II.A. AINMOB, A.P. XAJIMYXAMEJOB,
M.A. MUP3AAXMEJIOB

AJITEBPA

YYEBHUK JJIA 9 KITACCOB
OBIIEOBPA3OBATEJIbHBIX IIKOJI

N3nanue uerBépTOoe, mepepaboTanHOE

Pexomenoosan Munucmepcmeom Hapoono2o obpazosanus
Pecnyonuxu Y3oexucman

U3JIATEJIbCKO-TTOJIMT PAGMYECKHI TBOPYECKUI JIOM
«O‘QITUVCHI»
TAILIKEHT - 2019



VIIK: 512(075.3)=161.1
BBK 22.14572

A 45

JLII1. AGpaeB —

Peyenzenmor:
®.A. PaxumoBa — npenonasarens mareMaTuku TYUT umenun An-Xopesmu;
IA. ®a3pL10Ba — yunTenb MaTeMaTuk mkoiIsl Ne274 FOHycabanckoro paifoHa ropoaa

TamkenTa;

TamxkenTa.

YYUTENh MaTeMaTHKH MIKOITEI Ne326 Anmmazapckoro paifoHa ropoaa

YciaoBHBIE 3HAKU, IPUBECICHHLIC B yqeﬁlmlce:

TEKCT, KOTOPbII BaXKHO 3HATH
Y TI0JIE3HO 3alIOMHUTH (He
00s13aTeNbHO HAU3YCTh)

HavaJIo pCUICHU 3aJa4n

KOHEII pCUICHNA 3a]aun

Hayano 000CHOBaHUS
MaTeMaTH4eCcKOro
JIOKa3aTeNbCTBa HITH
BBIBEJICHUS (POPMYIIBI

KOHeIl 000CHOBAHUS MU
BBIBOJIA

N 3HaK, OTAC/ISIOIINI
00s13aTeNbHbBIE 3a0a41 OT
JOITOJTHUTECJIBbHBIX

33,34...  yCIOKHEHHBIC 3a/1a4H;

| BBIACIICHNEC OCHOBHOI'O
MaTrepuraia

MMPOBEPLTE
CEES! camocrosTenbHas padboTa
JUTSI IPOBEPKH 3HAHHIA 110

OCHOBHOMY MaTepHainy

,@f MIPAKTUYECKHUE U
MEXKIIPEIMETHBIE 3a7a4n

2 HUCTOPHUYCCKHUEC 3a]au

A

HUCTOPHUYCCKUEC CBCACHUA

WN3pano 3a cuér cpeacts Pecny0ankaHCcKoro mejaeBoro KHUKHOIo (hpouaa.

ISBN 978-9943-5750-4-2

© II.A. Aimumos, O.P. Xonmyxamenos,

M.A. MupzaaxmenoB. Bee npasa 3amuienst, 2019.
© Opurunan-maxer OOO ,,Davr nashriyoti®, 2019.
© UIIT] ,,0qituvchi®, 2019.



HOBTOPEHHUWE TEM, U3YYEHHBIX B 8-OM KJIACCE

Hopoeue yuenuxu! Mol npednacaem 6am HeCKONbKO YNpajcHeHui, 4moovl
8bl BCNOMHUNU MeMbl, NpolioeHHble 8 Kypce ,, Aneedopul” 8 knacca.

1. Iocrpoiite rpadpuk dynkuuu: 1) y=2x+3; 2) y=-3x+4; 3) y=4x-1;
4) y=-2x-5. B xakux yeTBepTax pacnonoxeH rpapuk pynkmuu? Hazosute
TOYKK TepecedeHus rpapuka ¢yHkuuu ¢ ocsimu Ox u Oy.

2. I'padux ¢dynkmuu y=kx+b npoxogut yepe3 Touku A(0; —7), B(2; 3).
Haiinure k u b.

3. Ilpsmas mpoxoaut uepe3 Touku A(0; 5), B (1; 2). Hanumure ypaBHeHHe
3TOM NPSAMOM.
4. Pemmre cucreMy ypaBHEHMI:
Tx+4y=29; ox—4y=13;
Dsx+2y=10; 2x—y=4.

5. 3nomanu u 4 KOpPOBHI 3a JeHb CheAalT 27 Kr KopMma. 3a JeHb 9 jomaaen
cbepaoT Ha 30 kr xopma Oosblie, 4yeM 5 kopoB. CKOJIBKO KOpMa B JIEHb
TpeOyeTcss OIHOW JIOMIaAX U OIHOM KOopoBe?

6. Kuura u terpags BMecte ctosaT 5800 cymoB. 10% uensl kuuru Ha 220
cymoB nopoxe 35% 1nensl TeTpaau. Haliiure 1ieHy KHUTH U 1IEHy TeTpaau
M0 OTHEIbHOCTH?

7. PemmuTe HEpaBEHCTBO:
1) 3(x—4)+5x<2x+3; 2) |5-2x|<3; 3) [3x—4|>2.
8. Pemmre cucremy HepaBeHCTB:

4(2—x)>T7—bx, 2(3—2x)>8—bux,
1) 2)
15—4x<3; 10—x> 2.



9.

10.

11.

12.
13.

14.
15.

16.

17.

18.

19

Haiinute HauMmeHblIee 1eJI0€ pelIeHHWe HepaBEHCTBA
3x+4_1—x<7x—3_3—x

2 3 2 3
Brruucnure:
1) J121-0,04-289; 2) ,/5%-3%; 3) (V32 +8)2.
Yopocrure:
2 7
— . . N >

1) (863 +3v/28 —54112): 27 ; ) Tas  ola
2) (1541,2 + 1270 —2430 ; gy ——+— 435

7 : )3 2V 4
Pemnte ypaBnenue (12-14):
D)|7—x|=—7; 2)|x+6]=x+10; 3) J(x—9)* =x-9.
1) x>~ 12x+11=0; 2) x*~15x+56=0;
3) 6x%+Tx—3=0; 4) 16x2+8x+1=0.
1) x*~10x*+9=0; 2) 10x*+7x*+1=0.

[Tyt B 240 kM 0ouH aBTOMOOWJIH TIpO€3XkaeT Ha 1 yac OBICTpee BTOPOTO.
Haiinure CcKOpOCTH KaXIOro aBTOMOOWJIS, €CIU CKOPOCTh MEPBOTO
aBToMOOMWIsT Ha 20 KM/4 OOJIBIIE CKOPOCTH BTOPOTO.

1) PasHocTh JBYyX uMcen paBHa 2,5, a pa3HOCTh WX KBaJIpaToB paBHA
10. Hatigute >TH ywncia.

2) Haiigute nBa uncna, eciiu uX cymma paBHa 1,4, a cymma ux KBaapaToB
paBHa 1.

L 2 2 2 2

Haiimure 1)xy + x5 2)x} +x3; )Xy + X2y A)xp — x5,
2 —

€CIM X, U X, KOPHU ypaBHEHUS x*—8x+3=0.

OxpymiuTe 4yucia J0 COThIX. HalauTe OTHOCHUTEIBHYH MOTPEHTHOCTH
okpymienus: 1) 6,7893; 2) 5,64009; 3) 0,9871; 4) 0,8245.

. 3aMIIKnTe YUCI0 B CTaHJAapTHOM BHUIC:

1) 437,105; | 2)91,352; | 3) 0,000 000 85; | 4) 0,000 079.



IJIABA I. KBAJAPATUYHAS ®YHKIIMA.
KBAJIPATHBIE HEPABEHCTBA

A

N

§1. OINPEJEJEHUE KBAJPATUYHOW ®YHKIUHA

B VIII kmacce BB TO3HAKOMWINCH C JHHEHHOW (yHKIMEH y=kx+b u
ee rpaduKoMm.

B paznuuHbIX 00nacTsaX HAYKM U TEXHUKH YACTO BCTpeHYaroTcs (YyHKIWH,
KOTOpBIE HAa3bIBAIOT Keaopamuunvblmu yHkyusmu. [IpuBenemM mpuUMEpBI.

1) Inomans KBagpara co CTOPOHON X BBIYUCISAETCS MO popmyne y = x°.

2) Ecnu Teno OpomieHo BBEPX CO CKOPOCTBHIO V, TO B MOMEHT BPEMEHU
{ pacCTOsIHHE OT HEro A0 IMOBEPXHOCTH 3eMIIM ompenensercs mo (Gopmyne

2
t
s=—g7+vt+so, II€ So—pacCTOsIHME OT Tela A0 TOBEPXHOCTH 3€MJIM B

MOMEHT BpeMeHH 7=0.
B stux mpumepax paccMoTpeHbl (YHKIMHM Buma y=ax*+bx+c. B
nepBoM npumepe a=1, b=c=0, a nepeMeHHbIMU ABIAIOTCA X U y. Bo BTOopom

npumepe az—g, b=v, c=s,, a ICPEMECHHBIC 0003Ha4YeHbl OyKBaMH ¢ U .
0 Onpenenenne. Dyukyus y=ax’+bx+c, 20e a, b u ¢ —

3a0anuvie oeiicmeumenwvuvie uucna, az0, x—oeiucmeumenvnasn
nepemeHnas, Ha3vleaemcsa KeaopamuyHol (QyHKyueil.

Hanpumep, kBagpaTUUHBIMHU SIBISIOTCA (YHKIHU:
— 42 — 2 — 2
y = x5, y=-2x" Y=XT-X,

y=x*-5x+6, y=—3x2+%x.



3agauva 1. Haiinute 3HaueHue QyHKIUH
Y(x)=x*—5x+6
npu x = -2, x =0, x = 3.
A y=2) = (-2 = 5 - (-2)+6 = 20;
y(0) = 0> - 5-0+6=6;
y3)=3-53+6=0. A
Jamaua 2.[lpy Kakux B3HAYCHUAX X KBaJApaTHUHAS (QYHKIIHSI
y = x* + 4x—5 npuHMMaer 3HadeHue, paBHoe: 1) 7; 2) -9; 3) -8§; 4) 0?
A 1) ITo ycnouio x>+ 4x—5=7. Pemas 370 ypaBHCHHE, MOIyYacM:
x2 +4x-12 = 0,
x172 =—2i\/4+12 =—2i4, xl =2, X2 =—6.

CnenosatensHo, y(2) = 7 u y (-6) = 7.
2) Ilo ycnosuio x*> + 4x — 5 = -9, orkyzna
A4 +4=0 x+2?2=0, x=-2

3) Ilo ycnoBuro x* +4x — 5 =-8, orkyma x> + 4x + 3 = 0.

Pemrast 510 ypaBHeHHe, HaxomuM x, =-3, x,=-1.

4) Io ycnosuro x*+4x—5=0, otkyma x, = 1, x, =—5. A

B nocnenHem ciyvae ObIIM HaWIEHBI 3HAYEHHUS X, TIPA KOTOPBIX 3HAYCHHS
ynkuuu y = x> + 4x — 5 paBuet 0, T0 ectb Y(1)=0 m y(-5) = 0. Takue
3HAYECHUS X HA3BIBAIOT HYIAMU K8AOPAMUUHOU (DYHKYUU.

Jagaua 3. Haiigure nynn Qynkmun y =x>—3x.

/\ Pemas ypasnenne x>—3x=0, HAXOMUM x,=0, x,=3.A

Ynpaosxcnenua

1. (Ycrno.) Koropas u3 cnenyromux (QYHKIMHA SBISETCS KBaApaTHYHOM:

1)y =2x*+x + 3; 2) y =3x* - 1; 3) y = 5x + 1,
4y =x+ Tx - 1, 5) y = 4x% 6) y = -3x* + 2x?
2. Haiiaure neiicTBUTENbHBIC 3HAYEHHUS X, IPU KOTOPBIX KBaApaTU4HAs (YHKIHS
y=x’—x—3 npuHUMaeT 3HaueHue, pasHoe: 1)-1; 2)-3; 3)—%; 4) -5.
3. Tlpu Kakux JEHCTBUTENBHBIX 3HAYEHMAX X KBaapaTHuHast QyHKIMsA y = —4x* +

3x — 1 npuHuMaeT 3HavyeHue, pasHoe: 1) -2; 2) -8; 3) -0,5; 4) —1?



4. Omnpenennure, kakue u3 umcen —2; 0; 1; /3 sBusroTcs HYJIAMU
KBaJ[PaTUYHON (QYHKIUH:

1) y =x*+ 2x; 2)y =x*+ x 3y =x*-3;

4) y = 5x* — 4x — 1; 5)y = x* - x; 6)y = x>+ x —2?
5. Haiigure Hynu KBaJpaTU4HOW (QYHKIHU:

1)y =x*-x; 2)y =x*+ 3

3) y = 12x* — 17x +6; 4) y = —6x* + Tx — 2;

5)y =3x* - 5x + 8 6) y =2x* —Tx + 9.

6. Haiinute xoaddunmentsl p u ¢ KBagpaTuuHoi QyHKIMU y=x>+px+q,
€CIIM M3BECTHBI HYJIU X, M X, 5TOH (yHKIUH:
1) x, =2, x,=3; 2) x,=-4,x,=1;
3) x,=-1, x,=-2; 4) x,=35, x,=-3.

7. Haiinure 3HaueHus x, pHU KOTOpbIX (yHKIMH y=x>+2x—-3 n y=2x+1
PUHUMAIOT PaBHBIE 3HAYCHUSI.

§2. OYHKIUS y = X

PaccmoTtpum  ¢QyHknuio y = x, 1o ecTh (yHKuHo y=ax*+bx+c
npu a=1, b=c=0. [Ins nocrpoenus rpaduka 3Toi (QYHKIHHA COCTABUM
TaONuIy ee 3HAYCHHUM:

—4 -3 -2 -1 0 1 2 3 4
y=x? 16 9 4 1 0 1 4 9 16

=

[locTpouB yka3aHHbIE B TaOJIMIE TOUKM U COCAMHUB UX MIABHOW JTMHHUEH,
nonyduM rpaduk QyHkmuu y = x? (puc. 1).

2

0 KpuBas, sapaswomasicas rpapuxkom ¢yHkuum y = x%,
Ha3bIBaeTcs napadonoi.

Paccmotpum cBoiicTBa QyHKIMH )y = X2
1) 3navuenue GyHKUUU y =x? nonosxcumenvio npu x#0 U pagHo Hynwo Tpu
x=0. CrnemoBatenbHo, Tapabona y =x? MPOXOMUT Yepe3 Hayallo KOOPJUHAT,

7
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16

1

| — ?g%ﬁj

~43-2-10] 1234 Puc. 1. Puc. 2.

a OoCTalbHbIE TOYKHM Mapaboyibl JekaT BhINIE OCH abcuucc. [0BOpAT, dWTO
napabona y = x* kacaemcs ocu abcyucc B touke (0; 0).

2) I'paduk dyHKIMU y=Xx* cummempuuern omMHOCUMETLHO OCU OPOUHAM,
tTak kak (—x)*=x% Hampumep, ¥(-3)= y(3) = 9 (puc. 1). Takum o0Opa3om,
OCb OpJUHAT SBISETCA OCblo cummempuu napabonvl. Touky mepecedyeHus
napaboibl ¢ €€ OChbI0 CHUMMETPUM Ha3bIBAWT Gepuiunou napabonvl. Jljis
1apaboiibl y=x> BEPIIMHON SBISCTCS HAYAJIO KOOPJMHAT.

3) Ilpu x>0 OGosplieMy 3HAYEHHIO X COOTBETCTBYET OOJIblliee 3HAYCHHE
y. Hanpumep, p(3) > y(2). ToBopsat, uto OQyHKIusS y = x* sBISETCS
so3pacmaroweli Ha npomedxcymke x >0 (puc. 1).

[lpu x < 0 OGompllleMy 3HAYEHUIO X COOTBETCTBYET MEHbIIEE 3HAUCHUE
y. Hampumep, y(-2) < y(—4). ToBopsat, urto ¢yHkuus y = x* sBiIseTcs
yovisarowei Ha npomexcymke x <0 (puc. 1).

3amaua. Haiinute KOOpIWHATBHI TOYEK TEpeceYCHUs mapaboibl y = x?
U npsmMod y = x + 6.

A KOOpIII/IHaTBI TOUCK IICPCCCUCHUA ABJIAIOTCA PCIICHUCM CUCTCMBI
YpaBHECHUH 9
y=x,

y=x+6



Pemrast oty cucremy, monydaem x> = x + 6, T0o ecth x> — x — 6 = 0,
oTkyna x; = 3, x, = —2. [logcraBisist 3HaYEHUS X| ¥ X, B OMHO W3 ypaBHEHHH
CUCTEMBI, HaxXoauM y; = 9, y, = 4.

Orser: (3; 9), (-2; 4). A

[Tapabona o0magaeT MHOTMMH HHTEPECHBIMH CBOMCTBAMH, KOTOPBIC
IIMPOKO MCIIONB3YIOTCS B TeXHUKe. Hampumep, Ha ocu cuMMeTpuH TapadoJibl
€CTh TOYKa [, KOTOPYI Ha3bIBAlOT @okycom napabonvl (puc. 2). Eciu B
ITOW TOYKE HAXOJUTCS MCTOYHUK CBETa, TO BCE OTPAKCHHBIE OT Mapadolibl
Jy49d HAYT TapayiebHO. JTO CBOWCTBO WCIOIB3YETCS TPH H3TOTOBJICHUU
MPOXKEKTOPOB, JIOKATOPOB M JIPYTHX TPHOOPOB.

dokycoM mapabosbl y = x* ABIACTCS TOYKA [0; i]

Ynpascunenua

8. Ha mmmnumerpoBoit Oymare mocrtpoiire rpaduk ¢yukiuu y = x> [lo
rpaduky npubIMKEHHO HalauTe:

1) 3nauenne y npu x = 0,8; x = 1,5, x =19; x=-23; x =-1,5;
2) 3HaueHue x, ecnmu y = 2; y =3; y =45, y=06,5.

