI NMOBEpxHOCThIO. Kak maneko BUAUT Kpyrom cedsi Ha pOBHOM
MecTe 3TOT HaOmopatenb? O4yeBUIHO, TOJAbKO n0 Touek C u D (puc. 1) uam
no touku C (puc. 2), Toe Jy4 3peHUs KacaeTcsl 3eMHOM IOBEPXHOCTU: JAaJIbIIIEe
3eMJIS JIEKUT HVDKE JIyda 3peHUs. DTU TOYKM (M Opyrue, JieXallue Ha Oyre
okpyxHoctTu DAC) mipeAcTaBisioT co0Oil IpaHUIy BUAMMOR 4YacTU 3eMHOM
MOBEPXHOCTU, T.e. OOpa3yloT JMHUIO TOpu3oHTa. HaOmomarenro MIOMKHO
Ka3aThCsl, UTO 3[eCh HeOO OIMpaeTCsl Ha 3eMJIIO, IIOTOMY UYTO B 3THUX TOYKax
OH BUAUT OJHOBPEMEHHO U HEOO W 3eMHBIC IIPEAMETHI.

2. JlaibHOCTDH TOPHU30HTA.

Kak xe paneko JexXuT OT HaOomarensl JUHUS TopuizoHTa? Hpyrumu
CJIOBaMM: KaK BeJMK paguyc TOTO Kpyra, B LIEHTpEe KOTOPOro MBI BUIAUM CeOs
Ha poBHOII MecTHOCTU? Kak BBIYMCIMTH JAJIbHOCTb TOPU30HTA, 3HAsl BEJIM-
YHY BO3BBIIIEHUS HaOIoAaTesIsI Hal 36MHOM ITOBEPXHOCThIO?
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3agaya CBOIMTCS K BBIYMCIIEHUWIO JJIMHBI oTpe3ka BC (puc. 2) KacaTesb-
HOI, MPOBEAEHHOI U3 rja3a HabjomaTesss K 3eMHOI IoBepxHOCTH. KBampat
KacaTeJbHOM — KakK MBI 3HaeM M3 pellleHus 3aJauyd 1 — paBeH MpPOU3BEIECHUIO
BHEIIHEro oTpe3ka BA=h cekyllleil Ha BCIO IJIMHY 3TOI CeKyllei, T.e. Ha
BE=h+2R d*>=(h+2R)-h, tne R — pamuyc 3eMmHoro mapa, BC=d —
JaJIbHOCTh TOpU30HTA. TakK KakK BO3BBILICHME IJia3a HaOJmomaTesIs Hal 3eMiieit
OOBIYHO KpaliHe MaJlo II0 CpaBHEHHMIO ¢ auameTpoM (2R) 3emMHoro 1iapa,
COCTaBJIsIsI HampuUMep, s BbICOYaillliero MOAHATHSI camojiera okojio 0,001
nuamMeTrpa, To 2R+ h MOXHO TpUHSATL paBHBIM 2R, M Torma dopmyna
YIIPOCTUTCS:

d? ~2Rh.
3HAYUT, NAJTBHOCTh TOPU30HTA MOXHO BBIUMCIISATH IO OYEHb IIPOCTOM

bopmyie:

d ~J2Rh ,
rae R — paauyc 3emHoro imapa (okojo 6400 km, uiau Tounee 6371 km), a h —
BO3BBILICHKE IJ1a3a HAOII0HATe ST Hal 3¢eMHOM MOBEPXHOCTBIO.

Tak kak /6400 = 80, To popMysae MOXHO NPUIATH CICIYIOLIAI BUI;

d ~802h ~ 113Jh

rae 4 HeIpeMEHHO JOJDKHO OBITh BBIPAXXEHO B YACTIX KUJIOMETpa.
3amaua 2. Kak pmajneko BMIHA MOBEPXHOCTb 3eMJIM C caMoJjeTa, JIETSILEro

Ha BbicoTe 10 km Hanm 3emieil (panuyc 3emiu
okoso 6370 km.) @

h ;._... ‘—

Pewenue. OA= R~6370km, AB=h= B
=10km. Haxonum BC=d (puc. 2). Bel 3Ha- |AB =h=10km d
eTe, 4YTO KBaapaT IMHBI OTpe3Ka KacaTeslb- A
HOIl paBeH IPOU3BEACHUIO [UIMHBI OTpe3Ka
CEKYIIEH Ha IJIMHY €€ BHEIIHEW 4YacTH, T.€. R~ 6§10km <
d>=(h+2R)-h wm
d*> = (10 + 2 - 6370) - 10 = 127 500,

oTcCroga: 0

d = /127500 = +/51-2500 = 50/51 ~
~ 507,141 = 357,05 ~ 360 (km).

Omeem: ~ 360 km.

3amaua 3. Kak nmajeko BUAHA ITOBEPXHOCTh 3€MJIM C BO3AYIIHOIO Iiiapa,
JIETSIIEero Ha Bbicote 4 km (pamuyc 3emau okojo 6370 km)?

Omeem: =~ 225,8 km.

3amaua 4. Kak gajgeko MOXHO BUIETh ITOBEPXHOCTh 3€MJIM C BEPLIMHBI
Dnpopyca, BO3BBILIAIOLIEIOCS Hal YPOBHEM Mopst 0Kojo 5600 m (TouHee 5642
m)? Paguyc 3emim okosio 6370 km.

Omeem: ~ 270 km.

Ilpumeuanue! Ilpusedennvie pacuemovt uucmo ceomempuueckue, YNpOuleHHble.
30ech He yumeHbl u3uteckue GaKmopsl, eausgoule Ha 0AAbHOCMb 20PU3OHMA.
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C( 3AMEYATEJIBHBIE TOUKHA TPEYTOJIBbHUKA ))

PaccMoTpuM ueThipe 3aMedaTesbHble TOUKM TPEYroJIbHUKA.
1. Touka mepeceyeHHs BbICOT TPEYroJIbHUKA.
Teopema 1.

BbicoThl TpeyroJibHuKa (MJIM HX MPOJOIKEHHs) MEPEeceKaoTCs B OHOM TOYKE.

Joxaszameavcmeo. Ilycte AD, BF n CE —
BBICOTHI TpeyroiabHuka ABC (puc. 1, a). Ilposens
yepe3 BEepLIMHbI TPEYroJIbHMKa IIpsIMble, I1apaj-
JIeJIbHbIe IIPOTUBOJIEXAIIUM CTOPOHAM, ITOJIYYUM
TpeyroibHuK A,B,;C,, CTOPOHBI KOTOpPOIO IEpP-
NEHIUKYISIPHBL BBICOTAM TpeyrojbHMKa. Ilo
MOCTPOEHUI0  yeTbipexyroibHuku C,BCA wu
B, ABC — napamnenorpammel, otkyna C,A= BC u
BC = AB,. CnenoBarenbHO, TOuKa A — cepenurHa
orpe3ka B,C,. AHaJOIrMYHO [0OKa3blBacM, 4TO
touka B — cepenuHa A, C; u C — cepenuHa A, B,.