9. He ctpos rpaduka QyHKHIHHM y = X?, ONpeNeNuTe, KAKUe U3 TOUCK:
A(2; 6), B (—1; 1), C(12; 144), D(-3; -9) mpunamnexar emy.

10. (YctHo.) Haiinute xoopaumHaThl TOYEK, CUMMETPUYHBIX ToukaM A(3; 9),
B(-5; 25), C(4; 15), D(\/§ ; 3) oTHOCUTENBbHO ocu opauHar. [IpuHamiexar
JIM BCE ITH TOUKH TpaduKy (QyHKIHH y = x*?

11. (YcrHo.) CpaBHUTE 3HAYCHUS (YHKIUU y=x’ TpH:

1)x=2,5nx=3é; 2)x=04ux=0p3;
3) x=-02ux=-0, 4)yx=4lnx=-52
12. HaiiauTe KOOpPIUHATHI TOUEK MEpECeUeHHs Mapadolil y = x* M MPSAMON:
1)y =25 2)y =5; 3y ==x
4) y = 2x; Sy =3 -2x; 6)y =2x -1



13. SBnsiercst 1 Touka A TOUKOM mepecedeHus mapadosbl y = x* U MPSIMON:
1)y = —=x -6, A-3; 9); 2)y=5x -6, A2; 4)?

14. BepHo su yTBepXkaeHHe, uTO (QYHKIHMA y = x> BO3pacraer:
1) Ha otpeske [1; 4]; 2) Ha mHTepBaie (2; 5);
3) Ha uHTepBaie x > 3; 4) Ha otpeske [-3; 4]?

15. Ha omHOW KOOpAMHATHOW IUIOCKOCTH MOCTPOUTH mapadony y=x> u
npsmyto y=3. [Ipu Kakux 3HaYECHUSAX X TOUKHU MapadOJIbl JIeKaT BbIIIE
NPSIMOM; HUXKE MPAMOiA?

16. Ipu kakux x 3HaYeHHs QYHKIUH ) = X°:

1) Gombrre 9; 2) He Oombime 25;
3) He MeHbIIE 16; 4) menpiie 367
|
§3. OYHKIUSA y = ax?

Bamaua 1. [locrpoiite rpaduk QyHkimu y = 2x°.
/\ Cocrasnm Tabnuiy 3HaueHuii QpyHkuun y = 2x7

X =3 =2 -1 0 1 2 3

y=2x" 18 8 2 0 2 8 18

[TocTpouM HaiifieHHbIE TOYKH W MPOBEIEM 4epe3 HUX IJIaBHYIO KPUBYIO
manuio (puc. 3). A

CpaBuuM rpaduku QyHkuuit y=2x* u y=x> (puc. 3). [Ipu omHOM n
TOM K€ 3HAYEHUM X 3Ha4YeHHe (QyHKIMHU y=2x* B 2 pa3a OOJbIlIe 3HAYCHUS
GyHKIMH y=x?. DTO 3HAYMT, YTO KKy TOYKY rpaduka (yHKimn y=2x’
MOXKHO TIONYYUTh M3 TOYKU Tpaduka (QyHKIMH y=x? ¢ TOH ke abCIuccoi
YBEJIUYEHUEM €€ OpJAMHAThl B 2 pasa.

[oBopsT, uto Tpaduk OGYHKIHH y=2x* MOIYyYaCTCS PACHIAICEHUEM
epagura @yukyuu y=x*> ot ocu Ox Buoab ocu Oy B 2 pasa.

3agaua 2. [locrpoiite Tpaduk QyHKIMH Y= %xz :

/\ CocraBum TabnuIy 3Ha4eHUH (YHKIHH y=%x2:

10



y=2x" y=%x2
\ | ly=x2
\ =
\ /
\
Wil ’
N[Z .
T o] 1 ? ol 1 2 >
Puc. 3. Puc. 4.
x -3 —2 -1 0 1 2 3
1 o
y=3% 4,5 2 0,5 0 0,5 2 45

[locTpouB HaliIcCHHBIE TOYKM, MPOBENEM HEPE3 HHUX IUIABHYK KPHMBYIO
mnnio (puc. 4). A

CpaBuum rpaduku QyHKIUN Y = %xz u y = x*. Kaxayio Touky rpaduka

1 o
byHKIUH y=§x2 MOXHO TIOJYYMTh U3 TOYKH rpaduka (yHKuMu y=x> ¢ TOH
ke abcuuccol yMEHbIIEHHEM €€ OpIuHaThl B 2 pasa.

2

1
[oBopsT, 4t0 rpaduk QyHKIUH y=,%  momyuaercs cocamuem epaguka

Gyukyuu y=x> x ocu Ox Bmonb ocu Oy B 2 pasa.

Bamaua 3. [locrpoiite rpaduk QyHKIUH y = —x7.

/\ Cpasrnm  dysKunu y=-x* u y=x* llpu omHOM W TOM Xe X
3HAYCHUS THX (DYHKIMHA paBHBI 10 MOIYIIO W MPOTHBOMOJIOXKHEI MO 3HAKY.
CnemoBarenbHo, rpaduK (QYHKIUH Y =-x> MOXHO IIOJNyYHTh CHUMMETpHUEH
rpaduka QyHKIME y =x> OTHOCHTENBHO ocu Ox (puc. 5). A

1
AHanmorn4no, rpaduk QYHKIUA y=—5x2 CUMMETpHUUYEH TpaduKy

1
GyHKIIIN y=§x2 otHocutensHo ocu Ox (puc. 6).

11



Puc. 5. Puc. 6.

0 I'padpux pynknum y = ax? npu d1060M a#(0 Tak:ke HA3BIBAIOT

12

napaoonou. llpn a > 0 BeTBH mapadoJ/ibl HANIPaBJeHbI 66epx, a
npu a < 0 — enus.

1
METHM, YT KyC I Jbl Y = ax’ HaXOAWTCS B TOUK ;.
3ametnM, 4T0 (POKyC mapadbo 2 HaXOIWTC on4
a

[lepeuncaum ocrosuble coticmea ynkyuu y = ax?, rae a#0:

1) ecmu a > 0, To QyHKIHUSA y = ax* MPUHAMACT TOJIOKHUTEIbHBIC
3HaueHus npu x # 0;

ecit a < 0, To QyHKIMS y = ax’ NPUHUMAET OTPHIATEIbHBIC
3HaueHus npu x # 0;

3navyenue GyHKIMH y = ax® paBHo 0 Tosmpko mpu x = 0;

2) mapabona y = ax* CHMMETPUYHA OTHOCHUTEIBHO OCH OpPJIHMHAT;

3) ecmu a > 0, To pyHKIUA y = ax® Bo3pactaeT mpu x > 0 u
yobiBaeT mpu x < 0;

ecmu a < 0, To QyHKIUs y = ax? yoeiBaet npu x > 0 U Bo3pacraer
npu x < 0.



y=ax’,a>0

> 7 >

y=ax*,a<0

Puc. 8.

Puc. 7.

Bce sty cBoiicTBa MOXKHO yBUAETH Ha rpaduke (pucyHku 7 u 8).
Ynpancnenuasa

17. Ha mwutuMerpoBoii Oymare moctpoiite rpaduk dynkuuu y = 3x% Ilo
rpaduKy NpUOIMKEHHO HaWauTe:
1) 3nauenns y npu x = -2,8; —1,2; 1,5; 2,5;
2) 3nauenus x, ecnm y=9; 6; 2; 8; 1,3.

18. (YctHo.) Ompenenute HampaBiieHHE BETBEH mMapalobl:

1) y = 3x% 2) y=éx2; 3) y = 4x% 4) y=—%x2.

19. Ha omgHOW KOOpAMHATHOW TUIOCKOCTH MOCTpPOHTE rpaduku QyHKIU:
Dy=x* u y=3x% D)y==x* u y=-3x%

3)y=3x¥ u y=-3x% 4) y=éx2 u y=—§x2.

Wcmonb3ys rpaduku, BBLSICHHTE, Kakue W3 J3THX (GYHKIHH BO3pacTalT Ha

nmpomexyTke X > 0.

20. HaiinuTte KOOpIMHATHI TOYCK MepecedeHus: rpaduKoB (yHKIHIL:
1) y=2x* u y=3x + 2; 2) y=—%x2 u y=%x—3.

13



21. SBnsercs nu yOwiBaromield Ha mpomexyTke x < 0 dyHKuus:

Dy=de 2 y-—ixt 3y=-5 4 y-—la®

2

22. Bpisicuute, sBasercs U QyHKUMS y = —2x° BO3pacTarmomiedl uiu

yOBIBarOIIEH:
1) Ha orpeske [—4; -2]; 3) na untepsaie (3; 5);
2) na orpeske [-5; 0]; 4) na unrepsaie (-3; 2).

23. IlyTh, mnpoOWIEHHBIA TEJIOM TNPU PABHOYCKOPEHHOM JBUKECHUHU,
2
2 b

yCKOpeHue B M/c’; ¢t —BpeMs B cekyHnax. Haiipute yckopeHue a, eciu

BBIUUCIACTCA TO Qopmyne S= e § — MyTh B METpax; a —

3a 6 ¢ Teno MpouuIo MyTh, PaBHBIM 96 M.

§4. ®YHKUUA y = ax’ + bx + ¢

Bagaua 1. [loctpoiite rpaduk ¢yHKIMU y=x> — 2x + 3 U cpaBHUTE
ero ¢ rpadukom QyHKIUH y = Xx7.
/\ Cocraum Tabnuiy 3Hadenuit Gyukumn y = x* — 2x + 3:

x =3 =7 | 0 1 2 3
y=x-2x+3 18 11 6 3 2 3 6

[Toctpoum HaiiieHHBIE TOUYKH M MPOBEAEM UYEPE3 HUX IIABHYIO KPUBYIO

(puc. 9).
Jast cpaBHeHHs1 TpadukoB mpeobpasyem dopmyay y = x> — 2x + 3,
VICTIONB3YSl METOJ BBIJCTICHHS TONHOTO KBajpara:

y=x*-2x+1+2=@x-1y7+2.

Cuavana cpaBHuM rpaduku QyHkmuit y = x> 1 y = (x — 1)°. 3amernm,
4To ecmu (X; y) — TouKa mapaboibl y=x’, TO €CTh y, = x;, TO TOYKa
(x,+ 1; y,) mpunagnexut rpaguky dpynkuun y = (x-1)°, Tax kak ((x,+1)-1)*=
x; =y,. CnenosarensHo, rpaduxom dyHkmmu y=(x—1)* aBasgerca mapadona,
nosydeHHas u3 mapabonbl y = x? coéueom (MApaIUIETbLHBIM TIEPEHOCOM)

BIIpaBo Ha eauHuity (puc. 10).
14



YA yA
y=x’
VA », 12
18+
Y, Y
y=x-1y 2
x, x+1 01 )x xl+1I o g
a—t Puc. 10. Puc. 11.
7 A y=(=1P+2
A\
6 H I
\ )
\ !
12 / 2
3 \ /I y=(x-1)
\ /
2 \\ //
4V
_—>
i Piz s 2 ol 1 x
Puc. 9. Puc. 12.

Tenepp cpaBuuM rpaduku QyHkimid y=(x—1)> u y=(x—1)*+2. Ilpwu
KaXIOM X 3HaueHWe (QyHKIUU y=(x—1)>+2 Oonbine 3HauCHHUS (GYHKIHUN
y=(x—1)*na 2. CnenoBatensHo, rpadpukomM OyHKmuu y=(x—1)*+2 sBusercs
napabosa, ToTyueHHasi CABUTOM mapabosibl y=(x—1)? BBEpX Ha [BE CAUHHUIIBI
(puc. 11).

Takum oOpa3om, rpadukoM QyHkImu y = x* — 2x + 3 sBiusercs napadoa,
mosiyyaeMasi CJIBUTOM Mapaboibl y = x* Ha EIWHMIy BIPAaBO W Ha JIBE
enuHMIBl BBepX (puc. 12). Ochio cummeTpun mapabonsl y = x> —2x + 3
SBJISETCS MpsiMasi, TapajieNibHas OCH OpJAMHAT U MPOXOJSIIas yepe3 BEPUINHY
napabonsl Touky — (1; 2). A

AHaJOrMYHO OKA3BIBACTCS, UTO epagpukom @ynkyuu y = a(x — x,)* + y,
saenslemes napabona, noiyuaemas cO8ueomM napadonvl y = ax*:

BJIOJIb OCH abCuuce BNPaBo Ha X, eciu x, > 0, BaeBo Ha [x |, ecnm x,<0;

BJIOJIb OCH OpIMHAT BBEPX Ha y,, €cau y, > 0, BHM3 Ha [y|, ecam y, <0.

15



Jhobyio keadpamuunyio gyuxyuto y=ax*+bx+c ¢ MOMOIIBIO BBIICICHUSN
TIOJTHOTO KBAJpaTra MOJNCHO 3aNUCamo 8 6uoe

2
—a x+i _b2—4ac
Yy % 12’
TO ecTh B BHAC y = a(x — x,)* + y,, Tae
b _ —(v"Hac)
Xo 22> Yo y(x,) 10

Taxum o0pazom, rpadukom QyHKIMM y=ax*+bx + ¢ sBusieTcs napadona,
noyyyaemasi CIBUTOM Mapaboyibl y=ax? BIOJNb KOOPAWHATHBIX OCEH.
PaBencTBO y=ax*+bx+c Ha3BIBAIOT ypasHenuem napadonsi. KoopamHatel

. — 2 o .
(x5 ¥,) BEPIIMHBI MapaboIbl y=ax’+bx+c MOKHO HaWTH 10 GopMynam:
b 2

Xo= "5 Yo = Y(xy)=axy +bxy +c.

Och cumMmeTpun mapabonibl y=ax*+bx+c — nupsmas, mapauieibHas
OCH OpIMHAT U TPOXOAAIIAs Yepe3 BEpUIMHY mapaloJibl.

BerBu mapaOonbl y =ax® +bx +c¢ HampaieHbl BBepX, eciu a >0, u
HarpasieHbl BHU3, eciu a <0.

Bamaua 2. Haiimure KOOpAMHATHI BEPIIMHBI Mapadoibl y=2x>—x—3.
AbGcumcca BepIIMHBI TAapadOITbL:

b _1
0" 24 4’
OpauHaTta BEpPIIMHBI MapaOOIIbL:
2 1 1 1
=ax;+bx,+c=2-——-—-3=-3=
Yo 0 0 16 4 8-

1, o1
OTBeT: [Z’ 38]. A

3agava 3. 3anumure ypaBHeHHE Mapabobl, €CIM M3BECTHO, YTO OHA
NPOXOIUT uepe3 TOuKy (—2; 5), a ee BepUIMHOW sABnserca Touka (—1; 2).
Tak kak BepmmHON Tapaboisl sBIsIeTCsS Touka (—1; 2), To ypaBHEHHE
napabosibl MOXKHO 3amucarh B BUJE:
y=alx + 172+ 2.

16



[To ycnoButo Touka (—2; 5) MpUHAIUIEKHUT mapaboie, CleA0BaTelIbHO,
5=a(-2+ 17+ 2,

OTKyHa a = 3.

24.

25.

26

27.

28.

29.

Takum o0pa3om, mapaboria 3amaercs ypaBHEHHEM

y=3x+12+2 mm y=3x>+6x+5 A

Ynpaxcunenuas

Haiinute xoopauHatsl BeplIMHbI mapaboibl (24-26):

(YctHo.)

Hy=@x-37>-2; 2)y=(x+4)y + 3

3) y=5@x + 2)* -7, 4) y = —4(x — 1)* + 5.

1) y=x"+4x + 1; D)y=x*—-6x-17;

3) y = 2x* — 6x + 11; 4) y = 3x* + 18x — 7.
)y =X+ 2 2)y=-x*-35; 3) y = 3x% + 2ux;

4y y=-4x+x; 5 y=-3x+x 6) y = 2x*> — x.
Haiinute Ha ocu Ox TOUKy, 4epe3 KOTOPYIO HPOXOAUT OCh CUMMETPHH

napaboIbl:

) y=x+3; 2)y=(x+2)3
3) y = 3(x + 2 + 2; 4)y=(x -2+ 2
S5)y=x+tx+1 6) y = 2x* — 3x + 5.

[IpoxoauT U OCh cHUMMeTpud mapadossl y=x>—10x dYepe3 TOUKY:
1) (5; 10); 2) (3; =8); 3) (5;0); 4) (=5; 1)?

Haiinure KoOpIMHATBI TOYEK MEpeCceueHUs! mapaboIibl ¢ OCSIMU KOOP/IMHAT:
) y=x*-3x+2; 2)y=-2x*+3x — |

3) y =3x*—Tx + 12; 4) y = 3x* — 4x.

30.

Hanwumurte ypaBHeHHe mapaboibl, €ClIM HW3BECTHO, 4YTO mapabona
npoxoauT yepe3 Touky (—1; 6), a ee BepmuHO# siBnseTcs Touka (1; 2).

2 — Anre6pa, 9 knacc 17



31. (Ycrno.) Ipunamnexut au Touka (1;—6) mapabone y=-3x* +4x—7?

32. Haiigute 3nadenue k, ecnu Touka (—1; 2) mpuHamiexxuT mnapaboie:
1) y=kx*+3x—4; 2) y=-2x*+ kx—6.

33. C nomomrpto madnoHa mapabonbel y=x> moctpoite rpaduk (GpyHKIHHU:
Dy=&+2%  2)y=@&-3)3 Hy=x -2
4) y=-x>+1; 5) y=—(x -1)’-3; 6) y=(x+2y'+ L

34. 3anumuTe ypaBHEeHHE MMapaboibl, MONyYeHHOH W3 mapaboibl y = 2x%
1) cnBurom Bmoab ocu Ox Ha 3 €AWHUIEI BIIPABO;
2) cnsuroM BIoib ocu Oy Ha 4 eJUHUIIBI BBEPX;
3) casurom Baosib ocu Ox Ha 2 €IMHHUIBI BIEBO M BOOJb ocu Oy Ha
CIMHUILY BHU3;
4) cneuroMm Broib ocu Ox Ha 1,5 enuHUIBI BIOpaBo U BAOIbL ocu Oy
Ha 3,5 eAWHHUIBI BBEpX.

|
§5.IOCTPOEHUE TPA®UKA KBAJIPATUYHON ®YHKIUH

Bagaua 1. Ilocrpoitte rpaduk ¢yHkimun y=x>—4x+3.
/\ 1. Bbruncimum KOOPAMHATHI BEPUIMHBI MapaboIbI:

Wl-os,

Yo=22-4.2+3=-1.

[Toctpoum touky (2; —1).

2. IlpoBenem 4epe3 Touky (2; —1) mpsimyto, mapasiebHy0 OCH Op/ANHAT,
— 0Ch CUMMeTpUH Tapaboisl (puc. 13-a).

3. Pemast ypaBHenue x*> — 4x + 3 = 0
Haiiaem Hynu Qynkouu: x, =1, x,=3. [locrpoum Touku (1; 0) u (3; 0) (puc.
13-b).

4. Bo3bMeM J1Be TOUYKHM Ha ocu OXx, CHMMETPUYHBIE OTHOCHTEIBEHO TOUKU
x = 2, Hampumep, x = 0 u x = 4. Beruuciaum 3HaueHus: QYHKIMH B ITHX
toukax: y(0)=y(4)=3.

[Toctpoum Toukm (0; 3) u (4; 3) (puc. 13-b).

5. TlpoBenem mapalbony 4epes IOCTPOEHHBIE TOYKU (puc. 13-c). A
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y“ x=2 Y x=2
3
} 4 @
0 2 x 0 1 2 3 4 x
-
a) b) c) Puc. 13.

[To Takoit ke cxemMe MOXHO nocmpoums epagux ai0ooll
keaopamuunoi Gynkyuu y = ax* + bx + c:

1. Iloctpouts BepmuHy mapa®ombl (X,; ,), BBIYHCIUB X, J, MO
b
bopmynam Xg = Togr Y0 y(xg).

2. IlpoBectu uepe3 BepUIMHY Mapadoibl MPSAMYI0, MapauieNbHYIO
OCH OpAMHAT, — OCb CUMMETPHUH MapadoJIbl.

3. Haiitu Hynu QyHKUIUHM, €CAM OHH €CTh, U TIOCTPOUTH HA OCH
a0cuucc COOTBETCTBYIOLIME TOUKU MapadoIbl.

4. TloctpouTh /BE Kakue-HUOYIb TOUKU Mapaloiibl, CHUMMETPUYHbIE
OTHOCUTENBHO €€ ocH. [lys 3Toro Hajgo B3ATh ABE TOYKM HA OCH
Ox, CUMMETPUYHBIE OTHOCHTENBHO TOYKK X, (X, # 0), W BBHIYMCIHTSH
COOTBETCTBYIOIIME 3HAu€HUs (QYHKIHMH, (3TH 3HAYCHHUS OJUHAKOBHI).
Hanpumep, MOXHO MOCTpOUTH TOUKM Mapabonbl ¢ abcuuccamu x = 0
v x = 2x,, (OpAMHATBI BTHX TOYEK PABHBI C).

5. IlpoBecTu Yepe3 MOCTPOCHHBIE TOUYKH Mapadony. 3amMeTum, 4To
115 6oJiee TOYHOTO TMOCTPOeHHs rpadyKa MOJMe3HO HANTHU eIle HECKOIBKO
TOUEK MapaboJbl.

Bagaua 2. [locrpoiite rpadux dynkmun y=-2x>+12x—19.
A\ 1. Beruncinm KOOPJIUHATHI BEPUIMHBI MapaloJIbl:

Xg=—12-3, y,=—2.3% +12.3-19=—1.

[Moctpoum Touky (3; —1) (puc. 14).
2. IlpoBenem uepe3 Touky (3; —1) ocb cummerpun mapabomsl (puc. 14).
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VA YA
-1 J -1
-3 ® -3
x=3 y = “2x2+12x-19
x=3
Puc. 14. Puc. 15.

3. Pemas ypaBHenue —2x* + 12x — 19 = 0, yOexmaemcs B TOM, 4YTO
ypaBHEHHE HE MMEET NeHCTBUTENbHBIX KOPHEH, U, ClieloBaTenbHO, mapabosa
He nepecekaer och Ox.

4. Ha ocu Ox BO3bMEM JIBE TOUYKH, CHMMETPUYHBIE OTHOCHTEIBHO TOYKU
x = 3, Hampumep, TOUKH X = 2 u x = 4. Brluucnum 3HaueHHE (QYHKIHUU B
9THX TOUYKaX:

¥(2) = y4) = -3.
[Toctpoum touku (2; —3) u (4; =3) (puc. 14).
5. IlpoBemem mapaGony uepes HaigeHHBIE TOUKH (puc. 15). A

Bapgaua 3. [locrpoiite rpaduk yHkImu y = —x* + x + 6 U BBIACHHTE,
KaKUMH CBOMCTBAMH 00JafiaeT 3Ta (yHKIIHS.

A s noctpoeHus rpadpuxka QyHKUIMM HalgeM HyId QYHKIUH:
—Xx*+x+6=0, otkyna x, =2, x,=3. KoopuHaThl BepuIKHbI Mapabosibl MOKHO

HAaWTH TakK:
+ 2+3 1
xo—m—i——,
2 2 2
1 1 1 1
=yl |l=—+-+6=6".
Yo y[2] 4 2 4

Tak xax a=-1 < 0, To BeTBM mapaboibl HAMPABIEHBI BHHU3.

Haiinem eme Heckonmbko Touek mapabomsl: y(—1)=4, »(0)=6, y(1)= 6,
y(2) = 4. Crpoum mnapabony (puc. 16).

C nomompio rpaduka GYHKIUH MOTYYUM CIENYIOIIUE C8olcmaa QyHKyuu
y ==x*+ x + 6:

1) npu n0OBIX 3HAYEHUSAX X 3HAYEHUS (PYHKIMHM MEHbBIIE WU PaBHBI

1
4>

6
20



npu —2<x<3, oTpuuaTeiabHbl Hpu Xx <-2
U X >3, paBHbl HYIIO NMpU X=—2 U Xx=3;

2) 3Ha4eHUs (QYHKIHUH MOJOKUTEIbHBI T
6 y=6

PN

3) ¢yHKkuus Bo3pacTaeT Ha MPOMEKYTKE
1 1
X< yOBIBaET Ha MPOMEXKYTKE x > 5
1
4) nmpu X= QyHKUUS TpUHUMAET 34

2 =

1
HauOoJIbIllee 3HAYCHUE, PABHOE 61;

5) rpaduk QyHKOMH CHUMMETPHYCH -

-

OTHOCHTEIBHO TPAMON x=— . M

o
S
S
S
~
S

OrmeTHM, 9TO QYHKIMS Y =ax®+bx+c NPUHUMACT HaumMeHbuiee

b
WIH Haubonbuiee 3HAYCHHE B TOYKE Xo =, , KOTOPOE SBISCTCS
abcIccoil BepIIMHBl apadoIbl.

3nayenne QyHKUMH B TOYKE X, MOXKHO HaWTH mo Qopmyre
Y, = Wx,). Ecnu a > 0, mo ¢ynxkyus umeem naubonouiee snauenue, a
eciu a < 0, mo ¢yukyus umeem Haudorbulee 3HAYEHUe.

Hanpumep, GyHkuust y = x* — 4x + 3 npu x = 2 NpUHUMAET HAUMCHBIIICE
3Ha4YeHue, paBHoe —1 (puc. 13-¢); pyHkmms y = —2x* +12x—9 npu x = 3
npuHUMaeT HauOoJjbliee 3HaueHue, paBHoe —1 (puc. 15).

3agauva 4. Cymma JOBYX NOJOXHUTENbHBIX 4yucesn paBHa 6. Haiigute
3TH YHUCNa, €CIM CyMMa MX KBajJparoB HauMeHblnas. KakoBo HammeHbliee
3HAQYEHHUE CYMMBI KBaJIpaTOB 3THX YUCEN?

/\ O603maunm nepBoe uyuciao OykBOH X, TOrJa BTOPOE YMUCIO PABHO
6—x, a cyMMa HX KBaapatoB paBHa x* + (6 — x)?. IIpeoOpasyem 3To
BBIpa)KEHHE:

21



X2+ (6 —x)P?=x>+36—-12x + x* = 2x* — 12x + 36.

3ajmaya cBelach K HAXOXKJIEHUI0O HAUMEHBIIETO 3HAYeHUs (QYyHKIHUH
y=2x*—12x+36. Haiizem KoOpAWHATHI BEPUIMHBI 3TOH MapadoJIbL:

__b__-12_ _ -2.9-12. —
Xo= =y =5 5 =3 Yo=y(3)=2-9-12.3+36-18.

Wtak, nmpu x = 3 QyHKUUS TPUHAMAET HaWMEHbIIEe 3HAYEHHE, PaBHOE
18.

Takum 00pa3om, MepBOe YKCIO paBHO 3, BTOPOE Takke paBHO 6 — 3 = 3.
3HaueHHe CyMMBI KBaJPAaTOB 3TUX 4YuceN paBHO 18. A

Ynpasxcnenua

35. Haiinute koOpAMHATHI BEPIIUHBI MapadOIIbL:

1) y=x*—4x - 5; 2)y=x*+3x+5;
3)y=—x*-2x+5; 4y y =-x*+ 5x - L

36. Haiinute koOpAMHATHI TOYEK MEPECEUEHHs Mapadoibl C OCIMU KOOPAUHAT:
Hy=x>-3x+5; 2) y = -2x* — 8 + 10;
3) y = -2x* + 6 4) y = Tx* + 14.

[Toctpoiite rpaduk dynkuuu u mo rpaduxy: 1) HaliguTe 3HAYECHUS X,
OpU KOTOPBIX 3HAYEHHS] (PYHKIUHM TOJIOKUTENbHBI, OTPULATEIbHBI; 2)
HAWIUTE TIPOMEKYTKH YOBIBaHUS W BO3pacTaHusl QYHKIWH; 3) BBISCHUTE,
NpU KaKOM 3HAUCHUH X QYHKIMS MPUHUMAET HauOObIIee U HauMEHbIIee
3HaueHue (37-38):

37. 1) y = x* — 7x + 10; )y=-=x*+x+2;
3) y==x*+6x - 9; 4) y = x* + 4x + 5.

38. 1) y = 4x* + 4x — 3; 2) y=-3x"-2x + 1;
3) y=-2x2 + 3x + 2; 4) y = 3x*> — 8x + 4.

39. Ilo manHOMYy Tpaduky KBaaparndHoW QyHKIHH (puc. 17) BBISICHHTE €e
CBOMWCTBA.

40. Yucno 15 mpeacraBpTe B BUAE CYMMbl JBYX YHCEI TakK, 4TOOBI
NPOU3BEAECHUE ITUX YHCEN ObUIO HAHOOJIBLINM.
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41.

42.

43.

44.

45.

46.

y Y A
/ s
0 5 =x
-3 0\l X
—4 a) b) Puc. 17,

CymMma naByx uucen paBHa 10. Haiiaure 3Tm uucia, ecinu cymMMma HX
KyOOB sIBISieTCS HaWMEHBIIIEH.

VYdacTok mpsiMOyTroJabHON (OPMBI, MPUMBIKAIONIMA K CTEHE JI0Ma, HYKHO
OTOPOJIUTH C TpeX CTOpPOH 3abopom jiuHONW 12 M. Kakumu m0KHBI
OBITH pa3Mephl ydyacTka, 4TOObl €ro miomajap Obula HauboJbIIeH?

B TpeyroapHUKEe cymMmMa OCHOBAaHHMS W BBICOTHI, OMYIIEHHOW Ha 3TO
OocHOBaHMe, paBHa 14 cm. MoxerT 1M TakoW TPEYroJbHUK HMETh
IUIOIIA/Ib, PaBHYIO 25 cM*?

He ctpos rpaduk, ompenenute, mpu KakOM 3HAYEHUHM X KBaJIpaTUHAS
byHKIUS uMeeT HamOounblnee (HaWMEHbIICE) 3HAYCHHE; HAWIUTE ITO
3HauEHHE:

1) y=x* - 6x + 13; )y =x*—2x — 4

3) y = —x* + 4x + 3; 4) y =3x* — 6x + 1.

Ompenenure 3HaKM KOIPPHUIUCHTOB ypaBHEHHs MapaboIIbl

y = ax* + bx + ¢, ecnu:

1) BerBM mnapabojbl HampaBlieHbl BBEpX, abciucca €€ BEepLUIMHBI
OTpHULIATENIbHA, @ OpJMHATa IOJOKHUTEIIbHA;

2) BeTBM Mapaboibl HampaBieHbl BHU3, a0ciucca M OpjAHHATa ee
BEPIIMHBI OTPHULIATEIbHBI.

C BBICOTBI 5 M BEpPTUKaJbHO BBEPX M3 JIyKa BBINYIIEHA CTpela C
Hav9alapbHOM ckopocThio 50 m/c. Beicota s M, Ha KOTOpPOW HaxoguTCs
cTpena 4epe3 ! CEKyHI, BBIUHCISETCS TO (Gopmyne

2

h = h(t) =5+ 50t - %, e g ~ 10 m/c?

Yepe3 CKOIBKO CEKyHA cTpena: 1) JHOCTHTHET HauOONbIIEH BBICOTHI H
Kakou; 2) ymajeT Ha 3emiio?
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§6. KBAJIPATHOE HEPABEHCTBO
N EI'O PEIIEHUE

3agaua 1. CTopoHbl NpAMOYroJibHUKA paBHbl 2 1M U 3 M. Kaxnayro
CTOPOHY YBEJIMYWIM HA OJMHAKOBOE YHCIO JECUMMETPOB TaK, YTO IUIOLIAb
HpsAMOyTOJIbHUKA cTana Oonbine 12 nm’. Kak w3MeHMIach Kaxiaas cTOpoHa?

A ITyctp kaxnmas CTOpoHa MPSIMOYTOJNBHHMKA yBEJIMYEHAa Ha X JIELMMETPOB.
Torga croponsl mpsMoyroibHHKa paBHbl (2 + x) U (3+x), a ero miomaab
paBHa (2+x)(3+x) kBagpaTHeIXx genuMeTpoB. [lo ycioBui 3amauu
(2+x)(3+x)>12, otkyma x*+5x+6 > 12 wmm x>+ S5x — 6 > 0.

PaznoxuM JieByr0 4acTh TOr0 HEPABEHCTBA HAa MHOXKHTEIU:

(x +6)x —1)>0.
Tak kak mo ycnosuro 3agayn x > 0, To x + 6 > 0.

[logenuB o0e wacTu HepaBeHCTBA HAa X + 6, momyunm x—1 >0, TOo ecTh
x> 1.

OTBeT: KaKIyK CTOPOHY MPAMOYTOALHHMKA YBEIMYUIM OONBLIE YEM
Ha 1 oM. A

B HepaBenctBe x>+ 5x — 6 > 0 OykBOH x 0003Ha4YE€HO HEU3BECTHOE
YUCII0. JTO TPUMEP KBAJAPATHOTO HEPaBEHCTBA.

0 Ecau B JIeBO#i 4aCcTH HepaBEeHCTBA KBAPATHBIH Tpex4JeH, a
B NIPaBOii HYJIb, TO TAKOE HEPAGEHCIMEO HA3BIBAWT KGAOPAMHDIM.

Hanpumep, HepaBeHCTBa
2x*-3x +1 >0, B+ 4 +5<0
SIBJISTFOTCS KBAIPATHBIMH.

Hamomuum, 4To pewenuem Hepagencmeéa C OIHUM HEHU3BECTHBIM
HA3bIBACTCS TO 3HAYEHWE HEW3BECTHOTO, MPU KOTOPOM ATO HEPABEHCTBO
oOpamraercs B BEPHOE YHMCIOBOE HEPABEHCTBO.

Pewumv HepaseHcmeo—n>TO 3HAYUT HAWUTH BCE €r0 PEHICHHS WIH
YCTaHOBUTH, YTO UX HET.

3agaua 2. PemuTte HEpaBEHCTBO:

x>—5x +6>0.
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A KBanparroe ypasHenue X*—5x+6=0 UMeeT JBa PasIUIHBIX KOPHS X, =2,
x,=3. CienoBarenbHO, KBaJPaTHBIA TpeXwieH X —5x + 6 MOXKHO PasJIokKHTh
Ha MHOXHTEIH:

X=5x+6=(x-2)x - 3).

[ToaToMy maHHOE HEPAaBEHCTBO MOXHO 3alUCaTh Tak:

(x = 2)x —3)>0.

[TpousBeneHue ABYX MHOXKHUTENEH MONOKHUTENBHO, €CIM OHU HMEIOT
OJIMHAKOBBIE 3HAKH.

1) PaccmotpuMm ciydaid, korma 002 MHOKHUTENS MOJOKUTEIBHBI, TO €CTh
x—-2>0ux-3>0.
x—2>0,

DTH JiBa HEpaBEHCTBA 00pa3ylOT CHCTEMY: {x —3%0

x> 2,

, OTKyzma x > 3.
x>3 e

Pemas cucremy, nmomyunm {

WUrak, Bce uymcma x > 3 SBISIOTCA pEHICHUSIMH HEpPaBEHCTBA
(x = 2)(x — 3) > 0.
2) Paccmotpum Temeph citydai, Korma 00a MHOXKHMTENS OTPHIATEIbHBI,
TO ecTh x—2<0 m x—3<0.
x—2<0,
OTH J1Ba HEpaBEHCTBA O0pPa3yIOT CUCTEMY: {x —3<0.

p x<2,
emas CUCTEMY, MOJYYHUM
Y y x<3

Htak, Bce umcnma x<2 Takke SBISIOTCS pEUICHUSMU HEPABEHCTBA
(x—=2)(x—=3)>0.