Takum oOpa3zom, BwicOThl AD, BF u CE
JIeXaT Ha CepeIMHHBIX MepIeHIUKYJISIpaX K CTO-
poHaMm TpeyrojbHuKa A,B,C,, KOTOpbIe mepece-
KaloTCsl B OJHON TOYKe. 3aMeTUM, YTO BBICOTHI
TpeyrojibHUKa MOTYT He mepecekarbcs. Ha puc.
1, 60 u300paxeH TYNOYroJbHBII TPEYroJabHUK,
B KOTOPOM IIPOJOJDKEHMS BBICOT IIepeceKaloTcCs
B OJHOUW Touke D, a caMu BBICOTHI He Iiepece-
KaloTcs.

Touky mnepeceyeHuss BbICOT (WM HUX MpPO-
JIOJDKEHUI) MHauYe Ha3bIBAIOT OpMOUEeHmpoM Tpe-
YTOJIbHUKA.

3amaua. K Kakoil u3 CTOpPOH TpeyrojbHUKa
OJI1Ke pacIIOIOKEeH OpPTOLIEHTP?

Pewenue. Ilyctb B TpeyronbHuke ABC
AC> BC (puc. 2). Bocnioiab3yemcst TeM, 4TO MJIS
A D B BbICOTBI CD 3TOro TeyrojbHMKa OyIeT BBIIIOJI-
HSATbCSI HepaBeHCTBO AD > BD u, cienoBaTebHO
ZACD> BCD. DTo 03HayaeT, YTO TOUKHM BBICOTHI PACHOJOXKEHBI OJMKe K
MEHbBIIE U3 CTOPOH, BBIXOMAINUMX M3 3Toil BepluuHbL. CleaoBaTeIbHO,
OPTOLIEHTP TPEYTOJbHUKA PACHOJOXEH OJIMKe K MEHbIIell CTOpOHE

2. Touka nepeceyeHns1 MeIHAH TPEYroJbHHUKA.

Teopema 2.

Menuanbl TPEYroJibHUKA MEPECEKAITCA B OJIHOM TOYKE M JIeJATCA B ITOM
TOYKE B OTHONIIECHUH 2 : 1, CYMTaA OT BCPIIHH.
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IHokazameascmeso.  Ilyctb B TpeyroiabHuke ABC
nposeaeHbl Meauansl AA,, BB, v CC, (puc. 3). o-
KaXeM, UTO OHU IlepeceKalocsl B HeKOTOpoil Touke O,
npuyeM AO: OA,= BO: OB,= CO: OC,= 2: 1.

Ilycte O — touka nepeceueHust meauad AA, u CC,,
Touku D u E — cepenunbsl otpe3koB A0 u CO
CcoOTBETCTBEHHO. OTpe3ok C\A, — cpenHsisl JUHUS Tpe-
yroaibHUKa ABC, M 1O CBOMCTBY CpedHel JMHUU
tpeyronbHuka: CA, | AC, C,A,=0,54C. Kpome TorO,
DE— cpennsass nuHusl TpeyrojibHuka AOC, u mo Tomy
xe cBoiictBy: DE|| AC, DE=0,5AC. 3HauuT, B YeThI-
pexyroipHuke DC,AE nBe CTOPOHBI MapaUieibHbl U
paBHbl. Takum obpazom, DC\A,E — mnapasienorpamm,
n ero guaroHam DA, u C\E TOukoil mnepeceyeHUs
nensitcsa  nononam. CnenosarenbHo, AD= DO =O0A,,
CE=EO= 0OC,, T.e. Touka O penur menuaHsl AA, u
CC, B oTHOLIEHUH 2 : 1.

AHaJIOTMYHO JOKa3blBa€M, YTO M TPEThsl MeAuaHa
BB, TOuKOI1 nepeceyeHUs1 ¢ Kaxaou u3 meauaH AA, u
CC, nemurcsa B OTHOLIEHMM 2: 1. A MOCKOJIBKY Takas
TOYKa JAEJeHUsl I Kaxaod W3 MeIuaH EAMHCT-
BEHHasl, TO, CJIENOBATEJbHO, BCE TP MEIMAHbI MEPECEKAIOTCS B OAHOM TOUKE.

Touky nepeceyeHuss MeAMaH TPEYTOJbHUKA MHA4Ye HA3BIBAIOT UEHMPOUOOM
WIN YeHmpom macc TPeyrojibHUKa. B yMECTHOCTM TaKOro Ha3BaHMS Bbl MOXETE
yOeouTbCsl, MPOBEAs] OSKCHEPUMEHT: BBIPEXBTE W3 KapTOHA TPEYroJIbHUK
MPOM3BOJIbHON (DOPMBI, POBEAUTE B HEM MEAMAHBI M MONPOOYITE yAepXKaTb
€ro B PaBHOBECUM, TOJOXMB Ha WMy WIA OCTPbI KapaHAall B TOYKE
nepeceyeHus1 MenuaH (puc. 4).

3. Touka nepeceyeHHs: OMCCEKTPUC TPEYTrOJbHUKA.

Teopema 3.

BuccekTpuCchl TPEYroJIbHUKA NMEPECEKAITCS B OTHOW TOYKe.

Jlokazamenascmeo. O0603HaUMM OyKBOII O TOUKY IepecedeHUs] OMCCEKTPUC
AA,; n BB, tpeyronbHuka ABC v mnpoBeneM U3 3TOM TOYKM IEPIEHAUKYJISPI
AB, BC u CA cootrBerctBeHHO K IpsiMbiM OK, OL u OM (puc. 5). Ham
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M3BECTHO, YTO KaxKaasi TOYKa OMCCEKTPMCHI Hepa3BEepPHYTOIO yIja paBHOYyIA-
jeHa oT ero ctopoH: OK= OK u OK= OL. Ilosatomy ON= OL, T.e. TouKka
O paBHOynaseHa OT CTOpoH yria ACB u, 3HauuT, JexuT Ha ouccekrpuce CC,
aroro ymia. CienoBaTelbHO, BCe TpU OMCCEKTpUCHI TpeyrojbHuka ABC mepe-
cekaloTcs B Touke (O, 4TO U TpeOOBaIOCh JOKA3aTh.

4. Touka nepeceyeHns cepeIUHHBIX MEPHECHAUKYJISAPOB TPEYroJIbHUKA.

Teopema 4.