Takum ob6paszom, pemieHusiMu HepaBeHCTBa (x—2)(x—3)>0, a 3HauuT, U
HepaBeHCTBa X2 —5x+6>(0 sBistorcs ymcna x<2, a Takke duciaa x>3.

OrBeT: x <2, x > 3. A

, OTKyna x < 2.

0 Booome, ecau KBajipaTHoe ypaBHeHue ax’+bx+c=0 umeer aBa
Pa3iIMYHbIX JeiiCTBUTEJbHBIX KOPHS, TO pelieHHe KBaJpPaTHOIO

HepaBeHCTBa ax’ +bx+c¢>0 u ax? +bx+c¢<0 MOXKHO CBeCTH K
pelIeHHI0 CHCTEeMbl HEPABEHCTB MEPBOM CTENMEeHH, PAa3JI0KUB
JEeBYI0 YacTh KBAaJAPAaTHOr0 HePABEHCTBA HA MHOKHTEJH.
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Bagaua 3. Pemmte HepaBeHcTBO —3x% — 5x + 2 > 0.

YtoObsl ymoOHee MPOBOAUTH BBHIYMCICHUS, MPEICTaBUM JaHHOE
HEpaBEHCTBO B BHJIE KBAJPAaTHOTO HEPABEHCTBA C MOJOKUTEIHLHBIM TEPBHIM
kodpdurmentom. g 3Toro ymMHO)KMM 00€ ero yactu Ha —l:

32+ 5x -2 <0.

Haiinem xopuu ypaBHeHust 3x*+5x—2=0:

_ —5x25+24  —5=7
Tz = 6 6

1
XN =g %= —2.
Pa3znoxkuB KBagpaTHbI TPEXUJIEH HA MHOXUTEIH, MOJYYUM:
1
3(x —gJ(er 2)<0.
OTtcrona moayyuM JBE CHCTEMBI.
1 1
x——>0, x—=<0,
3 3
x+2<0; x+2>0.

[lepByto cucteMy MOXKHO 3amucarb Tak:

OTKyJa BUIHO, YTO OHA HE MUMEET PEIICHUHN.
Pemiasi BTOpyto cuCTEMY, HaXOIUM:

1
<4
X<z,
x>—2,

oTKyga —2 <X < .4
3

1
CiiefoBaresibHO, pelICHHIMH HepaBeHCTBa S(x —3)(x +2) <0, 1o ectb

1
HepaBeHCTBa —3x*—S5x+2>(), SBISAIOTCS BCE YMCIIa MHTEpBaja (_2;_)
3

OTBerT: —2<x<é. A
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47.

48.

49.

Ynpancnenun

(YerHo.) VYkaxkuTe, Kakue W3 CICAYIOIHUX HEPABEHCTB SBIISIOTCS
KBaJIPaTHBIMHU:

1) x> -4 > 0; 2) x> = 3x - 5 <0; 3) 3x + 4 > 0;

4) 4x — 5 < 0; 5) x> =1 <0 6) x* — 16 > 0.
Cremute clienyronre HEPaBEHCTBA K KBAJPATHBIM:

1) x* < 3x + 4 2) 3x* -1 > x;

3) 3x* < x* - S5x + 6 4) 2x(x + 1) <x + 5.

(Yecrno.) Kakue u3 gmcen 0; —1; 2 sBASIOTCS pelIeHUsIMA HEpaBEHCTBA
1) x>+ 3x +2>0; 2) x* +35x +2>0;
Hx¥P—-x-2<250; 4) —x2+x+%<0?

Pemmre HepaBeHCTBO (50-52):

50. 1) (x — 2)(x + 4) > 0; 2) (x = 1)(x = 3) <0

3) (x — 3)(x +5) <0; 4) (x + T)(x + 1) > 0.
51. 1) x*— 4<0; 2) x*-9>0; 3) x> +3x<0; 4) x*—2x>0.
52. 1) x* - 3x +2<0; 4) x>+ 2x -3 > 0;

)X+ x-2<0; 5) 2x* + 3x — 2 > 0;

) -2x—-3>0; 6) 3x* + 2x — 1 > 0.
53. PemuTte HEpaBEHCTBO:

2 2
1)2‘(35_1) > 0; 2)7-(1—36) <0;
3 6
3) 3 -3 <x*—x; 4) (x — I)(x + 3) > 5.

54.

SS.

[Toctpoiite rpadux ¢ynknuu. [lo rpaduky HaiinuTe Bce 3HAUEHUS
X, TPHA KOTOPHIX (GYHKIHUS TPUHUMAET TOJOKHUTEIbHBIE 3HAYCHHUS,
OTpHLIATEIbHbIE 3HAYCHUS; 3HAUEHHsI, PaBHbIE HYJIIO:

) y=2x% 2) y=—x+ 1,53

)y =2 —x + 2; 4) y = 3x* —x — 2.

WU3gectHo, 4TO yMcna x, ¥ X, (A€ X, <X,) ABIAKOTCS HYIIMU QyHKIHH
y=ax*+bx +c. Jlokaxxure, 4TO €CIIU YHUCIIO X, 3aKJII0OYEHO MEXIY X, U X,,
TO €CTh X, <X,<X,, TO BBIMOIHACTCS HCPABEHCTBO a(axi +bxy+¢) <0
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§7. PEHIEHUE KBAJIPATHOI'O HEPABEHCTBA
C IOMOUBIO N'PAOUKA KBAJIPATUYHOU ®YHKIINU

Hamomuum, 4To kBajaparuuHas ¢QyHKOusS 3agaeTcs GopMyinoi
y = ax*+ bx + ¢, tne a#0. IlosToMy pelieHre KBaJpaTHOrO HEPaBEHCTBA
CBOJUTCS K OTBICKAHWIO HYNEH KBaJpaTHYHOW (YHKIUU M TMPOMEKYTKOB, Ha
KOTOPBIX OHA MPUHUMAET MOJOKUTEIbHBIE WM OTPULIATEIbHbIE 3HAYCHUS.

3agaua 1. Pemure ¢ momorpio rpaduka HEPABEHCTBO:

x> —x —1<0.

A I'paduk KkBamparuunoil ¢yukiuu y = 2x*— x—1 — mapaboia, BETBH
KOTOpOW HarpaBJeHbl BBEpX.

Haiinem Touku mnepeceueHus: 3Toil mapabossl ¢ ochto Ox. Jlns 3TOTO

pemM KBajapaTHoe ypaBHeHnue 2x>— x — 1 = (. KopHu 3TOro ypaBHEHHUS:
_ 12148 _ 123,

o 1
2 A TLun="5

CrienoBarenbHo, mapaboia nepecekaeT 0ch
y‘} Ox B TOYKAX x = —é u x=1 (puc. 18).

y=2x>—x-1 HepaBenctBy 2x*—x—1<0 ymoBIETBOPSIOT

T€ 3HAUEHHUS X, IPU KOTOPBIX 3HAYCHUs QYHKIHH
n + pPaBHbI HYIIO WM OTPHLATENIbHBI, TO €CTh TE
»  3HAUEHHUSA X, MPU KOTOPBIX TOYKH MapaboIIbl

0 1 X o
— l\-_/ JICXKAT Ha OCH OX NI HHUIKEC OTOHU OCH. I/I3
PUCYHKa 1 8 BHUJIHO, 4YTO OTHUMH 3HAYCHHAMH

1
Puc. 18. ABIIAKOTCS BCE YMCIA U3 OTpe3Ka [_E; 1}

OTBerT: —% <x<1. A
I'paduk 3TOM (QYHKIIMM MOKHO HCIIOJIb30BaTh M TIPU PEIICHWH JPYTHX
HEPABEHCTB, KOTOPBIE OTIMYAIOTCA OT JAHHOTO TOJBKO 3HAKOM HEpPaBEHCTBA.
W3 pucynka 18 BuaHO, 4TO:
1) pemenusmMu HepaBeHCTBA 2x> — x — 1 < 0 SBISIOTCS YMCIIa MHTEpBaia

1 1
——<x<1, 10 ecth (——;1);
2 2
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2) pemieHussMH HepaBeHCTBa 2x* — x — 1 > 0 sBISIOTCS BCe YHCia
1
TMPOMEKYTKOB X < — M X > 1;
3) pemeHusMu HepaBeHCTBa 2x* — x — 1 > 0 sBISOTCS Bce 4YMCIa

IIPOMEKYTKOB X < —% ux >l

3agava 2. PemuTte HEpaBEHCTBO:
4y + 4x + 1 > 0.

A [Moctpoum ockn3 rtpaduka Qynkuun y=4x>+4x+1. BeTBu 3T0M
napabosibl HampaBieHbl BBepX. YpaBHeHue 4x’+4x+1=0 wumeer onuH

1 1
KOPEHb X = _E’ IO3TOMY Hapa60na KacacTCsa OCH Ox B TOYKE (_5’0)

I'paduk >T0it QyHKIMM M300paskeH Ha pucyHke 19. [lns pemeHus aaHHOTO

HEpaBEHCTBA HYXKHO YCTaHOBUTb, NPH KaKUX 3HAYECHUSX X 3HaUCHUS (QYHKIUU
MOJIOKUTENTBHBL. TakuM o0pa3oM, HepaBeHCTBY 4x”+4x+1>0 ynoBIeTBOPSIOT
T€ 3HAYEHUS X, NMPHU KOTOPBIX TOUKM mMapabosbl jexar Beimie ocu Ox. U3
pucyHka 19 BHAHO, YTO TaKUMH SIBISIOTCS BCE JI€HCTBUTEIbHBIE YHUCIA X,
kpome x=-0,5.

OrBeT: x # —0,5. A

W3 pucynka 19 BumHO Takxke, 4To:
1) pemenusmMu HepaBeHcTBa 4x? + 4x + 1 > 0 sBisitoTCs Bce
NEUCTBUTENHHbBIC YHCIIA;

2) HepaBeHCTBO 4x? + 4x + 1 < (0 WMeeT OAHO pEIICHHE X = —%;

y“ y‘l

y=4x*+4x+1

A |

y=-x*tx-1

Puc. 19. Puc. 20.

29



3) HepaBeHCTBO 4x* + 4x + 1 < 0 He UMeeT pelICHU.
DTO HEPaBEHCTBO MOXXHO PEIINTh YCTHO, €CIH 3aMETHTh, YTO
4x> + 4x + 1 = 2x + 1A

Bamaua 3. Pemmre HepaBeHcTBO —x> + x — 1 < 0.

A [MocTpoum dcku3 rpapuka ¢ynkuum y=-x> + x — 1. BeTBu 3TOM
napaboJibl HampaBlieHbl BHHU3. Y ypaBHeHHs —x’+x—1 = 0 geicTBUTEIBHBIX
KOpHE#l HeT, mo3TomMy napaboia He mepecekaeT och Ox. CrenoBaTeiabHO, 3Ta
napabomna pacroioxkena Huke ocu Ox (puc. 20). DTo 03HAYALT, YTO 3HAUYCHUS
KBQIPAaTHYHON (YHKIMU MPU BCEX X OTPHUIATENBHBI, TO €CTh HEPaBEHCTBO
—x>+x—1<0 BBIIONHAETCS TIPH BCEX JEHCTBUTENBHBIX 3HAYEHUSAX X. M

N3 pucynke 20 BHUAHO TakXe, 4YTO PEUICHUAMHU HEpPaBEHCTBA
—? + x — 1 < 0 ABAsAIOTCA BCe 3HAYCHHUS X, a HepaBeHCTBA —x*+ x — 1 > 0
u—x> tx — 1 > 0 HEe UMEIOT peIICHHH.

Utak, 0na pewenus Kkeadpamuoco Hepagencmeda ¢ NOMOUbIO
epaghuka HYKHO:

1) ompenenuTh HampaBieHHE BETBEH MapaOoJibl MO 3HAKY TEPBOTO
Kod(pduIeHTa KBagpaTuIHON (YHKINY;

2) HAUTH JIEUCTBUTEIbHBIE KOPHU COOTBETCTBYIOIIETO KBaJIpaTHOTO
YPaBHEHMs WIM YCTAHOBHTbH, YTO HX HET;

3) MOCTpOUTh 3CKU3 rpaduka KBAAPATUUYHON (YHKIIUH, HCHONB3YS
TOYKH TiepecedeHns (WM KacaHus) ¢ ochlo OX, €ClIW OHH €CTh;

4) no Tpaduky OmpeneNUTh MPOMEKYTKH, Ha KOTOPBIX (QYHKITHS
NPUHUMAET HYXKHbIE 3HAYCHUS.

Ynpascuenuas

56. Iloctpoiite rpaduk GyHKIMH y = x>+ x — 6. Onpenenure Mo rpaduky
3HAYEHHsI X, MPU KOTOPBIX (QYHKIUS NPUHUMAET MOJOKHUTEIbHbIE
3HAYCHUS; OTPHUIIATETbHBIC 3HAYCHUS.

57. (Ycrro.) Ucnonb3ys rpaduk GyHkiuu y=ax?+bx+c(puc. 21), ykaxure,
NpH KaKUX 3HAYCHUSAX X 3Ta (PYHKIHUS TPUHUMAET TOJIOKUTEITbHBIC
3HAYCHUS; OTPHUIIATEIbHBIC 3HAYCHUS, 3HAUCHUE PABHOE HYIIO.
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S8.

59.

60.

61.

62.

63.

64.

Y
0 1 X -2
a)
yA
—1 10
f)

0
g)

h) Puc. 21.

Pemmre kBanmparHoe HepaBeHCTBO (58—62):
1) x*—-3x+2<0;

3) a*+3x -2 <
1) 222 + Tx — 4 <

0;
0;

3) 2x* +x+1>0;
1) x> —6x +9 > 0;

3) 4> —4x + 1 >

0;

1) x> — 4x + 6 > 0;

)P+ x+2>0;

5)2x2 = 3x +7<
)5 —x*>0;

0;

3) —2,1x% + 10,5x < 0;

(YctHO.) Pemute HEpaBEeHCTBO:

)% + 10 > 0;

3) (x— 12+ 1> 0;
5) (x + 1P -2 <0;

Pemmte KBaJApaTHOC HCPABCHCTBO

1) 4x> — 9 > 0;

3)x2-3x +2>0;

5) 2x2 —4x + 9 <

0;

2)x* —3x -4 >0;
4) —x* + 3x + 4 > 0.
2) 3x> = 5x -2 > 0;
4) —4x* + 3x + 1 <0.
2) x> — 14x + 49 < 0;
4) 4x* — 20x + 25 < 0.
2) x> + 6x + 10 < 0;
4) x> +3x + 5 <0;
6) 4x> — 8 + 9 > 0.
2) x*+7<0;

4) -3,6x* — 7,2x < 0.

2) x>+ 9 < 0;
4) (x + 52+ 3 < 0;
6) —(x — 2 — 4> 0.

(64—66):

2) 9x* — 25 > 0;
4) x* = 3x — 4 < 0;
6) 3x> + 2x + 4 > 0.
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65. 1) 2x* — 8x < -8; 2) x* + 12x > -36;

3) 9x? + 25 < 30x; 4) 16x* + 1 > 8x;
5) 2x* = x > 0; 6) 3x* + x < 0.
66. 1) x(x + 1) < 2(1 — 2x — x?); 2) x*+2<8x—-x%
3) 6x” +1<5x—x% 4) 2x(x — 1) < 3(x + 1).

67. Haiinure Bce 3Ha4YeHHS X, TIPH KOTOPBIX (DYHKIMS MPUHUMAET 3HAYCHHS,
He OoJbIIne HYIIS:
1) y=-x*+6x -9, 2)y=x>-2x + 1;

_ 1,2 _a. 41, 1 s
3) y= 5% 3x 42, 4) y 3% 4x —12.

68. 1) Ilokaxwure, uto mpu ¢ > | pemieHUsIMH HepaBeHcTBa x> — 2x + ¢ > 0
ABJISIFOTCS. BCE JIEWCTBUTEIbHBIE 3HAYEHUS X;
2) moKaxuTe, 4To TpH ¢ > | HepaBeHCTBO x> + 2x + ¢ < 0 He WMeeT
pELIECHUHN.

69. Haiinute Bce 3HaueHUs 7, AN KOTOPBIX TPU BCEX JEHCTBUTENIBHBIX
3HAYEHHSAX X BBIMOJHSACTCS HEpaBeHCTBO x> — (2 + r)x + 4 > 0.

|
§8. METOJA UHTEPBAJIOB

[lpu pemieHun HEPABEHCTB YACTO MPUMEHSIETCS Memoo UHMEPBANO8.
[ToscHuM 3TOA METOH Ha IpUMeEpax.

3agaua 1. BersicHuTe mpu KakuX 3HAUYEHUSX X KBaJAPATHBIN TpEeX4useH
x* — 4x + 3 NpUHHAMAET TMOJOXHUTEIbHBIE 3HAYEHHUS, a MPH KAKHX —
OTpHLIATEIbHBIE.

/\ Haiinem KopHM ypaBHenus x° — 4x + 3 = 0:

x, =1, x, =3

[Moatomy x> — 4x + 3 = (x — 1)(x — 3). Touku x = 1 u x = 3 (puc. 22)

pa3OMBaIOT YMCIIOBYIO OCh Ha TpW TpoMexyTka: x < I; 1 <x < 3; x > 3.

« N~ e
1 3 X
Puc. 22.

vyvVv
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[TpomexyTtkn x < 1, x > 3, Tak e KaKk M NPOMEXYTOK [ < x < 3
Ha3bIBAIOT UHMEPBATAMU.

JlBurasicb BJOJb YHMCIOBOW OCH CIIpaBa HalleBO, BHJAMM, UYTO Ha
uHTEepBaJie x > 3 TpexwieH x? — 4x + 3 = (x — 1)(x — 3) mpuHHUMaeT
MOJOXKUTENbHBIE 3HAUEHMs, TaK Kak B 3TOM cilydyae o0a MHOXuTens x — 1
U X — 3 TOJOXHUTEIbHBI.

Ha cnenytomem wunTepBane 1<x< 3 3TOT TpexuJeH NPUHUMAET
OTpHULIATENbHBIE 3HAYEHUS. DTO MPOUCXOAUT MOTOMY, YTO B NPOU3BEICHUU
(x = 1)(x — 3) mpm mepexome uepe3 TOYKY X = 3 TIEPBBIA MHOXKHUTEIb
X — 1 He MEHsSIeT 3HaK, a BTOPOM X — 3 MEHSET 3HaK.

ITpu nepexone yepe3 TOUKy x = 1 TpexuieH CHOBAa MEHSET 3HaK, TaK Kak
B mpom3BeneHun (x — 1)(x — 3) mepBbIii MHOXHUTENh X — | MEHSET 3HaK, a
BTOPOW X — 3 HE MEHSET.

Wtak, mpu JOBUKEHMHM 1O YUCIOBOM OCH CIIpaBa HAJEBO OT OJIHOTO
MHTEpBaJa K COCEIHEMY 3HAaKW Mpou3BeneHus (x—1)(x—3) gepemyroTcs.

Takum oOpasom, 3amady O 3HaKe KBaJpaTHOTO TpexwieHa x> — 4x + 3
MOXKHO PEHIUTH CIEAYIOIIUM CHOCOOOM.

OTMe4yaeM Ha YHCIOBOW OCH KOpPHHM ypaBHEHHs x’—4x+ 3 =
0: touku x, = 1, x, = 3. OHM pa3OMBAIOT YHCIOBYK OCb Ha TPH
uHTepBana (puc. 22). 3amMeTHB, 4TO Ha WHTEpBaje X > 3 3HAUEHUS
TpexwieHa x> — 4x + 3 TOJNIOKUTEIBHBI, PACCTABIsEM €ro 3HaKW Ha
OCTAJIbHBIX MHTEpBajax B MOpsJKe yepenoBaHus (puc. 23).

U3 pucynka 23 BuaHo, yto x*— 4x + 3 > 0 mpu x < 1 u x >
3ux’-4x+3<0npu 1 <x<3 A

A
+
|
+
vV

Puc. 23.

PaccMOTpPEHHBIN CIIOCOO HA3BIBAIOT MemoOOM UHMEP8ANos. ITOT METOJ
HCIIONB3YETCs TP PEIICHAM KBAIPATHBIX M HEKOTOPHIX JPYIHX HEPAaBEHCTB.

Hampumep, pemas 3amady 1, MBI NpPaKTHYECKH PEIIUIA METOIOM
MHTEPBAIOB HepaBeHcTBA x> — 4x + 3 > 0 m x> 4x + 3 < 0.
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Bagaua 2. Pemmte HepaBeHcTBO X° — X < 0.
/\ PasnoxuM MHOrOWIEH X° — X HA MHOKHTEIH:
X¥—x=x(x*-1)=x(x — Dx + 1).
CrnenoBareiabHO, HEPABEHCTBO MOXHO 3alucaTh Tak:
(x + Dx(x = 1) < 0.
OtmeTnM Ha uuciaoBod ocu Touku —1, 0 m 1. DTU Touku pa3OUBAIOT
YHCIIOBYI0 OCh Ha 4YeThIpe MHTepBaja (puc. 24):

x<-I,-1<x<0,0<x<1,x>1.
= NN N

|\
-1 0 I X

3> Puc. 24.

[Ipu x > 1 Bce MHOXUTENM TTpou3BeAeHuUs (x + 1)x(x — 1) MOTOKUTETHHBI,
u nodtomy (x+1)x(x—1)>0 nHa unTepBaie x>1. Y4uuThiBas CMEHY 3HaKa
MPOU3BEICHUSI MTPU TIEPEX0e K COCETHEMY WHTEpBay, HAlIEM Ui KakKIoTo
uHTEepBasa 3HaK mpousBeneHus (x+1)x(x—1) (puc. 25).

I VS G
W

\ A/

. Puc. 25.

Takum 0o0Opa3oMm, pemIeHHSIMH HEPABEHCTBA SIBJISIOTCS BCE 3HAYCHUS X
u3 uHTepBasioB x<—1 m 0<x<I.
OrBeT: x <-1,0<x<1. A
Bagava 3. Pemmte HepaBenctBo (x2 — 9)(x + 3)(x — 2) > 0.
/\ Taunoe HEPABEHCTBO MOYKHO 3alucarh B BHJIC:
(x + 3)(x — 2)(x — 3) > 0. (1)

Tak kak (x + 3)*> > 0 mpu Bcex x # —3, TO NpU X # —3 MHOXKECTBA
pemenuii HepaBeHcTBa (1) HepaBeHCTBa

(x-2)x-3)>0 2)
COBIAJAIOT.
3HaueHue x = —3 He SBISETCS perieHueM HepaBeHcTBa (1), Tak Kak mpu
X = —3 5eBasg 4yacThb HepaBeHCTBa paBHa 0.

Pemas HepaBeHCTBO (2) METOIOM WHTEPBAJIOB, mojydaem x < 2, x > 3
(puc. 26).
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“ + >\/>(+i
— >

-3 3 3 x Puc. 26.

Y‘-II/ITBIBaSI, 4TO X = —3 HE SBJIACTCS peHICHUEM HCXOJHOTO HCPAaBCHCTBA,
OKOHYATCJIBbHO II0JYyYacM:

x<-3, 3<x<2 x>3 A
3agaua 4. Pemurte HEpaBEHCTBO:
*®4+2x—3
——>0.
x“—38x—4
/\ Pa3noxuB 4HCIUTENb U 3HAMEHATEND IpoOu Ha MHOXKHUTEIH, TTOTYIHUM:

(x+3)(x—1)
e = )

OTMeTHM Ha YHUCIOBOM OcH TOo4YKW —3; —1; 1; 4, B KOTOPBIX YUCIUTENb
WIM 3HaMeHaTellb JIpoOu oOpamaiTcs B HylIb. ODTH TOYKH pa3OMBaIOT
YHUCITOBYIO MPSIMYIO Ha TISITh mHTepBaoB (puc. 27). [Ipu x > 4 Bce MHOXHUTEH
YUCITUTEINS M 3HAMEHATEIS TTOJIOKHUTEIBbHBI, ¥ MO3TOMY JPO0b MOJOKUTEIbHA.

R VN R A
@ @ O »
=3 -1 | 4 x
Puc. 27.

[Ipu mepexone OT OMHOTO MHTEpBAJa K CIeIyIoeMy Ipo0b MEHsET 3HaK,
MOATOMY MOXKHO PacCTaBUTh 3HAKH APOOU TaK, Kak 3TO TMOKAa3aHO Ha PUCYHKE
27. 3nauenus x = —3 u x = | ynoBneTBOPsIOT HEepaBeHCTBY (3), a mpu x=-—1
u x = 4 apoOb He WMeeT cMmbicia. TakuMm 00pa3oM, HCXOAHOE HEPABEHCTBO
UMEET CIEAYIOIIUE PEUICHUs:

x<-3, -1<x<1 x>4 A

Ynpancnenun

70. (YcrHo.) IlokaxuTe, 4TO 3HAYEHHWE X = 5 SABISETCS pEHICHUEM
HEepaBEHCTBA!
) (x = Dx —3) >0 2) (x + 2)(x +5) > 0;

3) (x — N — 10) > 0;  4) (x + Dx — 4) > 0.
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71.

72.

73.

74.

75.

76.

Pemmre Metomom mHTEepBanoB HepaBeHCTBO (71-77):
D (x+2)x -7 >0;

3) (x—2)

X+ =
2

1

1) x> + 5x > 0;
4) x>+ 3x < 0;
1) ¥ - 16x < 0;
3) (x* = D(x +3) <0
1) (x — 5>*x*- 25) > 0;
3) (x = 3)x* —9) <0;

4)

1)

x—2
> 0-
+5 0;

1) x_

3,5+x
x—7

x2+2x+3

(x—2* ~

<0;

9

77.

78.

79.

80.

36

1) (x>~ 5x + 6)(x* — 1) > 0;
3) (x>~ Tx+12)(x*—x+2)<0;

< 0;

4) (x+5) x—3% -~ 0.

2) x>— 9x > 0; 3) 2x2 - x < 0;

5) x> +x - 12 <0; 6) x> - 2x — 3 > 0.
2) 48 — x> 0

2) (¢ +5)(x = 8) <0

4) (2 - 4)x - 5) > 0.

2) (x + *(x*— 49) < 0;
4) (x — 42 — 16) > 0.

x—4
2) =0

5)

2)

(2x+1)(x+2) -

(x+4)2
252 —3x+1

x—3

> 0;

Pemure nepasenctBo (78-80):

)

4)

x2—x-12
x—1

x2—8x—4
x> +x—6

> 0;

> 0;

1) i+§>i-

1)

x—2 x

x2—7x—8
x2—64

x—2°

< 0;

2)
5)

2)

2)

22—4x—12

0;

3)

<0:
x—2 0;
x2+5x+6
—2>0;
x+3
x2 2—x
x2+3x x+3
2
X +Zx+10 > 0;
x°—4

3)

6)

x2—x
x2—4

5—x

p .

1

> 0;

,—x
3+x

(x—3)(2x+4)

> 0;

it ’

>0.

x+1

3)

6)

9x2—4
2

4)

x—2x

2) (x + 2)(x*+ x — 12) > 0;
4) (2 —3x—4)(x*—2x—15)<0.

2 _
x ;—3x 10 <
x“+x—2

x2—8x+17
x—1

5x2—8x—2
1—x

< 0.

’

<0.

>0;



| §9. OBJIACTH OIIPEJAEJIEHUA ®YHKHHUU

B 7 xmacce BBl MO3HAKOMWJINCH C TMOHATHEM (yHKIUsA. HamoMHuUM 3TO
MIOHSITHE.

0 Eciu kaxaoMy 3HAa4eHHI) X W3 HEKOTOPOr0o MHOXeCTBa

yHceJ MOCTABJIEHO B COOTBETCTBHE YMCJIO )y, TO TOBOPHAT, UTO
HA MHOXKecTBe 3agaHa ¢@yukuyua y(x). Illpm 3ToM X Ha3BIBAIOT
He3a6UCUMOIl NEPEMEHHOU WM aApZYMEeHmOM, a4 y - 3A6UCUMOT
nepemeHHOU WU (QyHKUUell.

Br1 3HaKkOMBI ¢ TUHEHHOH QyHKUIMEH y=kx+b u keadpamuunoii ¢ynkyuei
y=ax*+bx+c. lnsg atux QyHKIMH 3HAYCHUE apTYMEHTa MOXKET OBITH JIFOOBIM
TNEUCTBUTEIBHBIM YHCIIOM.

PaccmoTtpum Temeps (QyHKIUIO, KOTOpas KaXIOMy HEOTPHUIATEIHLHOMY
YHUCIy X COINOCTABISET YHUCIO \/E, TO €cTh (DYHKIHIO y=+/x. Hdns sroit
(GYHKIIMU apryMEeHT MOXET MPUHUMATh TOJIBKO HEOTpPHUIATEIbHbIE 3HAUCHHS:
x>0. B 3TomM ciydae TOBOpAT, 4TO (YHKIUS OMpE/AeiIeHa Ha MHOXECTBE
BCEX HEOTPHUIATENFHBIX YHCET, W 3TO MHOXECTBO HA3BIBAIOT 00.1aCMbIO

onpedenenusi GyHKIMH Y = Jx .

Boobuie o6racmuvio onpedenenus GyHKIMU HA3bIBAIOT MHOXKECTBO BCEX
3HAYCHUH, KOTOphIE MOXET MPUHHMATh €€ apryMEHT.
Hanpuwmep, dynkums, 3agadHas ¢Gopmyroi, y=1, ompexgenena mpu
X
x # 0, To ecTh 00MaCTh OMpeneNeHHs dTOW (QYHKIMH — MHOXECTBO BCEX

HEﬁCTBHTeHBHLIX YUCCJI, OTIIMYHBIX OT HYJIA.

Eciu ¢ynkuus 3amana ¢opmynol, TO MPUHATO CYUTATh, YTO OHA
OIlpeNieieHa MPHU BCEX TEX 3HAYEHMAX apryMeHTa, MPH KOTOPBIX 3Ta
dopMyna UMeeT CMBICI, TO €CThb BBHINOJHEHBI BCE JEHCTBUS, YKa3aHHBIE
B BBIPQXEHUH, CTOAIIEM B MPaBOM 4acTH (HOpPMYIIBI.

Haiit oGnmacte ompeneneHus (yHKIMH, 3aTaHHON (GOPMYIOH, — 3TO
3HAQUUT HAWTH BCce 3HAUCHWs apryMeHTa, MPHU KOTOPBHIX (Gopmylra HUMeeT
CMBICIL.
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3amaua 1. Halinute obmacte ompeneneHuss QyHKIHH:

1) y(x)=2¢+3x+5; 2) yx)=Vx-1;
3) Y= 4) Yo -yE2.

A 1) Tak kak BeIpaxkeHHe 2x°+3x+5 MMeeT CMBICT MpHU JIIOOOM X, TO
(GYHKIMS OTpe/ieNieHa TpH BCEX 3HAYCHHSX X.
OTBeT: x — MmobOE YHUCTIO.

2) Broipaxenuevx—1 wumeer cmbici npu x—1>0, To ecTb GyHKUIUSA
ompezneneHa mnpu x> 1.

OrBeT: x>1.
1
3) Boipaxenue ;5 uMeeT cMbich npu x+2#0, To ecTb (QyHKIUSA

onpejiesieHa Mpu x#—2.

OTrBeT: X#-2.
_2 0 2 4) BwlpaxeHne 4% MMEET CMBICI TIpH
Puc. 28.
%20. PemyB 3T0 ypaBHEHHE, MOJYYHM:

x<—2wux>2, To ecth HyHKIHUS ompeneneHa npu x <—2 u x >2 (puc. 28).

OrBeT: X<-2, x>2. A

Hanomnum, umo epaguxom @yHnkyuu Ha3bIBa€TCS MHOXKECTBO BCEX
TOYEK TIOCKOCTH, a0CHMCCHI KOTOPBIX PaBHBI 3HAYEHUSM HE3aBUCUMOMN
NepeMEeHHOM U3 00JacTH OMpe/eNeHus] 3TON (QYHKIMH, a OpAMHATHI —
COOTBETCTBYIOIIMM 3HAYCHHUSIM (YHKIIUH.

VA VA
<
3 %
1 1
0 ] X of 1 X
Puc. 29. Puc. 30. Puc. 31.
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VA
. /'\,\/
N //\”§~ //\
1y \\ \7//,»\
\\ 0
0 1N\ 2 x
-1

Puc. 32. Puc. 33.

3agaua 2. Haiinute oOnacte ompeneneHuss U MOCTPOUTE rpadux
GyHkunu y = |x|.
A Hanomuum, uyTto:

|x|={ x, ecnn x*>0,
—x, ecmm x<0.

Takum 00pa3om, BEIpaKEHHUE | x| IMEET CMBICI TIPH JIFOOOM JIEHCTBUTETEHOM
3HAUEHUHM X, TO €CTh OOJIACThIO OINpeeNeHUs] QYHKUUH ) = |x| sBiIseTcs
MHOXXECTBO BCE€X JEHCTBUTEIbHBIX UYHUCEI.

Eciu x>0, to [x| = x, u nmostomy npu x >0 rpadukom QyHKIMH Y = |X|
SBJIsIeTCS OMCCEKTpHca MEPBOTO0 KOOpAMHATHOro ymia (puc. 29).

Ecim x < 0, T0 |x| ==X, TO €cTb Juig OTpPHUIATEIbHBIX X Ipadukom
GyHKIMM y = |x| sABugeTcs OMCCEKTpHCA BTOPOTO KOOPAMHATHOTO YyIia
(puc. 30).

I'paduk dynkumm y = |x| u3o0pasken Ha pucynke 31. A

3ameTuM, 49TO |-X|=|x| m1s moboro x. [lostomy rpaduk QyHKIHH ) = ||
CUMMETPUYEH OTHOCHUTEIBHO OCH OpJAWHAT.

3amaua 3. [locrpoiite rpadpuxk Qynkuuu y = [x—2|—1.

A 1 paduk QyHKIMH Y = |x—2| moxydaercs u3 rpaduka QyHKIHHA ) = |x|
CIBUTOM BIOJb ocu Ox Ha 2 equHMIBI BrpaBo (puc. 32).

Hns momyuenust rpaduka GyHKuuud y = |[x—2|—1 H0OCTaTOYHO CABUHYTH
rpaduk QyHKImM y = [x—2| Ha enunuuy BHU3 (puc. 33). A
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81.

82.

83.

84.

8s.

86.

40

Ynpancnenun

Gdyuknus 3amana Gopmyiaoi y(x) =x*—4x + 5.

1) Haitmure p(=3), y(=1), »(0), »(2);

2) HaiiguTe 3HaueHue x, eciam y(x) = 1, y(x) = 5, y(x) =
y(ix) = 17.