Cepelll/lﬂﬂble NEPNECHIAUKYJISAPbI, MPOBCICHHBIC K CTOPOHAM TPEYroJbHHKaA
NEepPeCceKarnTCa B O/ITHOM TOYKe.

Joxazameavcmeo. O003HaUMM OYKBOUM O TOUKY IepecedeHUs] CepeIuHHBIX
MePIEeHANKYISIPOB m U n K ctopoHaM AB u BC tpeyronbHuka ABC (puc. 6).
Ham m3BecTHO, 4TO KaxKmasi TOUKa CEepPEeIMHHOrO MEpIEHIMKYISIpa K OTPE3KY
paBHOyJajgeHa OT KOHIOB 3Toro orpeska: OA= OB (1) u OB= 0C (2). U3
paBeHCTB (1) u (2) HaxoouMm: OA= OC, T.e. Touka O paBHOyAajJ€Ha OT KOHIIOB
orpe3ka AC u, 3HAYUT, JIEKUT HA CEPeAMHHOM MNEPIEHIMKYISIPE p K 3TOMY
oTpe3ky. CiemoBaTebHO, BCe TPU CEPEAMHHBIX NEpPHEeHIUKYJsIpa m, n U p K
CTOpOHAaM TpeyroJibHUKa IlepecekatoTcss B Touke O. Teopema mokaszaHa.

Bonpocst, 3a0auu u 3adanus

1. 1) Bcerna i1u BBICOTHI TPEYTOJbHUKA IepeceKaroTcs?

2 2) CKOJBKO BBI 3HAETE 3aMeyaTesIbHBIX TOYEK B TPEYrOJIbHUKE?

2. Kak pacrnoioxeHBl 3aMeyaTe/ibHble TOYKM B PaBHOCTOPOHHEM TPEYIoJib-
HUKe?

3. Eciu B TpeyrojbHHMKE IBE MEIMaHbI paBHBI, TO OH -
paBHOOeApeHHbI. JlokaxuTe. @ B
Pewenue. Ilycts B TpeyroiabHuke ABC menuaHbsl AD
u CE mnepecekatorcst B Touke O (puc. 7). PaccMor-
puM TpeyroabHUkKu AOE u COD. I1ocKoJIbKYy TOYKa E D
O penuT Kaxnylo u3 paBHbIX MenuaH AD u CE B
otHoumieHuu 2:1, to AO= CO, EO= DO. Kpome 0
toro, ZAOE= 2ZCOD Xak BepTUKaJbHBIC. 3HAYUT,
AAOE= ACOD mno mnepsoMmy npusHaky. Orcioga |4 C
cienyetr AE= CD. Ho mno ompeneneHUI0 MeIUaHBbI,
3TU OTPEe3KU — II0JIOBUHBI CTOpoH AB u CB. CnemgoBatenbHo, AB= CB,
T.e. TpeyroiabHUuK ABC paBHOOenpeHHEbI. YTO 1 TpeOOoBaIOCh JOKAa3aTh.

4. JlokaxuTte, 4To B pPaBHOOCAPEHHOM TPEYrOJIbHUKE BCE YETBhIPE 3aMe-
yaTeJbHbIC TOUYKU JIexXaT Ha ogHo# mpsimMoil. Kakast aTo mpsimas?

5. B TpeyrojbHHMKe TOYKa IIepeceueHUs] MeIUaH COBIIAJaeT C OPTOLIEHTPOM.
JlokaxuTe, 4TO HaHHBIA TPEYTrOJbHUK PaBHOCTOPOHHMIA.

6. Moxer au BeplIMHA TPEYroJbHUKA OBITh TOYKOW IIEPECEYCHMSI €ro
BBICOT?

7. Touka nepeceyeHUss MeIWaH TPEYroJbHUKA AEIUT OOHY W3 MeIWaH Ha
OTpe3KM, pa3HOCTh KOTOPhIX paBHa 3 cm. HaiinuTe nauHy 3TOI MeAuaHBbI.
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((61-62. KOHTPOJIbHASL PABOTA 5. PABOTA HAJI OLIMBKAMH)

1

2.

. AB — nmameTp okpyxHoctu ¢ LieHTpoMm O. Haiinure yron DCO, ecnu
0OA=0C=AC.

HauGonblllee M HauMMeHblIee pacCTOSHMS OT JaHHOW TOYKU, paclo-
JIOXKEHHOM BHE OKPYXXHOCTH, IO TOYEK OKPY:KHOCTU paBHBl COOT-
BeTcTBeHHO 50 cm u 20 cm. Halinute pannyc 1aHHOW OKPY>KHOCTH.
IIpsmeie AB n AC xacaroTcsl OKpy:KHOCTH ¢ HeHTpoMm O, B Toukax B u C.
Haiinure BC, ecitu ZOAB=30"u AB=5 cm.

OKpyXHOCTb pasiejeHa Ha TpU 4YacTu, TIpadyCHble Mephl KOTOPBIX
oTHocsATCc Kak 11 : 16 : 9. HaiiguTe yriabl TpeyrojbHHUKA, ITOJIy4EHHOTO
MOCJIEA0BAaTEeIbHBIM COSAUHEHUEM TOYEK ASEeHUSI.

TECT 5 IlpoBeprTe ceba!

. PaccrossHue oT LieHTpa OKpPY:XHOCTU OO TOYKM B paBHO 5 cm, pamuyc

12 cm. Haligure HamMeHbllee M HauOOJbllee PacCTOSIHUE OT TOYKM B 1o
TOYEK JAHHON OKPY>KHOCTHU.
A)7cm,17cm; Bb)7cm, 12cm; C)5cm, 7cm; ) 7 cm, 24 cm.

. Haubonblllee M HauMeHblee pacCTOSIHMSI OT JaHHOW TOYKM, pacIlojio-

XKEHHOIl BHE OKPYXHOCTHU, OO TOUEK OKPYXXHOCTH PaBHbI COOTBETCTBEHHO
30 cm u 10 cm. Haiinure paguyc JaHHOW OKPYKHOCTH.

A) 20 cm; b) 10 cm; B) 15 cm; I')5cm.
. AB — puameTp okpyxHoctu ¢ uHeHTpoM O. Haiimute yron CAO, eciu
0OA=0C= BC.
A) 60°; Bb) 30°; B) 90°; I) 120°.

. I3 TOUKM OKpPY:KHOCTU C paguycoM R NpoBeleHbl IBE XOPIbl IJIMHOMN

paBHOI R. Haiimure yroa Mexay XOpAaMu.
A) 120°; Bb) 110%; B) 135°; I) 40°.

. OmuH U3 ymIoB, 0Opa3oBaHHEIX IlepeceKalolIuMucs xopaamu paBeH 80°.

Haiimure cyMMy YIJIOB, CMEXHBIX 3TOMY YIIy.
A) 200°; b) 90°; B) 100°; I 160°.