Oyukmust 3amaHa GopMyson y(x)=’%i’-

1) Haitmare y(-2), »(0), »(3). »(3);

2) HaiauTe 3HadeHwe x, ecnu y(x) = -3, px) = =2, y(x) =
y(x) = 19.
Haiinure obnacts onpenenenus ¢ynkuuu (83—84):
(YcTHO).
1) y=4x>—5x+1; 2) y=2-x-3x% 3) y_2x_33,

__3 . —46—x - - L
Hy=—7; 5) y=Y6-x. 6 y=\ .
Dy=-—2 2) y=8x%-Tx+10;

x” —2x—3

3) y=¥3x2—-2x+5; 4) y= 6[7723?5:;1 : 5) y= 3" —2

-X

Oynkmus 3amaHa Gopmynon y(x)=|2—x|-2.

1) Haiigure y(=3), y(=1), y(1), »(3);
2) HaiimuTe 3Ha4YeHue x, ecimm y(x)=-2, p(x)=0, p(x)=2, p(x)=4.

Haitnute obnacte omnpeneneHust QyHKIMHU:
[x=2 . —3/l=x .
1) y= x+3 ; 2) y 1+x°

) y={eDa-2@-3): 4 y- =1

5) y=J(x+1)x—1)(x—4); 6) y= S/Lhzc—?




87. Ilpunamnexut nu touka (—2; 1) rpaduxy ¢GyHKUIUU:

1) y=3x>+2x+29; 2) y=|4-3x|-9;
3) y=£438, 4) y=[2—x—5/-27
88. Iloctpoiite rpaduk QyHKIUU:
D) y=h+3[+2; 2) y==Nk; 3) y=2k[+1;
4) y=1-|1-x; 5) y=lx[+px-2]; 6) y =l +1|—lx.

89. I'padux ¢dynkuuu y=ax?+ bx+c¢ npoxoaut uepe3 Touku A (0; 1),
5
B (1; 2), C (% D). 1). Haitnure a, b, c. 2) llpu KakuX 3HAYCHHUAX X
y = 0? 3) Iloctpoiite rpadpuk QpyHKUUU.

I
|§10. BO3PACTAHUE N YBBIBAHUE ®YHKIHNHN

Bbl 3HaKOMBI ¢ QYHKIUSMH Yy = X U y = x°. DTU (QYHKUUH SIBISIOTCS

YaCTHBIMU CIIYHasiMU CMenenHol (yHKyuu, TO eCTh
y=x (1)

(3mech » — 3aJ]aHHOE YHCIIO).

[Tycte r — HarypanbHOe uucio, ¥ = n = 1, 2, 3, ... B stom ciyqae
MOJNYyYUM CTETEHHYIO (YHKLHUIO y = X" ¢ HaTypalbHBIM MOKa3aTeieM.

Ota QyHKUIUS omnpenesieHa Ha MHOXECTBE BCEX AEHCTBUTENbHBIX YHCEN
R, 10 ectb QyHKIMS y=Xx" ¢ HaTypaJbHBIM IIOKa3aTelieM OIpeJesieHa MpH
xeR. Eciu B ¢dopmyne (1) r = =2k, keN, 10 mnpuxoaum K OGYHKLUU

-2k
y=x =%. Ota (QyHKIMs ONpeNeNieHa MPU 3HAUCHUSAX X, OTINYHBIX OT
X

Hyns. Ee rpaduk cummerpuden otHocutensHo ocu Oy. Ecmm r = — 2k — 1),
2k-1 o

keN, npuxomuM K (QyHKIMH Y = x )=ﬁ. Ee cBolicTBa aHaI0rn4HBI

.y Y

ceoiictBaM QyHkuuu y=-L. [lycts p U g — HarypanbHble YHMCIa U r_E

R |~

q
— Hecokparumas apobb. O0macTs onpejenenus GyHkuud Y = VX 3aBucur

OT 4YeTHOCTH p W ¢q. Hampumep, dynkuun y=3x«*, y=%x OIIPEIEIICHBI
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4/
JJIA moboro xeR. (DyHKI_[I/IH y= x3 onpeAcicHa IPU HCOTPULATCIbHBIX

3HAYEHUSX X, TO €CTh mpu x > 0.

N3 xypca ,,AnreOpel” 8-ro kiacca HW3BECTHO, 4YTO IS KaXJOTO
UPPAMOHAIBFHOTO YHUCJIa MOKHO HAWTH €ro MpHOJMKEHUE palrMoHAIbHBIM
YUCIIOM ¢ JI000M CTeNeHbl0 TOYHOCTH. Ha mnpakTuke JeWCTBUS
HaJl UppalMOHAJbHBIMU YHMCIAMH 3aMEHSIOTCS MAEHCTBUSAMU Haad HX
palMoOHAJIbHBIMU TPUOIMKEHUSIMU. OJTH JEHCTBUSA ONPEICISAIOTCS TaKUM
o0pa3oMm, 9TOOBI CBOMCTBA 3TWUX OTNEpalMii HAll pAllMOHANIBHBIMH YHUCIAMU
MOJTHOCTBIO COXPAHWIIUCh U JJIi UPPAllMOHAIBHBIX YHCEI.

[ycts 7, ¥,y ..., F,, ... — PALIMOHAJILHBIE NPUOIMKEHHUS UPPALMOHAIEHOTO
yucaa r. Torga, eclim X — MOJIOKHUTEIBPHOE YUCIIO, TO YUCIA X, X2, ... , X%, ...
OyayT TmocienoBaTelbHBIMU MPUOMKEHUSIMUA Yrcaa x". Takoe ompeneneHue
CTENECHU HA3bIBAIOT CMENEeHbl0 C UPPAYUOHATbHLIM NoKazamenem 1 |
obo3HayaroT x. Takum oOpazom, npu x > 0 MOXKHO ONpPEAETUTh (QYHKIHIO
y = X' C MPOU3BOJBHBIM JEHUCTBUTEIbHBIM MOKA3aTEIEM 7.

Crenennast QyHKIUS ONpeAenseTcs Ui TeX 3Ha4eHUM X, MPpU KOTOPBIX
dopmyna (1) mmeer cmbicn. Hampumep, obGmacTeio ompeneneHus (QyHKIHA
y=xuy=x>(r=1mur=2) aBisercs MHOXECTBO BCEX JICHCTBUTEIbHBIX

qrces; 001acThio onpeeieHuss QyHKIA Y =% (r = 1) sBNAETCS MHOXECTBO
BCEX JICUCTBHUTENBHBIX YHCEN, HE PaBHBIX HYIIO; OONACTHIO OMpEACICHUS

dynkmn y=+/x (r=%) ABIIIETCS MHOXECTBO BCEX HEOTPHUILATEIbHBIX
JIEMCTBUTENBHBIX YHCEI.

Hanomunm, uto pyHkums y(X) Ha3bIBaeTCs go3pacmaioujeil Ha

0 HEKOTOPOM IIPOMEKYTKe, ecJiH 00/blIeMy 3HAYECHUI0 apryMeHTa
COOTBETCTBYeT OosiblIee 3HAYeHHe (PYHKLMH, TO ecTh AJIsl JHObIX

X,, X,, NPAHALJIEKAIAX TAHHOMY MPOMEKYTKY, H3 HePaBEeHCTBA

X,>X, ciielyeT HepaBeHCTBO y(x,) > y(x,).

@yukuus y(x) Ha3bIBAeTCHA yoOvigaiouieil HA HEKOTOPOM
0 MNPOMEKYTKe, €CJH IS J0bIX X, X,, NPUHALJIEKANMX ITOMY
MPOMEKYTKY, M3 X,>X, CJeIyeT HepaBeHCTBO y(x,) < y(x,).

Hanpuwmep, dbyHkums y = x BO3pacTaeT Ha 4YHMCIOBOM ocH. DYHKIHS
y = x? Bo3pacTtaeT Ha mpomexyTtke x > 0, u yObiBaeT Ha mpoMexyTke x < 0.
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Bospacmanue unu ybwieanue cmenennoi ¢ynkyuu y = X" 3a6ucum om 3HaKa
nokaszamens cmenetu .

0 Eciu r>0, To creneHHas (yHKuusi y=x" BO3pacraer Ha
npomexytke x=>0.

O Mycts x2>x120. Bo3Bens HepaBeHCTBO X,>X, B TOJOKHUTEIbHYO

CTeIIeHb 7, TONyYaeM Xy > X;, TO €cThb y(x,) > y(x,). o

3
Hanpumep, ¢ynkuun y=vJx u y=x2 Bo3pacraioT Ha POMEXKYTKE

x> 0. I'padpuku >tux QyHKIUHA n300paxkeHsl Ha pucynke 34. U3 storo
PHCYHKa BHIHO, 4TO rpaduk (yHKIMH Y=+* Ha mpomexyrke 0<x<l
JexHT BhIme Tpaduka QyHKIMH y = X, a HA TPOMEKYTKE X > 1 — HIDKe
rpaduka QyHKIMH y = X.

Takum sxe cBorcTBOM oOnamaer rpaduk GyHKIMH y = X', ecnm 0<r<1.

3
[paduk Gpynkimu Y =x2 Ha npomexytke 0<x<1 nexut Hke rpaduxa

GyHKIMU y =X, a Ha MPOMEXYTKe X > 1 — BBIIIE 3TOrO rpaduka.
TakuMm ke cBoiicTBOM oOnamaeT rpaguk QyHKIUH y =x', eciu r>1.
Paccmotpum teneps ciyuait, xoraa r<0.

0 Eciu r < 0, 70 cremeHHas (yHkuusi y= x" ybsvieaem Ha
npomexytke x > 0.

—
1
mli—lH
<
Il
Sl

Puc. 34. Puc. 35.
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O [ycts x, > x, > 0. Bo3Bens HEpaBEeHCTBO X, > X, B OTPUIATENBHYIO
CTENEHb 7, 10 CBOMCTBY HEPAaBEHCTB, y KOTOPBIX JIEBas W IpaBasi 4acTH

TOJIOKUTENBHBI, MOMy4aeM X; > X; , TO €cTh y(x,)) < y(x)). [

-1
Hampumep, dynkuus y= % TO €CTh y =X 2 YyObIBae€T Ha MPOMEKYTKE
X

x>0. I'paduk >T0it yHKIMH M300pakeH HA pUCYHKE 35.

3
Bagaua 1. Pemute HepaBeHCTBO x4 =27.

3
A Oyukius Yy = x4 onpexaeneHa npu x>0. [loaroMy naHHOE ypaBHEHUE

MOXET HMMETH TOJIBKO HCOTPHLATCIbHBIC KOPHH. OI[I/IH Takoun KOPCHb CCTb:

4 3
x=273 =(§/373) =3%*=81. JIpyrux kopHell HET, Tak Kak (yHKuus y= x4

3

Bo3pactaer npu x>0, u moaromy ecnu x>81, To x4 >27, ecnmu x<81, TO
3

x% <27 (puc. 36). A

AHamOTUYHO JOKa3bIBaeTCs, 4TO ypaBHeHWe x'=b, tae r#0, b>0
9 1
BCETJla MMEET TIOJIOKHUTEILHBIH KOPeHb x = br , IPUYEM TOJBKO OJIHH.

CnenoBarensHo, ¢ynkuus y=x", tae >0, npu x>0 npunumaem ece
nonodcumenvHvle 3HA4eHUs.

DT0 03HaYaeT, HalpuUMep, 4TO HECMOTpS Ha MEJICHHOE BO3pacTaHHe

3
Gynkmun y=x4 (puc. 36), ee rpaduk Kak YrogHo AaJeKO YAATUTCS OT

ocu Ox W TIepecedeT MpsMylo ¥ = b Tpu JII0OOOM  TIOJOKUTETHHOM b.

y A
3
y=xi
0 81 ¢ Puc. 36.
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Jamaua 2. Jlokaxure, 4T0 QYHKIHS y=x+% BO3pacTaeT Ha
POMEXKYTKE X > 1.
A [lycts x, > x, > 1. Tlokaxem, 4to y(x,) > y(x)).

Paccmorpum pasHoCThb y(x,) — y(x)):
x1x2—1

_ — 1 Ay, —
y(x3) y(xl)—x2+x2 (x, +x1)—(x2 X1) x %y -

Tak xax x, > x, x, > 1, x, > 1,0 x, = x, > 0, xx, > 1, xx, > 0.
[ostomy y(x,) — y(x)) > 0, 10 ectb y(x,) > y(x). A

Ynpaxcunenuas

90. IMoctpoiite rpaduk QyHKIMM ¥ HAHUIUTE TMPOMEKYTKHA BO3pPACTAHUS U
yObIBaHUS (QYHKIHU:

1) y=2x+3; 2) y=1-3x; 3) y=x*+2;
4) y=3-x% 5) y=(1-x)% 6) y=(2+x).
91. (YctHo). Bozpactaer wnu yObiBaeT Ha mpoMexyTke x > 0 dyHKIHs:
7 -+ 5 5
1) y=x7; 2) y=x *; 3) y=x% 4 y=x
92. Haueptute scku3 rpaduka ¢ynkmuu mpu x > 0:
3 2 -3 -2
1) y=x2%; 2) y=x3; 3) y=x 2; 4) y=x 3,
93. Haiimute NONOKUTEIbHBIA KOPEHb YpPaBHEHUS: .
1 1 —1 -
) *2=3; 2 xt=2, 3 xi=3 4 xi=2
S _4 1 4
5) x%=32; 6) x °=8l; 7) x 3=8, 8) x%=16.

94. IlocTpoiiTe Ha MHUIMMETpPOBOM Oymare rpapuk GyHKIHN y="Yx.
Haiinute no rpaduky npubimxeHHO:
1) 3nayenus x, npu kotopeix y = 0,5; 1; 4; 2,5;

2) snauenns 41,5; 42; 4/2,5; 43 .
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95. Haiigure KOOpI[I/IHaTBI TOYKH TepeceteHns rpa@ukoB (yHKIHA:
1) y= x31/1y 625; 2) y= x5Hy 64;
3 7
3) y=x2 u y=216; 4) y=x3 u y=128.
96. Jlokaxwure, 9T0 (QYHKIHSA:
1) y=x+% yOBIBaeT Ha mHTEpBane 0<x<I;
2 _ 1
) Y x2+1
x <0;

3) y=x*-3x Bo3pacTaeT Ha MpoMekKyTKax x>—1 u x>1, yObiBaeT Ha
orpeske —1 <x<1;

4) y=x—2Jx Bospacraer ma mpomexytke x>1 yGbiBaeT Ha OTpe3Ke
0<x<l1.

97. TlocTpoiite Tpaduk (QyHKIMH W HAWAUTE TPOMEXKYTKH BO3PACTAHUS U
yObIBaHUS (QYHKIHU:

ecm x <-—1,
D4 ecmm x> —1,

_{CCJ'II/I x<1,

ecna x > 1,

—x—1,ecmn x <-1,
y=

—?+1,ecm x>— 1,

x3,ecm x <1,
4)y=
—x? + 2x, eciu x>1,

| §11. YETHOCTb U HEYETHOCTb ®YHKIIUU

Ber 3naete, uto rpaduku GyHkumi y = x* u y = |x| (puc. 37 u 38)
CUMMETPUYHBl OTHOCHUTENBHO OCH OpAHMHAT. Takue (yHKIUH HA3BIBAIOT
YemHbIMU PYHKYUAMU.
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B \ ya
y=x’ //\wb\
1 1{ N
o 1 x 0 1 x
| |
Puc. 37. Puc. 38.
0 @OyHKuMA y(x) HA3BIBACTCH YemHOU, €CIAH
Y(=x)=y(x)

AJIs J1I000ro X M3 001acTH ompeaeeHUs TOM GpyHKUHMU.
Hampuwmep, ¢ynkuuu y=x* un y=i2 — 4eTHbIE, TaK Kak (—x)* = x* s
X

1
(—x)?

_ 1
m06oro x " — 2 moboro x # 0.

Bamaua 1. [Jlokaxure, 4to rpaduk QYHKIUU y = X’ CHUMMETPHUCH
OTHOCHTEJIBHO Hayalla KOOPIMHAT M MOCTPOUTE €ro.
A 1) O6nactp ompeaeneHus QYHKIHH ) = X — MHOXECTBO BCEX

JIEWCTBUTEIBHBIX YHCEI.
2) 3HaueHus] QYHKIMU Y = X° TOJOKHUTENBHBI MPU x>0, OTpHUIATEIbHBI

npu x<0, npu x=0 y = 0.
O Tlyers Touxa (x,; ¥,) MpUHAIIEKAT TpaduKy DYHKIMH ) = X°, TO €CTh
3
Yo = Xy . Touka, cuMMeTpUYHAs TOUKE (X,; V) OTHOCUTENLHO HaYal1a KOOP/IMHAT,
MMEET KOOPIMHATBI (—X,; —),). DTa TOYKa TAKKE MPUHAIUIENKHUT rpaduKy GyHKImMK

3
y = X’, Tak Kak yMHOXas 00e 4YacTH BEPHOTO PaBeHCTBA Y, =X, Ha —1

nonyyaem: —y, = —x5 um —,=(-x,)’. @

DT0 CBOWCTBO MO3BOJISAET Ui MOCTPOCHHs rpaduka QyHKIUH )y = X3
HOCTPOUTH CHayana rpaduk g x > 0, a 3aTeM OTpa3uTh €ro CUMMETPUYHO
OTHOCHTEJIbHO Hayaja KOOpJWHAT.

3) dynkmmsa y = x° Bo3pacTaeT Ha Bceill 00JacTH ompeneneHHs. ITo
clielyeT U3 CBOWCTB BO3pACTaHMsl CTENEHHOM (QYHKIMU C IMOJOKUTEIbHBIM
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OCHOBaHMEM TIpH X > 0 ¥ cumMMeTpuu Tpaduka 3Toil QyHKIMHA OTHOCUTEIHHO
Hayasa KOOpJMHAT.