. I3 Touku BHE OKpPY:KHOCTM IIpOBEAEHBI K HEil IBe KacaTeJbHble, oOpa-

gyrome yroj 72°. Haiimure OOJBIIYyI0O U3 AYr, 3aKIIOYEHHBIX MEXIy
TOYKAMM KaCaHMSL.

A) 248°; b) 240°; B) 252°; I 236°.
Dy
N3yyaem aHramiicKmii si3bIK! ﬂ v
OkpykHOCTD — circle JImameTp — diameter
Xopna — chord IMenTpanbHblii yroa — central angle
Pammyc — radius KacaresbHas K oKpyxkHOCTH — tangent to the circle
Jlyra — arc Iepnenmukyasip — perpendicular
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Hcmopuueckue ceedenusn

Aoya Bada an-Bysmxkanu pomwicsa B 940 romy
B ropone bysmxan (CoBpemeHHas Kymika). Yuuicsa u =T
pa6oran B barmage. B counnenun Aoyny Baga «KnHura o
TOM, YTO HEOOXOOUMO 3HAThb PEMECJICHHUKY 13 TeOMeTpHr- 4 ~
YeCKHUX MocTpoeHuil» maBbl I u IV mocBsieHsl IocTpoe-
HHUSM C TIOMOILBIO IUPKYJS U JUHeiku. B kayecTBe mpu-
Mepa MBI TIpoBefeM MpuHamexaiiee Aoyny Baga pereHue
3aJa4d O HAXOXIEHUN LIEHTpa OKPYKHOCTH

«Ecau cnpawusarom «Kak Hatimu yeHmp oKpyscHocmu %,
Hado evlbpamv Ha OKpyicHocmu dee mouku A u B u nocm-
DPoumo OKpYlCHOCMU ¢ yeHmpom 6 mouxke A u B, paduycom,
bonvuum noaosunvl paccmostus AB. IlycTb oHU Tiepeceka-
torcst B Toukax C u D (puc. 1). Ilposodum npsamyro CD u
Haxooum mouxu E u F nepeceuenus amoi npsamoil ¢ okpyoic-
Hocmoto. leaum ompesox EF nonoaam, moeda cepeduna O ompeska EF — uckomublil
UEHMP OKPYICHOCHU.

O1oT MeTonm AOyna Bada ocHoOBaH Ha TOM, YTO HYI¥, IMOCTPOCHHBIE U3
1eHTpoB A 1 B, nepecekaiorcs B Toukax C u D u orpe3ok CD mepreHAuKyJIIpeH
xopne AB v poXoauT yepe3 LIEHTP OKPYKHOCTH.

CeronHs 3Ta 3ajayva pellaeTcs Tak: MPEANoJIOXKUM, YTO JaHa OKPYKHOCTD.
LIEHTP KOTOPOI HEM3BECTEH, U €ro TpebyeTcsd HalTH (puc. 2).

M3 HekoTtopoii Touku A npoBoauM KacaTenbHble AB 1 AC K 3TOl OKpyXK-
HOCTU U cTpouM OuccekTpucy yriaa BAC. OHa mepecekaeT OKPYKHOCTh B TOUKaX
D wu E. Jleaum ompesox DE nononaMm, Toraa cepeauHa O otpe3ka DE — uckomublil
yenmp okpyscrhocmu. JJokaxure. Mnu npoBeneM yepe3 TOUKY B MepreHAuKyIsp K
KacaTeJbHOW AB, Torga Toyka mepeceyeHus MepreHauKyIsipa ¢ OUCCEKTPUCON
oyaet neHtpoM O okpyxHoctu. Jlokaxure. Bmecte ¢ aTum Abyn Bada pemnaer
3alau¥ O BOCCTAHABJIEHWM OKPYXKHOCTHU IO 3aJaHHOM ee Oyre, O IMOCTPOSHUM
KacaTeJIbHOM K OKPYKHOCTHU, TIPOXOSIIEH yepe3 3aJaHHYI0 TOYKY BHE OKPYXK-
HOCTH, O TMOCTPOCHUH KacaTeJIbHOM B TaHHOI TOYKE OKPY*KHOCTH.

&

Aoyn Bada
(940—998)

Y
“b
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TJIABA VI
ITOBTOPEHUE

YIIPAXKHEHUA NI TOBTOPEHUSA MATEPUAJIA
INPOUJAEHHOTI'O B 8- M KJIACCE

>/

10.

11.

12.

13.

Tpu BHEUIHUX YIJIa YETbIPEXyTOJbHUKA pPaBHbI COOTBETCTBEHHO 142°,
22° n 136°. Haiigure BHYTPEHHUE YIJIBI 3TOTO YEThIPEXYTOJbHUKA.

. Haiinute mepumeTrp ueTbIpexyrojbHMKa, €CAM €ro HauvMeHbIlas CTO-

poHa paBHa 7 cm, a Kaxzjasi cJeAylollasi CTOpoHa Ha 4 cm OoJibliie mpe-
JBIAYIIEHA.

. OcTpblil yros npsiMoyrojibHoOi Tpaneuuu paBeH 45°. MeHblliasi CTopoHa

U MeHblllee OCHOBaHME paBHbl 24 cm. Haiigute Gosbliee OCHOBaHUE
Tpamneiuu.

. CTOpoHBI pPaBHOOEIPEHHOIO TPEYroJbHMKA paBHBL: 1) 6 cm, 5 cm

uS5cm; 2) 24 cm, 15 cm u 15 cm; 3) 3,2 dm, 20 cm u 20 cm;
4) 22 cm, 60 cm u 60 cm. Haiinure 1uiomaas ¥ BBICOTY, TPOBEACHYIO
K OOKOBOI1 CTOPOHE 3TOrO TPEYroJbHUKA.

. B uyerwipexyronbnuke ABCD AB=CD, AD= BC. Haiinute yribl

YeThIpEeXyroJbHUKa, €CJIU Yroj A BTpoe OoJjbliie yria B.

. B paBHoOeapeHHoit Tpaneuuun ABCD BC=20 cm, AB=24 cm

u /D =60°. Haiinure ocHoBaHue AD.

. B tpeyronbnuke ABC AE wu BD — Bbicothl. Haiinute AE, eciau

AC=20cm, BD=16 cm u BC=32 cm.

. [lomags mpsSIMOYroJIbHOIO TpeyroibHMKa paBHa 168 cm? Haiiaute

7
KaTeThbl TPCYIroJIbHMUKA, €CJIN OAMH N3 KaTCTOB paBCH IVl 4yaCcTu Apyroro.

. [momage TpeyronbHuka paBHa 24 cm? Haiinute BBICOTY TpEyrojib-

HMKa, TIPOBEACHHYIO K CTOPOHE, paBHO 16 cm.

Huaronanu AC u BD pomba ABCD paBHbl cooTBecTBeHHO 30 cm
u 12 cm. HaiiguTe nioiaab 3Toro pomoa.

HaiinuTe muioianb TpeyrojbHUKA, €CJIM €r0 CTOPOHBI PaBHBbI:

1) 15, 15, 18; 2) 39, 42, 45; 3) 4, 13, 15; 4) 29, 25, 6.

B tpeyronbnuke ABC BC=34 cm. U3 cepenuHbl orpe3dka BC K mpsi-
Mol AC mpoBeieH MNEePHEeHAUKYJSIp, KOTOpblii AeauT cropoHy AC Ha

otpe3ku AF=25 cm u FC=15 cm. Haiigure miomanas TpeyrojibHUKA
ABC.

Huaronanu pom6a paBHbl 18 dm u 24 dm. Haiinute nepumerp pomba u
paccTosiHue MeXay napasuleIbHbIMUA CTOPOHAMMU.
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14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

Bricora paBHOOEApeHHOW TpameuMyd BABOE MeEHbIIE €€ OOKOBOM
cTOpoHbI. HaiinuTe yribl Tpaneuuu.
JokaxuTe, 4TO CyMMa pPacCTOSIHUIA OT MPOM3BOJIBLHON TOUKM PaBHOCTO-
POHHETro TPEyroJbHMKA 10 €ro CTOPOH MOCTOsSIHHAsI (OAMHAKOBAa) U paB-
Ha BBICOTE 3TOrO TPEYroJbHUKA.
OKpyXHOCTb paszfeieHa ToukamMmu A, B u C Ha Iyru, rpaayCHbIE BeJIM-
YUHBI KOTOPBIX OTHOCATCS Kak: 1) 14:6:4; 2) 13:12:5; 3)17:10:9.
Yepes Touku A, B u C mnpoBeneHbl KacaTelbHbIe 10 MX B3aMMHOIO
nepecedyeHus. Haitnure yrjibl 00pa3oBaBlIerocsl TpeyrojbHUKA.
Kak wu3MeHuTCs TIOIIaAb MPSIMOYTOJIbHUKA, €CJAM  €ro  JUIMHY
yBeanunTh Ha 30 %, a mMpuHy ymMeHbIuTh Ha 30 %?
Kak wu3MmeHuTCd muiolanb TPEYrojibHUKA, €CIM €ro OCHOBaHME
yBeanuuTh Ha 20 %, a BbICOTY YMeHbIIUTh Ha 20 %?
Haiinute nepuMerp MNpsIMOYrojbHUKA, €CJAM €ro IUIolaJb paBHa
540 cm?, a OTHOILIEHKE COCEIHUX CTOPOH paBHO 3 : 5.
Ilromane mapajienorpaMMa paBHa 24 cm?, BBICOTBI paBHBI 3 c¢m U
4 cm. Haiinure nepumeTrp 3TOro mapasuiejiorpaMmma.
Haueptute Kakoii-HuOyap mnapamwienorpamm  ABCD. Iloctpoiite
BEKTODBI:
1) AB+ BC,; 2) AD + DC; 3) AB-AD; 4) DB - DA.
YeMy paBHbI KOOPIMHATHI BEKTOpa AB , €CIU:
1) A(0; 1), B(1; 0); 2) A(-2; 1), B(—4; 3)?
Touka O — cepeauHa menuaHbl AA, tpeyronbHuka ABC. Bbipazute
BeKTOp BO uyepe3 BeKTOpbl d = BA v b = BC.
B napamnenorpamme ABCD nuaroHanu mnepecekaloTcss B Touke O,
a Touka P — cepenuHa otpe3ka OB. Boipasute Bektop AP uepe3
BeKTOpbl AB=d u AC=5.
W3 xonuoB ayru B 240°, mpoBedeHbl KacaTelbHbIE OO MX B3aMMHOIO
nepeceuyeHusi. Haiinure yriabl Mexay HUMMU.
HaiinuTe HauOoJsbllMii yroa mnapasuieiorpaMma, €Cid OJAUMH U3 €ero
yIJI0B 00JIbllle ApYroro B 4 pasa.
Haiinute nepuMerp MNpsIMOYrojbHUKA, €CJAM €ro IUIolaJb paBHa
288 cm?, a OTHOILIEHUE COCEAHUX CTOPOH paBHO 1 : 2.
BricoTta, omyllieHHass Ha OIHY M3 CTOPOH IapajljiejorpamMma, ILIOLIAAb
KoToporo 48 cm?, B TpuM pas3a MeHbllIe 3TOW CTOpPOHBbI. Haitmure o1y
CTOPOHY U BBICOTY.
ITnomans kBampata paBHa 16 cm? Kak M3MeHUTCS IUIOLIAAL 3TOTO
KBaJpara, €CIM €ro CTOPOHbI: 1) YMEHBIIUTh B 2 pasa; 2) yBEJIMYUTH B
3 paza?
Touka C — cepennHa oTpe3ka AB. Haiiaute ee KOOpAMHAThI, €CIM:
1) A(=3; —12), B(1; =8);  2) A(9; —2), B(=7; —2).
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NUTOI'OBAAA KOHTPOJIbHASI PABOTA. ’
PABOTA HAJZL OIIIMBKAMMU ‘

5

1.

9

. MeHb11ass cTOpoHa IIpSIMOYToJibHMKAa paBHa 10 cm, a nuaroHaau mnepe-
cekarorcs noa yrimom 60°. HaiiguTe auaroHaiud mpsiMOYTOJIbHUKA.

. Croponsbl TpeyronpbHuka paBHbl 11 cm, 7 cm u 10 cm. Haiinute cTOopoHEBI
TpeyroJlbHUKa, BEpILIMHAMU KOTOPOIO SIBJISIOTCS CepeduHbl CTOPOH HaH-
HOI'O TPEYroJbHUKA.

. Halimute 1uiolanb TpeyrojabHUKA, €CJIU €r0 CTOPOHBI paBHHI 21 cm, 72 cm
u 75 cm.

. I3 Touku BHe OKpPY:KHOCTU IIpOBEACHBI K HEl JBe KacaTejlbHbie, O0-
pasyoimue yroia 75°. Haiinute myru, 3akaioyeHHbIE MeEXAY CTOPOHAMM
KacaTeJbHBbIX.

. Haiignte KoopauMHATBI BEKTOpa M1 = d — 2b ,ecin d@(2;-3) u b(-2;-3).

TECT 6 IlpoBeprTe ceba!