4) CocraBuB Tabiuiy 3Ha4eHuit GyHKIMM Y =X> 1)1 HEKOTOPBIX 3HaYeHHiH X > ()
(mampumep, x = 0, 1, 2, 3), mocTpoum 4YacTh rpaduka ans 3HaueHU x>0
U 3aTe€M C MOMOUIbI0 CUMMETPUM — Ty €r0 4acTh, KOTOpask COOTBETCTBYET
OTpHILATENBLHBIM 3HaYeHUAM (puc. 39). A

Oynkiun, rpaduKd KOTOPHIX CHMMETPHUYHBI OTHOCHTENBHO Hadaja
KOODJIMHAT, HA3bIBAIOTCS HevemHwviMu. Takum o0pa3oM, y=x’ — HeYeTHas
GyHKIHS.

0 DOyHKuua y(x) HA3bIBAeTCHd HeYemHOU, eCu

Y(=x) = y(x)
IS JII000r0 X U3 00JacTH ompeneneHust 3Tol QYHKIUH.

Hanpumep, Qyakmmm y=x°, y=x% HEYeTHBIE, TaK Kak (—x)°= —x° s

moboro x 1 —L_=—1 nng mo6oro x # 0.
— 3 3
(—x) x
OTMETHM, 4TO M Y YETHOM, U y HEUCTHOH QYHKIHH 0671acmb onpedenenus
CUMMEMPUYHA OMHOCUMENLHO HAYANA KOOPOUHAM. yA

Cywecmsyrom ¢hynkyuu, komopwvle He 0b61adarom
ceolicmeamu yemrnocmu unu Hevemnocmu. Hanpumep,
nokaxxeMm, 4to QyHKIHS y = 2x + | He sABIsgeTCS 3
YeTHOW W HE sBIETCS HedeTHOW. Ecim Obl 3Ta
¢yHkuusg Oblla 4ETHOM, TO paBeHCTBO 2(—x)+1 =
= 2x + | BbIMONHsUIOCH OBl AJIsE BCEX X, HO TpHU
x = 1 aro paBenctBo HeBepHO: —1 # 3. Ecnu Obl

8

3Ta QyHKIUS ObUIa HEYETHOW, TO TOTAA TMPH BCEX  _g 1 -
3HAYEHMSAX X BBINOJIHSIOCH Obl paBeHCTBO 2(—x) + 1= o 1238 =
= —(2x +1), HO HampuMep, MpU X=2 3TO PaBEHCTBO
HEBepHO: —3 # —5.

3amaua 2. [locrpoiite rpaduk QyHKIUU
y=%x.

A 1) OGnmacth ompeneneHus — BCE JEHCT- -8
BUTCJIBHBIC YMCIIA. Puc. 39.
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2) OyHKIMS HEYeTHas, TaKk Kak 3—x =—3x Ut TI000T0 X,
3) llpu x > 0 dyHKIMS BO3pacTaeT MO CBOMCTBY BO3pAacTaHUs CTETIEHHON
1
(YHKIMH C TONOKUTENBHBIM MOKA3aTeNeM, Tak Kak $x =x3 mpu x > 0.
4) Tlpu x > 0 3nayenus: GpyHKuUM MoJokuTeNbHBL; »(0) = 0;

5) Haiigs HECKOJBKO TOYeK, NpHHAAIekamux Trpaduky QyHKIHH,
Hanpumep, (0; 0), (1; 1), (8; 2), moctpoum yacth rpaduka sl 3HAUYCHHUNA

yl
1
=i ).
01 8 x
y=%x -1
-
Puc. 40.
x > 0 ®m 3aTeM C MOMOIIBI0 CUMMETPUH — YacTh Ipaduka s 3HAYCHUH
x < 0 (puc. 40). A

Ormernm, uto QyHkums Y =% ompemerncHa mpu Beex X, a (yHKIHs
1
y=x3 Tonpko mpu x > 0.

Ynpaxcnenuasa

Brisicuute, sBiseTcs au QyHKIUS 4eTHOM uiau HeyeTHOH (98-99):

98. 1) y=2x% 2) y=3x% 3) y=x*+3; 4) y=x3-2.
99. 1) y=x* = 2) y=x73; 3) y=x*+x% 4) y=x* +x°.
100. IToctpoiite scku3 rpaduka QyHKIUH:
D y=xt  2) y=x’ 3) y=—x*+3; 4) y=¥x.
101. TToxaxwute, 9T0 (QYHKIHUS HE SBISETCS YETHON U HE SBIACTCS HECYCTHOM.
—xt2 —x"tx-1. _x—1
) y= x—3’ 2) y= xx+gi1 ’ 3) Y= §+1
102. Brisicuute, siBiseTcsl du (QYHKIUS 9€THOW MM HEUCTHOM:
1) y=x*+2x*+3; 2) y=x*-2x+1; 3) y=f—3+§/§;
4) y=x* +|x]; 5) y= e[ +x% 6) y=%x-1.
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103.

104.

105.

106.

107.

108.

109.
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Hcnonb3ys cuMMeTpHio, MOCTpoTe Tpapuk YeTHOM (QYHKIUH:

1) y=x>-2x|+1; 2) y=x*-2x.

Hcnione3ys cuMMeTpHIo, MOCTpoiTe Tpaduk HEUeTHOW (YHKIIWU:
1) y=x|x|-2x; 2) y=x|x|+2x.

BeisichuTe cBoiicTBa (GyHKIMM M MocTpoiTe rpaduk QyHKIMHU:

D) y=vx=5; 2) y=+vx+3; 3 y=x‘+2; 4 p=1-x

[Toctpoiite rpaduk yHKIHM:

_|x%, ecm x>0, Y- x%, ecnn x>0,
1) x%, ecm x<0; 2) xZ,lean ng;

—x, ecm x <0 x4, ecmm x<1,
4) y=

3) Y=
) —x?2, ecu x>0. 2+ 2x, ecn x> 1.

Omnpenenute, MpU KaKUX 3HAYCHHUSX apryMeHTa 3HAYCHHS (DYHKIIUU
MOJIOKUTENBHBL. YKOKUTE MPOMEKYTKH BO3PACTaHHUs U yOBIBAaHUS.
[Tocrpoiite rpaduk ¢ynkuuu y npu x >0, ecnu:

1) y=x; 2) y=x*; 3) y=x*+x; 4) y=x>-x.

Hoctpoiite rpaduk kaxaon yHKImH 1158 x < O Tak, 9T00bI MOCTPOCHHAS
auHUs ObuTa TpadukoM: a) YyeTHOM (YHKUUHU; b) HEUETHON (YHKIUH.
3anaiite GopMynoN KaxkIyr M3 TMOJYyYEHHBIX (YHKIUH.

3anumuTe ypaBHEHHE OCH CUMMETPUHM KaXI0W (YHKIHU:

1) y=(x+1)% 2) y=x° +1; 3) y=(x—1)*.
VKaXuTe KOOPAMHATHI IIEHTPA CUMMETPUM Tpaduka (yHKIMH:
) y=x+1; 2) y=(x+1)% 3) y=x-1



§12. HEPABEHCTBA U YPABHEHMUSI,
COAEPKAIIUE CTEIIEHDb

CBoiicTBa CTENEHHON (YHKIMHU MCHOJIB3YIOTCS NPU PEIIEHUH PA3IMYHBIX
YPaBHEHUN U HEPABEHCTB.

Bamaua 1. Pemmre HepaBeHCTBO Xx°>32.

A ®yukimsa y=x> ONpeesieHa U BO3PaCTaeT MPU BCEX JCUCTBUTEIBHBIX

3HaueHusx x. Tak kxak y(2)=32, To y(x)>32 npu x>2 u y(x)<32 npu x<2.

OTBeT: x>2. A

Bagaua 2. Pemmure HepaBeHCTBO x*<8I.

A\ ®yuxuus y=x* yowBaer npu x <0 u Bo3pacraer npu x>0. YpasHenue
x*=81 wumeer aBa JEHCTBUTCIBHBIX KOPHS: x1=—3, X,= 3. Ilostomy
HepaBeHCTBO x*<81 mpu x<0 wumeer pemeHus —3<x<0 u mpu x>0 —
pemenns 0<x<3 (puc. 41).

OrBer: 3<x<3. A

3_ .2
3Jagaya 3. C noMoup rpagukoB pemure ypaBHeHHe - =X +1,

[TocTpoum Ha 0HOHM KOOPAWHATHOW TIIOCKOCTH rpaduku QyHKIUN Y =%

uy=x>+1 (puc. 42).

2 o
A IIpu x<0 ypaBHEHHE %=x +1 kopHell He WMeEET, TaK Kak %<0,

a x*+1>0. Ilpu x>0 ypaBHEeHHE HMMEET OJIMH KOpEHb, PaBHBIA aOciucce
TOYKH IepeceyeHus: rpagukoB 3TUX QyHKuMH. M3 pucyHka 42 BuAHO, 4TO
X~ 1,2. JIpyrux mOMOKMTETbHBIX KOPHEH ypaBHEHHE HE MMEET, TaK Kak IpH X>X,

dyHkuMs y =3 y6biBacT, a GyHKIWMs y=x>+ 1 Bo3pacTaet, W CICIOBATEIBHO,
X
rpa¢uku QyHknui npu x> x, He nepecekarorcs. [lo Toi e mpudMHE OHM

He mepecekarotes mpu 0 < x < x,.
OrBer: x,~12. A
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y y
_ a4 9
81 y=x y=x"+1
4.
3.
2 _3
y N X
1 —
-3 -2 -1 1l 2 3
0 1,2 x
-1
-2
-3
udddin, s
-3 0 3 X
Puc. 41. Puc. 42.

3agaua 4. Pemute ypaBHEHHE:
V2—x® =x, (1)
A [lycTs X — KOpeHb MAHHOTO ypaBHEHHs, TO €CTh X — TaKOe YHUCIIO,
npu KotopoM ypaBHeHue (1) oOpamraercst B BepHOe paBeHCTBO. Bospenem
0o0e JacTu ypaBHEHHs B KBaJpar:
2-x*=x% ?2)
Orcroma x*=1, X, 1.

Wrtak, npennonoxus, 4to ypaBHeHue (1) mmeeT KOpHH, MBI MOTYUHIIH,
YTO ATUMHU KOPHSAMH MOTYT OBITh TONBKO uncia 1 u —1. [IpoBepum, sIBISIOTCS
7m 3TH yrcna KopHsamu ypaBHenus (1). [Ipu x = 1 ypaBuenue (1) obparmmaetcs

B BepHOe paBeHCTBO: V2—12 =1. IlosTomy x = | — Kxopens ypasuenus (1).
[pu x=-1 nesas yacte ypasHenus (1) paBHa 2—(—1)2=41=1, a

npaBasi paBHa —1, TO ecTh x=—1 He sBusIeTcs KopHeM ypaBHeHus (1).
OrBetr: x=1. A
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B paccmorpenHoil 3amade ypaBHeHue (1) ObUIO peIIeHO C MOMOIBIO
BO3BENICHUS 00enX 4acTeil 9TOro ypaBHEeHHs B KBajpar. [Ipu s3Tom momy4yuiocsh
ypaBHeHue (2).

VpaBuenue (1) umeer TONbKO OAMH KOpeHb: x=1, a ypaBHeHHe (2) —
JIBa KOPHA: X, ,=+1, TO €CTh TpH nepexone oT ypaBHeHus (1) K ypaBHEHHIO
(2) MOSABISIETCA TAK Ha3bIBAEMBIil NOCMOPOHHUL KOpeHb. DTO TPOUCXOTUT
notomy, 4to npu x = —1 ypaBHenue (1) oOpamaercs B HEBEpHOE PaBEHCTBO
1 = —1, a mpu BO3BEACHWM OOCHWX YACTEH ITOTO HEBEPHOTO PABEHCTBA B
KBaJpaT TOJy4aeTcs BepHOE paBeHCTBO 12 = (—1)%

Ilpu Bo3BeeHNU 00euX YacTeil ypaBHeHHMS B KBA/paT MOryT
0 NOSIBUTHCSA MOCTOPOHHUE KOPHM.
Ilpu pemieHMM ypaBHeHHsI BO3BeJeHHEM B KBajJpaT 00eux
ero yacred Heo0XOIMMO [1eJIaTh INPOBEPKY.
VpaBuenue (1) — npumep uppayuoHaibHo20 YpasHeHus..

[IpuBenem emie nmpuMepbl UppPALMOHANIBHBIX ypaBHEHUM.
V3—2x=1—x;Jx+1=2—Jx—3.

PaccMmoTpum perieHne HECKOJIbKUX MPPAlMOHAIBHBIX YPaBHEHHH.

3agaua 5. Pemmre ypasmenme: 5—2x=1—x.
/\ Bo3ens obe 4acTH ypaBHEHHs B KBAJpPAT, MOTYUHM:
5-2x=x*-2x+1
um x*=4, otkyna x, =2, x,= 2. [IpopepuM HaiilcHHbIE KOPHH.
[Ipn x = 2 nmeBas yacTh WCXOJIHOTO ypaBHEHWS paBHa Vo —2:-2=1 a

npaBast yacTh paBHa | — 2 = —1. Tak kak 1 # —1, To x=2 He sBugeTCA
KOPHEM HMCXOJHOTO YpaBHEHHUS.

ITpn x=-2 neBas yacTb ypaBHEHMs paBHa ,/5—2.(—2) =3, MIpaBas 4acTh

paBHa | —(-2) = 3. CnenoBarenbHO, x=—2 — KOPEHb UCXOIHOTO YPaBHEHHUS.
OrBer: x=—2. A
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Bagaua 6. Pemmte ypaBHenue: vx—2+3=0,
/A 3anumem 310 ypaBHCHHE B BHIC X —2=-3.

Tak kak apudmeTnyeckuil KOpeHb HE MOXKET ObITh OTPULATENBHBIM, TO
3TO YpPaBHEHUE KOPHEH HE MMEET.
OTBeT: KopHeil HeT. A

3amaua 7. Pemmrte ypaBuenne: vx—1++11—x=4,
/\ Bossens obe actu YPaBHEHHs B KBaJpaT, MOJIYyYUM:

x—1+2Jx—1-V11-x+11-x=16.
[TpuBeneM momoOHbBIE 4JIEHBI W 3alMIIEM YPaBHEHUE B BHJE:
2Jx—1-/11-x=6 wm Jx—1-4/11-x=3.
Bo3Benst obe yacTu mocienHero ypaBHEHHS B KBaJpaT, MOTYUHM:
(=D(A1-x)=9 umr x> 12x+20=0,
orkyna x =2, x,=10. IIpoBepka moKasbIBaeT, 4To Kaxaoe u3 uucen 2 u 10
SBJISETCSI KOPHEM HMCXOJHOTO YpaBHEHHS.
Ormer: x,=2, x,=10. A

3agaua 8. Pemmre ypapHeHme: VO —X <T+x,

A HepaBeHcTBO MMEET CMBICA TpPU 3HAYEHUSAX X, YHAOBJIETBOPSIOMIMX
ycnoButo —7<x<5. Eciu HepaBeHCTBO UMEET PEIIECHHE, TO OHO MPUHAIIECKHUT
otpe3ky [—7;5]. Bo3Benem obOe wacTu HepaBeHCTBAa B KBaJpaT, W IMOCIE
YIpPOIIEHHs TPUASM K HepaBeHCTBY x>+ 15x+44>0. fSIcHo, 4TO ero pelieHue
x<—11, x>—4. OOmieil 4acTbIO0 ATOTO PEHICHUS C OTPE3KOM [—7;5] sABIAETCS
—4<x<5, To ectb oTpe3ok [—4;5]:

OTBeT: —4<x<5. A

Ynpascnenua

110.Pemute HEepaBEHCTBO:
1) x’>1; 2) x3<27, 3) y*>64; 4) y*<125,
5) x*<16; 6) x*>625; 7) x°<243; 8) x>64.
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111.1) Kakoit MoxeT ObITh CTOpOHA KBajpara, €Clid €ro IUIomaab OOJbIe
361 cm??
2) Kakum Moxet ObITh peOpo KyOa, eciu ero oobeM Oosbine 343 am*?

112.(YetHo.) [lokaxkuTe, 9T0 YUCIO 7 SBISETCS KOPHEM YpPaBHEHHUS:
1) Vvx—3=2; 2) Va?-13 —2x-5=3; 3) V2x+11=5.

113.(YctHO.) Pemurte ypaBHeHue:

) Jx=38; 2)Jx=7; 3)J2x—-1=0; 4) J3x+2=0.

Pemure ypaBuenue (114-117):

114.1) Jx+1=2; 2) Jx—1=38; 3) V1-2x=4.
4) J2x—-1=3; 5) JBx+1=10; 6) V9—x=4.

115.1) Jx+1=+/2x-3; 2) Jx—2=13x 6.
3) Vx?+24=11x ; 4) Ja? rax=Vid—x.

116.1) Jx+2=x; 2) Bx+d=x; 3) V20—x® =2x.
4) N0, 4-x" =3x;  5) JA—x=-7, 6) V26 —x* =5x.

117.1) Vx?—x—-8=x—-2; 2) yxl+x—6=x—1.

118.Pemnte HEpaBEHCTBO:

1) (x=1)>1; 2) (x+5)>8; 3) 2x-3)">1;

4) 3x-5)'<1; 5) 3—x)*>256; 6) (4—x)*>8l.
119.006mbscHATE, TTIOUEMY JTaHHOE YpaBHEHHE HE MMEET KOPHEH:

1) Jx =-8; 2) Jx+Jx—4=-3; 3) V—2—x2=12:

4) NTx—x?—63=5; 5) Jx®+7=2; 6) Jx—2=x.
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120.

121.

122.

123.

124.

125.

126.

127.

128.

56

Pemmire ypaBHenue (120-122):

1) Vx? —4x+9=2x—5; 2) Vx®+38x+6=3x+8;

3) 2x=1+vx2+5: 4) x+13—4x =4,

1) Vx+12=2++x; 2) VA+x+Jx=4.