YIabl 4eThIpeXyrojibHuKa OTHOcATCS 3:5:4:6. Haiinute HauMeEHBIIWA
yTOJI.
A) 80°%; Bb) 30°; B) 60°; 1) 40°.
. Ha cKoJbKO TpeyrojbHUKOB pa30MBaIOT AMArOHAJIM BBHIIYKIOIO YeThIpeX-
yTroJIbHUKa?
A) 4; B) 5; B) 6; 1) 8.
. IllupuHa npsIMOYroJibHMKA paBHA 5 cm, IJMHA Ha 7 cm Ooibliue. Hakinure
MepuMeTp MNPSIMOYTOJIbLHUKA.
A) 32 cm; b) 34 cm; B) 24 cm; ) 26 cm.
. CKOJIbKO CTOpPOH Yy BBIIIYKJIOTO MHOTOYTOJbHMKA, €CJIM KaXIbIi €ro yroJ
paBeH 162°?
A) 18; B) 20; B) 15; 1) 12.
. CtopoHbl IapajuiesorpaMma IpONOpLUMOHANAbHE uyuciaaM 3 u 7. Halinute
MEHBIIIYIO CTOPOHY, €CJIM ero nmepuMeTp paBeH 18 cm.
A) 2,7 cm; b) 3,4 cm; B) 5,4 cm; ) 4,5 cm.
. Ilnomagb 3e€MEIbHOIO ydyacTkKa B (opme MpsSIMOYrojJbHMKA paBHA 2 TIeK-
tapaM. Yemy paBHa MJIMHA 3TOr0 y4yacTKa, €CJIM IIMpMHA Y4acTKa paBHa
32 m?
A) 610 m; B) 615 m; B) 625 m; ) 630 m.

. Bricora pomba paBHa 5 cm, mpousBefeHue auaroHaieii 80 cm?. Haiingure
ero ImepuMeTp.
A) 32 cm; Bb) 16 cm; B) 24 cm; ) 28 cm.

8. Haiinure KOOpIMHATHI BeKTOpa M = —d +2b , ecmut G(2; —3) u b (—2; =3).
A) (-6;-3); B) (-3; 6); B) (-2, -9); A) (2;-3).

. Jlanbl Bextopel a(3;2) u b (0; —1). Haiinute Momynb BeKTopa 2d — 4b .

A) 10; b) 6; B) 8; 1) 3.
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Tabsmma 3HaYeHnit TpuronomMerprudeckux GyHkumii ocrporo yriaa. Ilpunoxenne
I'panycm sina. tga ctga. cosa. I'panycm
1I°<a<45 | I'<a<45 | I'<a<45 | I'<a<45°
1 ~ 0,0175 ~ 0,0175 ~ 57,290 ~ 0,9998 89
2 ~ 0,0349 ~ 0,0349 ~ 28,636 ~ 0,9994 88
3 ~ 0,0523 ~ 0,0524 ~ 19,081 ~ 0,9986 87
4 ~ 0,0698 ~ 0,0699 ~ 14,301 ~ 0,9976 86
5 ~ 0,0872 ~ 0,0875 ~ 11,430 ~ 0,9962 85
6 ~ 0,1045 ~ 0,1051 ~ 9,514 ~ 0,9945 84
7 ~0,1219 ~ 0,1228 ~ 8,144 ~ 0,9925 83
8 ~ 0,1392 ~ 0,1405 ~ 7,115 ~ 0,9903 82
9 ~ 0,1564 ~ 0,1584 ~ 6,314 ~ 0,9877 81
10 ~ 0,1736 ~ 0,1763 ~ 5,671 ~ 0,9848 80
11 ~ 0,1908 ~ 0,1944 ~ 5,145 ~ 0,9816 79
12 ~ 0,2079 ~ 0,2126 ~ 4,705 ~ 0,9781 78
13 ~ 0,2250 ~ 0,2309 ~ 4,331 ~ 0,9744 77
14 ~ 0,2419 ~ 0,2493 ~ 4,011 ~ 0,9703 76
15 ~ 0,2588 ~ 0,2679 ~ 3,732 ~ 0,9659 75
16 ~ 0,2756 ~ 0,2867 ~ 3,487 ~ 0,9613 74
17 ~ 0,2924 ~ 0,3057 ~ 3,271 ~ 0,9563 73
18 ~ 0,3090 ~ 0,3249 ~ 3,078 ~ 0,9511 72
19 ~ 0,3256 ~ 0,3443 ~ 2,904 ~ 0,9455 71
20 ~ 0,3420 ~ 0,3640 ~ 2,747 ~ 0,9397 70
21 ~ 0,3584 ~ 0,3839 ~ 2,605 ~ 0,9336 69
22 ~ 0,3746 ~ 0,4040 ~ 2,475 ~ 0,9272 68
23 ~ 0,3907 ~ 0,4245 ~ 2,356 ~ 0,9205 67
24 ~ 0,4067 ~ 0,4452 ~ 2,246 ~ 0,9135 66
25 ~ 0,4226 ~ 0,4663 ~ 2,145 ~ 0,9063 65
26 ~ 0,4384 ~ 0,4877 ~ 2,050 ~ 0,8988 64
27 ~ 0,4540 ~ 0,5095 ~ 1,963 ~ 0,8910 63
28 ~ 0,4695 ~ 0,5317 ~ 1,881 ~ 0,8829 62
29 ~ 0,4848 ~ 0,5543 ~ 1,804 ~ 0,8746 61
30 0,5000 ~ 0,5774 ~ 1,732 ~ 0,8660 60
31 ~ 0,5150 ~ 0,6009 ~ 1,664 ~ 0,8572 59
32 ~ 0,5299 ~ 0,6249 ~ 1,600 ~ 0,8480 58
33 ~ 0,5446 ~ 0,6494 ~ 1,540 ~ 0,8387 57
34 ~ 0,5592 ~ 0,6745 ~ 1,483 ~ 0,8290 56
35 ~ 0,5736 ~ 0,7002 ~ 1,428 ~ 0,8192 55
36 ~ 0,5878 ~ 0,7265 ~ 1,376 ~ 0,8090 54
37 ~ 0,6018 ~ 0,7536 ~ 1,327 ~ 0,7986 53
38 ~ 0,6157 ~ 0,7813 ~ 1,280 ~ 0,7880 52
39 ~ 0,6293 ~ 0,8098 ~ 1,235 ~ 0,7771 51
40 ~ 0,6428 ~ 0,8391 ~ 1,192 ~ 0,7660 50
41 ~ 0,6561 ~ 0,8693 ~ 1,150 ~ 0,7547 49
42 ~ 0,6691 ~ 0,9004 ~ 1,111 ~ 0,7431 48
43 ~ 0,6820 ~ 0,9325 ~ 1,072 ~ 0,7314 47
44 ~ 0,6947 ~ 0,9657 ~ 1,036 ~ 0,7193 46
45 ~0,7071 1,0000 1,000 ~0,7071 45
I'panycni cosa ctga tga sino I'panycwt
45°<a<89° |45 <0 <89° | 45 <a<89°| 45 <a <89




OTBETbI

ITosropenue Kypca 7-oro kiaacca. 5. 9 dm. 7. 3 cm. 9. [la, pasubL. 10. 52°, 63°, 65°. 11. 60°. 13.
24° 72°, 84°. 14. Her, He MoryT. 18. 58°.

ImaaI. Tema 1. 2. 1) n=28;2) n=11;3) n=24.4. 60°. 5. 1) n=12; 2) n=36; 3) n=40.
6. n=8.7.1)n=20;2)n=15,3)n=6.9. 1) n=24;2) n=28; 3) n=>5.10. 36°, 72°, 108°, 144°.
Tema 2. 2. 25,5 cm, 50,5 cm. 3. 1) 35°, 145°, 35°, 145°; 3) 85°, 105°, 85°, 105°. 4. P,p, =20 cm;
Ppoc=24cm. 5. AB= DC=16 cm, AD = BC =4 cm. Tema 3. 2. 1) [a, npaBunsHo. 3. 32 cm. 7.
26 cm. 8. 45°, 135°,135°,45°.9. 26 cm wiu 28 cm. Tema 4. 2. 1) 9cm; 2) 7cm. 3. 12 cm. 4.
AB=DC=4cm, BC=AD=8 cm. 6. 1) 4 +7 <12 — HepaBeHCTBO TPCYroJbHUKA HE
BBITIOJIHSIETCS; HET, He MoxeT. 7. 7 cm, 14 cm, 7 cm, 14 cm. Temsr 5— 6. 2. 10 cm. 3.
BP=12 cm. 5.7 cm. 6.40°, 140°,40°, 140°. 9. 12 cm, 24 cm, 30 cm, 42 cm. 10. 64 cm. 12.
30 cm. 13. 32 cm. Temsr 7—8. 3. 150°. 4. 23 cm. 6. 27 cm, 11 cm. 7. 20 cm, 14 cm. 10. 90°, 90°,
100°, 80°. 11. 71°, 109°, 109°, 71°.12. 70 cm. Tema 9. 3. AC=5cm. 4. OB, = 3,2 cm, OB, =4,8
cm, OB;=6,4cm. 6.2) 1I9cm. 8. x=4.9. OB, =9 cm, OB, = 13,5cm, OB, = 18 cm. Temsi 10—
11.2.2,5cm, 3,5cm, 5,5 cm. 4.22cm, 10cm. 6.2) 15cm. 9.24 cm, 12cm. 10. 3 cm. 11.
30 cm, 10cm. 12. 12cm.

I'naga II. Tema 15. 2. a) cosa; 0) tga; B) sina; 1) ctga. 4. a) [a, tak kak 0,98 < 1; 6) Her, TaK
KaK 2>1 B) Ia, Tak Kak v5-2<1.5. ML=24, MN=25. 6. smM——, CosM—1

tgM = ﬁ , ctgM = ? . Tema 16. 2. a) BepHo, Tak KaK a = ¢sino; B) HEBEpHO, TaK KaK ¢ = R
3. Jla, TaK KaK 3HaYeHUEM TaHIeHca SIBJISIETCS JII000€ MMOMIOXUTEIbHOE Yyncio. 4. 1) 16 cm;
2)50 cm. 6. 16 cm. 7. 5cm. 8. 50 cm. Tema 17. 2. 1) 13;2) 9; 3) 2,5. 3. 1) 40 cm; 2) 100 cm. 4.
x=~3; y=+2.5.1)0,5;2) 42;3)0,8;4) 1,5. Tema 18. 2. 1) Her, Tak kak 121 + 49 = 289;
2) ma, Tak kak 32+ 1,62=3,42, 11,56 = 11,56. 5. Umeer nBa pewmenus. 6. 1) [a, Tak Kax
122+ 352=372%; 2) HeT, Tak Kak 112+ 202 252, Tema 19. 1. 1) 9,6 cm, 9,6 cm, 8 cm. 2.

mh 3. 1)h,,_ 26 cm; 2) h,=11,2 dm; 3) h,=6,72 cm. 4. 1) h=6J3 cm. 5.

3 b

h, __ﬁ cm; h, __f cm. 7. h, _EJ—S cm. Temsr 20—21. 2. 1) 12.4. D 2;

1 15 8 ) 15
2)1;3) 1. 5. 1) ctgle; 2) tga. 7. 1) [ 59D cosa- 2 tgo_ls ctg(xf?.lz,.
1) sin’a; 2) cos’a. 14. 1) sina; 2) sin’a.. Tema 22. 2 1) x~50°; 2) x=~ 14°; 3) x = 34°; 4) x ~ 74°.
3. 1) sinB=0,6; cosB=0,8. 5. cosA =0,5; tgd=+/3 . 7. 1) sina. = 0,6; cosa. = 0,8. 8. 1) sina;

32 1643
2) cos. Tema 23. 1. 1) 1,5; 3) 0,5. 3. —[ —[ .4.12;6.5. 1) sinZ; 2) sinZe. 7. 2. 8. 1)0,5;

2) 0,5;3) 1. 24- mavzu. 1. a) 1) = 0,0523, 2)~ 0,3584, 3)~0,7660; 4)~0,6428; 1) 1) ~ 5,67;
2) ~1,732; 3) =0,2679; 4) ~11,430. 2.6) 1) ~42° 2) ~50° 3) =~87° B) 1)~25°% 2) ~85°
3) =10° 4.1.6.1)1;2)0. 7. 1) =0,9397 ; 4)~23,078. 8. x ~8°. Tema 25. 1. 14 cm. 2. 45°,
45°.3. a~6,691; b~7,431; p~48° 5.cos’a.7.a=4cm; b= 43 cm, B =60°. Tema 26.
1. b=9cm,a=B=45. 2.c=12cm,a=60°, p =30°.5.0.7. c=26 cm. Tema 27. 3. a=7 cm,

=B=145.4. a=6/3 cm, b=6 cm, p=30°. 5.a=5cm (puc. 5); AC =213 cm,
BC =313 cm (puc. 6). 6. 168 cm.

I'nasa III. Tema 31. 3. 1) I1I ueTBepTh; 2) I1 uerBepTh; 3) IV uerBepTh; 4) I yeTBePTSH. 4. 1)
(—10; —1); 2) (0; =5,5); 3) (—2; 1). 5. 1) B(—1; 5). 8. 1) D(3; 0); 2) D(4; 5). Temsr 32—33. 2. 1)
10;2)17;3) 13.3. Dx; = —2;x,=6.4. P=16.5.1) (x =72+ (y — 11)2=125;2) (x +2)>+
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+(@—3)2=1.6.1)(2;5,R=7;2)(—1;5), R=2.7.1) C(3;—1), R=4;2) C(0; —5), R=1.8.
1) PaBHoGenpenHsiii. 9. 1) (x —9)2 + (y —4)>=49;2) (x +3)>+ (y + 4)*=4.10. 1) C(7; —2),
R=5;2)C4;0), R=1.11.1) (5; —12) u (5; 12); 2) (—5; —12) u (5; —12). Tema 34. 3. 1) 2x—

—y+5=0;2)x+y—7=0;3)3x—2y+2=0.4.c=—3.5.a:b:%.6.1)(0;—1,5)1/1(—3;
0); 2) (0: 3) (4 0): 3) (0; =5) M (2,5: 0). 9. x +1=0, x—3y—8=0, x— y=0. Tema 35. 2. 1)
DC 1™ 4B; 2) AOMMOC; 3) CB™N AD u DAMN AD; 5) DC=A4B; 6) A0=0C ;
7) DO = OB . Tems1 36—37. 5. la, Boinonsiercst. 6. |40\ =16 cm. 7. AB + BC = AD + DC =

—=AC=AC. 9. AB=-b; BC=-di+b, DA=d-b. 10. BF=—2id+b; EC=-i+2b;

b.

EF =—G+b; BC=-2d+2h . Tewsi 38-39.4. 04 =—2a-5b; AR =2a+b.5.1) 4C = CB;
2) AB=2CB:3) AC = —%ﬂ J7.1) (4:5); 2) (=15 4); 3) (0 0). 8. 1) 25:2) 5:3) 3. 9. 1) (1;
—2); 2) (2m; 2m). 11. m=7. 12. B(=2; —11). Tema 40. 2. 1) (=3; 4); 2) (=5; 12). 3. 1) (=4; 10);
2) (05 2);4) (4, —10). 4. 1) (35 6); 2) (5; 3); 3) (—4; =3). 5. 1) (65 3); 2) (=6; 3); 3) (=2; 15).
6. 1) &(~4;-4);2) €(8:6). 7.1) ¢(~12;6);2) &(-11;8).8.1) &(-2;-1);2) ¢(2;-13). Tema 41.
1. CC,=2. 2. KC= ﬂn%ﬂ). 3. (5; 12). 4. B(; 5), D(; —1). 5. B(=5; 11). 8.
AN =3 4B+ AD.

Tnasa IV. Tema 45. 2. 2) 0,0225 dm?; 5) 6,25 m?. 6. 1) B 4 pasa yseauuurcs; 2) B 9 pas
yMeHbImmTesT; 3) Ha 28 cm?yBemmuutes . 11. 2) 3,6 dm; 3) 68 mm; 5) 80 dm. 13. 359,12 Teicsd
km2. Temsi 46—47. 2. 1) P=65,8 cm, S= 87 cm?, 3) P=7,4dm, S= 3 dmZ 4. S= 5000 m2. 5.
1) P=126cm, S=920cm? 8. 12cm. 9. 1) =500 cm? 2) a=12cm; 3) h,=5cm. 11. 1) B 1,6
pasa yBemmuurcst; 2) B 6,25 pasa ymensmmresd. 13. 2) 280 cm?; 4) 4,8 dm?2. 14. P=42 cm. 15.
S'=280 cm?2 Tema 48. 2. 1) 14 cm?; 2) 150 cm?. 3. 4 cm. 4. 5: 1. 8. 1) 756 cm?; 2) 84 cm?;
3) 192 cm?2. 10. 60 cm. 11. 7,5 dm2 Temst 49—50. 2. 1) 32 cm. 3. 1) 512 cm?; 2) 1,62 dm?. 4.
12 ecm. 5.5cm. 7. 1) 1,35 dm?; 2) 180 cm?; 3) 8 cm?2. 8. 1) 87 cm?; 2) 14 cm. 10. 1) 0,54% xB. ez

11. 360 cm?. 12. 1) 2,45 dm?; 2) 238 cm?; 3) 31,5 cm?. 14. 1) 1,44 m?. 15. 1) 140 cm?. Tema 51.
1.2125kB. en. 2. (a+ b) - c. 3. 144 cm?. 5. 16 kB. em. 6. 1) 20,8 km; 2) 8 km.

I'naBa V. Tema 55. 3. ABwu BD cexymue. 4. 25cm. 5. 1) R =5cm;2) R<5cm;3) R>5cm.
8. CD. Tema 56. 2. 1) OKpy>XHOCTH! KacaloTcsI APYT ApyTa BHYTPEHHBIM 00pa30M; 2) OKPYKHOCTH
He UMEIOT ODIIMX TOYEK, OHA U3 HUX HAXOOUTCSl BHyTpu Apyroi. 3. 1) 10 cm; 2) 2 cm. 6.
1) 144°; 2) 96°; 3) 210°; 4) 200°; 5) 260°; 6) 306°; 7) 276°. 7. 1) 160°, 200°; 2) 80°, 280°. 8. 70°. 9.
1) 72°; 2) 60°; 3) 40°; 4) 36°; 5) 30°. 10. 1) 15,6 cm; 2) 21 cm; 3) 1,6 dm. Tema 57. 3. AC= 10 cm.
4. 1) LACB=144°; 3) LZAEP=100°. 5. 36°, 60°, 84°. 6. 1) 100° um 80°; 2) 126° umm 54°. 7.
ZBAC=20°. 8. 100°. Tema 58. 3.220°.4.a) x=45";0)x=130°;8)x=90°". 5. 30°.6. 1) LABC=20";
2) ZABC=60°; 3) LABC=136";4) LABC =54°;5) ZABC=36°.7. 1) 100°; 40°; 40°. 8. 1) 144°;
2) 120°%; 3) 40°;4) 72°.9. 1) 128°; 3) 76°. Tema 59. 3. 4 cm. 6. 8 cm. 9. 10 cm. 11. 90°.

I'nasa VI. 1. 38°, 158°, 44°, 120°. 2. 52 cm. 3.48 cm. 4. 1) 12 cm?; 4,8 cm; 2) 108 cm?; 14,4 cm.
6. 44 cm. 7. 10 cm. 9.3 cm. 10. 180 cm?. 13. 60 dm, 14,4 dm. 14. 30°, 150°, 150°, 30°.
17. Ymenpumress Ha 9 %. 19. 96 cm. 20.28 cm. 22. 1) (1;—1); 2) (=2; 2). 23. BO =%a +%13

25. 60°. 26.144°. 27.72 cm. 28. 12 cm, 4 cm. 29. 1) ymeHBIIUTCS Ha 4 cm?; 2) YBEIMUATCS
Ha 128 cm?.
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