1) V2x+1+8x+4=3. 2) V4x—3+\bx+4=4;
3) Jx—T7—/x+17=—4; 4) Jx+4—Jx-1=1.

HpI/I KaKuX 3HAYCHUAX X (bYHKI_[I/II/I IMPUHUMAKOT OOAWMHAKOBBIC 3HAYCHMUA:
) y=va+vx,y=V19-2Vx; 2) y=7+Jx,y=+11-x ?

Pemure HEPABCHCTBO:

1) Vx—2>3; 2) vx—2<1; 3) V2—x>x;
4) J2—x <x; 5) VBx+11>x+3; 6) Vx+3<x+1,

Ynpasicnenua k 2nage 1

Haiiure 3HaYeHWs X, MPU KOTOPBIX KBajpaTHIHAs QYHKIUS y = 2x°—
— 5x + 3 mpuruMmaet 3Hadenue, pasHoe: 1) 0; 2) 1; 3) 10; 4) —I.

Pemnre HEepaBeHCTBO:

1) x* <5, 2) x* > 36; 3) x* > 9; 4) x> < 8.
Halinute koopAawHATBI TOYEK TMepecedeHus mapadoibl € OCSIMHU
KOOPAMHAT:
) y=x*+x-12; 2) y =—=x*+ 3x + 10;
)y =8 - 2x + 1; 4) y = Tx* + 4x — 11,
Haiinure xoopauHaThl BEpLIMHBI TapabOIIb:
1) y=x*—4x - 5; 2) y=-—x*-2x + 3;
5
3) y=x* - 6x + 10; 4)y=x2+x+z.



129.

130.

131.

132.

133.

134.

135.

136.

137.

[Toctpoiite rpaduk GyHKIMU U 1O TpaduKy BBIICHUTE €€ CBOMCTBA:
1) y=x* -5 + 6 2) y =x*+ 10x + 30;
3) y = =x* — 6x — 8; 4) y = 2x* — 5x + 2.

[Tepumerp mpsimoyroneauka 600 M. KakuMu 10MKHBI OBITH €0 BHICOTA
¥ OCHOBAaHHWE, YTOOBI TUIOMIANb MPSIMOYTOJTbHUKA ObLIa HAaMOOJBIIEH?

Haiinute xko3pdunueHtsl p W ¢ KBaApaTMYHONU (YHKUUH
y =x*+ px + ¢, ecnu 312 QYHKIHUS:

1) mpu x = 0 mpuHuUMaeT 3HaueHue 2, a npu x = | — 3Ha4YeHue 3;
2) npu x = 0 npuHumaer 3HadeHue 0, a mpu x = 2 — 3Ha4eHue 6.
[lpn kakux 3HAUCHHAX X (QYHKIHUU TPHUHUMAIOT paBHBIC 3HAYCHUS:
Dy=x>+3x+2uy=|7-x|
2)y=3x2*-6x+3uy=13x-3]?

Pemure nepasenctBo (133-137):

D) (x =57 - 72) > 0; 2) (x =2)x-4) >0
3) (x — 2,53 —x) <0 4) (x = 3)4 —x) <0.
9
Hx>x  2) x> 36 3 4>xy 4 52X
1) 22+ 4x + 30 < 0; 2) 22+ 9x — 4 > 0;
3) 4>+ 3x — 1 < 0; 4) 2x*+ 3x — 2 < 0;
1) x> = 3x + 8 > 0; 2) x> = 5x + 10 < 0;
3) 2x* = 3x + 5> 0; 4) 3x* —4x + 5 < 0;
5) x2+ 2x +4 <0 6) 4x* + 7x — 5> 0.
1) (x = 2)x* - 9) > 0; 2) (x* = D(x —4) <0;
(x+3)(x—5) x—7 4x?—4x—3
3 T =Y D o= D T 20
2:2-3x—2 () (x) x+1
6) =—=—<0; P 8) 62xs
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138

139.

140.

141.

142.

143.
144.

145.
146.
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Pemute nepaenctro (138-139):

1 4 o 1 2
T4 = >1 — »e - < .
1) 3¥ — ¥ >1—x; 2) 3x(x+1)_(x+1),
1 4
3) x(1-x)>1,5-x; 4) 3¥ % > x(x —1).
3x%—5x—8 . 4x2+x—3 2+Tx—4x>
) 3253 % 2) s g =05 3) 320 =%
x“—dx 5x°—9x—2 3x“+2x—1
2+9x—5x> x®—5x+6 *2+8x+7
= >0 === >0; LRI
4) 32 ox1° 5) 215x+6 6) Pix—2 =
Karep momken He Oosnee dem 3a 4 9aca MPOUTH MO TEUEHHUIO PEKH

22,5 xM u BepHyTbcs oOpaTHO. C KakoW CKOPOCTBIO OTHOCHUTENIBHO
BOJIbI JTOJDKEH HMJTH KaTep, €Cld CKOPOCTb TEUeHHs peku — 3 Kkm/u?

B omHo# crcTeme KoopauHAT MOCTpoiTe Tpaduky GyHKIUN U BBIICHUTE,
NpU KaKuX X 3HaYE€HUs OAHOW M3 QYHKIMK Oonbline (MEHbIIIE) 3HAYCHUH
JpYyToH, MPOBEPETE PE3yJbTaT, PEUIMB COOTBETCTBYIOIIEE HEPABEHCTBO:

1) y=2x% y=2 - 3x;
2) y=x*-2, y=1 - 2x;
3) y=x*-5x+4, y=T - 3x;
4) y=3x*-2x+5, y=5x + 3.

Haiinure koopAauHATHl Touek IMepeceyeHus TpadukoB GYHKIUU
(142-143):

Dy=ay=xi 2 y=Ly=2x 3) y=3xy=3.
1) y=vx.y=l; 2) y=¥x,y=1; 3) y=Vxr.y=x
Pemmre HEPABCHCTBO:

1) x*<81; 2) x¥>32; 3) x6> 64; 4) <32,
Pemure ypaBHeHue (145-146):

1) V3—x=2; 2) Bx+1="17; 3) V3—11x =2x.
1) V2x—1-=x-2; 2) Bx—1+3x2=3x; 3) V2-2x-x+3



147. Haiigure oGnacTb ompejaeneHus (QyHKIUU:

D y=x®+x—2; |2) x=Yx2+2x—15; | 3) x=Y6—x—x?%;

[ 2 [ .2

4) y=Y18x—22—x2;|5) y=,/*+6x+5 . 6) y=[|-X9

)y | )y x+7 | )y x2+8x+7
148. BrisicHute, Bo3pactaeT uiu YyObIBaeT (YHKIUS Ha yKa3aHHOM

MPOMEKYTKE:

) y=—1_ x>3; ) y=—1 _x<2;

)y (37 )Y =2y

3) y=%Yx+1,x>0; 4) y=-L1_  x<-1.

)y > )y Yoil

ITPOBEPHBTE CEBA!

1. C nomompio rpaduka GyHKmuu y = —x*> + 2x + 3 HaiguTe Te
3HAYEHUS X, TPU KOTOPHIX 3Ha4eHHE (YHKIMH paBHO 3.

2. Tlo rpaduky dyHkuuu y=1—x? HAUAUTE T€ 3HAYCHHUS X, TIPH KOTOPHIX
(GYHKIMST TPUHUMAET TOJOKHUTENbHBIE 3HAYCHUS; OTPULIATEIbHbIC
3HAYEHMS.

3. Ha xakux mnpomexytkax ¢yHkmus: 1) y = 2x% 2) y = —3x?
Bo3pacraer? yoOniBaer? [loctpoiite rpaduk 310l GyHKIHH.

4. Peminte HEpaBEHCTBO METOIOM HMHTEPBAJIOB:

1) x(x=1)(x+2)=0; 2) (x+1)(2-x)(x-3)<0.
5. Haiigure oGnmactb ompeneneHus: QyHKIUH:
8
DR 2) y=vo-x*; 3) y=i_2z.

6. Pemute ypaBHEHHE:

1) Vvx-3=5; 2) N8-x-x% =x; 3) y=\/32—x2=x.
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149. BeisacHure, gBisieTcst U (QYHKLUS YETHOW MM HEUETHOM:

1) y=x*-3x*+x*-2; 2) y=x-x*+x;
=1 41, 4) y=x"+x’+1
3y =2 ; ) y=x"+x+1.

150. Pemmurte HEepaBEeHCTBO:

1) Bx+1)*>625; 2) Bx*+5x)°<32; 3) (x*-5x)*>216.
151. Pemmre ypaBHEHUeE:

1) V2x% +5x—3=x+1; 2) V8x2—4x+2=x+4;
3) Va+1l=1+x; 4) Jx+19=1+x .

152. Pemute HEpaBEHCTBO:
1) V% —8x >3 ; 2) Va? —8x <2 : 3) V3x—2>x—2;
4HJ2x+1<x—1; 5)V8—x>1—x; 6) Vdx—x® >4—x.

Tecmoswie ynpancuenusa k 2naee I

K mecmoswvim ynpasichenusm oanvl 4 ,,omeema“. U3 4-x ,,omeemos "
MONbKO O00UH BEPHblU, d OCMAJbHble HeBepHble. Yuauumcs HYHCHO Haumu
(ommemumy) 6epHblli OmMEem, peulud mecmosvle 3a0anus Ul npu NOMouu
Opyaux pasmblulieHull.

1. Hawpure 3HaueHwe a, sl KOTOPOTO OJHA W3 TOYEK MEPECEUCHHS
mapabonsl y = ax’ ¢ mpsmMoit y=>5x+1 umeer abcuuccy x = 1.
A) a = 6; B) a = -6; C) a=4 D) a = —4.
Haiigute koopAWHATHI TOYEK IMepecedeHus Mapabojsl ¢ OCIMHU
koopauHat (2-3):

2.y=x*-2x + 4.

A) (=1; 3); B) (3; 1); C) (1; 3); D) (0; 4).
3.y =6x" - 5x + 1.
1 1 1 1
C) (05 ). (05 5), (0; 1y D) (53 0), (53 0), (05 -1).
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Haiimute koopauHaThl BepIIMHBI Mapadonbl (4-5):

4.y = x* — 4x.

A) (0; 4); B) (4; 2); O (2, 4); D) (-4; 2).
5.y =x*+6x + 5.

A) (-3; —4); B) (-5; -1); C) (-1, =5); D) (3; 4).

6. Hanmmmre ypaBHeHWe mapaboibl, KOTopas Hepecekaer och abcuuce B
1
Toukax x=1 m x=2, a 0Cb OpIMHAT B TOYKE y=y5-

A) y= 1oc —§x+— B) y_1x2—1x+—

C)y=x*-3x+2 D) npaBuibHBIA OTBET HE NPUBEJEH.

B kakumx ueTBepTsx pacmoinoxkeHa mapabomna? (7-8):
7.y =3x* + 5x — 2.

A) L, 11, IIL B) 11, IIL, IV, C) 1, I1I, IV; D) L, 11, III, IV
8.y=-x-6x— 11.
A) 1II, 1V, B) I, 11, III; C) I 110, 1v; D) I, II.

9. CymMMa JIByX MOJIOKHUTENbHBIX uKcen paBHa 160. Haitnure 3TH umcna,
€Clii CyMMa HX KyOOB MMEET HauMEHbIIee 3HaYCHHE.

A) 95; 65; B) 155; 5; C) 75; 85; D) 80; 80.

10. Haiinute HaumeHblnee 3HaueHue QyHkuu y = x> — 4x + 3.

A) —1; B) 1; o) 7; D) -8.
Pemute HepaBenctBo (11-17):
11. 2x*—8<0.
A) 2<x<2; B) —2<x; C) x>2; D) 0<x<4.
12.3x*-9>0.

A) x<+3;  B)x>+3; C)x<-J3, x>3; D)x=>3.

13.6x*+5x—6>0.

2 3 3 2 3 2
x> = B) x <=; CO)x<-2, x>5; D) - <x<=,
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x2—7x+10

14. Z 3,10 < 0.
A) -2<x<2; B) -2<x <5; C) x# =2, x#5; D) -2<x<0.
2+
15, ———=—>0.
A) —2<x<3; B) x<-2; -1<x<1, x>3;
C) -1 <x<3; D) x#-2, x#3.
16. Haiimure cymMy BceX LENbIX pelleHHE HepaBeHcTBa x*+6x+5<0.
A) 10; B) 9; C) -9; D) -10.

17.Tlpn kakux 3HAUCHUSX @ HEpaBeHCTBO ax’+4x+9a<(0 OymerT BepHBIM

IIpu BCCX 3HAYCHHAX x?

A)a<—§; B)a>§; C)a<-1; D)a>1.

18. [lpy Kakux 3HAYCHHSAX a HEPaBEHCTBO ax’—8x—2<( BEpHO MpHU BCex
3HAUEHUAX X7

A) —8<a<s; B) a>8; C) a<s§; D) a<-8.
19. Haiimute obnacts ompenencHus QyHkuun: Y = V—x> +3x—2,

A) 1<x<2; B) 1<x<2; C) x>2, x<1; D) 2<x=<-1.
20. Kakue u3 ¢yHkImii 4eTHbIE?

Doy=x+l; p-pthi 3) y--8+3; 4y=-2-%
x x x

A) 1, 2; B) 3, 4; C) 2, 3; D) 1, 4.
21. Kakue n3 dyHKIHiA HedeTHBIC

1) y = 6x; 2) y=3%x;  3) y=4x+7; 4) y=2x*-10.

A1, 2 B) 2, 3; C) 3, 4 D) 1, 4.



,6 HpaRaneCKne U MEKIPEAMETHBIC 3aJavu

3anauya 1. JlerkoBoit aBTOMOOWMIIb JBUTAJICS C MOCTOSSHHOW CKOPOCTBIO V.
Korma mo crom-nuaum octaBanmock S0 METpoOB, 3€NM€HBIM CHTHAN CBETO(Opa
Hayan wmuratb. CHOycTsS TOJICEKYHIIbI BOJAMTENb Hadal TOPMOXKEHHE U
OCTAHOBHUJICA JIO CTON-ITUHUU. Kak H3BECTHO M3 MpPaBUI JOPOKHOIO
IBW)KCHUS, TOPMO3HOW TYTh aBTOMOOWJIS, JBUTAIOIMIETOCS CO CKOPOCTBHIO
v, = 50km/4, paBen S, =23,5 M, 31€Chb TOPMO3HOH IyTh 3TO MYTb,
MPOMICHHBIN aBTOMOOWJIEM OT Hadaja TOPMOXKEHHS 10 MOJHOW OCTaHOBKH.
Haiinute ckopocTh v, ¢ KOTOPOW JABHTANCS aBTOMOOWIb, B MOMEHT KOT/a
Havyasl MHUrath cBeTodop.

[Tocne Toro, kak Hayanx MHUrarb cBeToop M J0 Hadana TOPMOKEHUS,
aBTOMOOMIIL TIpoexayn MmyTh, paBHBIA 0,5 v, 3aTeM — TOPMO3HOH MYTh,
KOTOPBIH, KaK M3BECTHO M3 Kypca (M3HMKH, paBeH kv’ TIe

s, 23,5

v 183,88

~0,12.

CrnenoBarenbHO, 00IIee MPONIEHHOE PACCTOSHUE, YUUTHIBAsA, 4To 50 KM/4
paBHo 13,88 wm/c, a Takke HMCXOAS W3 YCIOBHS 3aJa4d — MyTh HE JOJDKEH
npeBbimark 50 M, MOTyYrM

0,50+ 0,120°< 50,
TO €CTh
0,120+ 0,50 —50< 0. (1)
A Tns pELICHUS JaHHOTO HEPABEHCTBA, CHAYalla HAlIEM HYIIU TPEeX4IeHa
0,12v* + 0,5v - 50:
0,120*+ 0,50 - 50 =0,
OTKyJa
120*+ 500 — 5000 = 0.
Pemum ypaBHeHue:

b — —50:,/50° —4-12(—5000) _ —25(1+4/97)
12 2.12 12 ’

—25(1+/97) . _25(/97-1)

OTKvVIa »U, =
yaa 12 2 12
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Takum oOpazom, pemeHuem HepaBeHCTBa (1) sBISETCS TPOMEXYTOK
v, <v<v,. Oxnako, 1m0 yciaoBUIW 3amaud, v>0, cienoBarenbHo,

MCKOMas CKOPOCTb Vv OyleT yAOBIETBOPATH HepaBeHCTBY 0<v<v, T.e.

US725(1i12\/9771)

OtBer: CKOpOCTh HE NOJKHA MpeBBIMIATE 66,35 kM/u. A

~18,43 m/c wim 66,35 km/u.

3amaua 2. IlpeamosoxuMm, uYTo Ha Oa3zape uMeeTCsS 7 MTYK
OTpEJIENIEHHOTO0 TOBapa, M 3TOT TOBap MPOJAAETCs MO LIEHE p CyMOB 3a
eAuHuIy. MOHUTOPUHT TOKa3ai, 4ToO MPH YBEJIMYEHUH CIPOCa HA JAHHBIN
TOBap, €ro LEHa YyBEJIUYMBAETCS, a KOJMYECTBO IMPUBO3UMBIX TOBApOB
yBenuuuBaetcs no gopmyne n =40p. C apyroil CTOPOHBI, ¢ YBEIUUEHUEM
KOJIMYECTBA /1 TOBapa, NPUBO3UMOrO Ha 0a3ap, €ro LeHa YMEHbIIAETCS B
00paTHO MPOMOPIHUOHATBLHON 3aBUCUMOCTH:

150
n—40"

Ormpezienute ycinoBHs, HaKJIaIbIBaeMble Ha KOJMYECTBO MPUBO3UMOTO Ha
0azap ToBapa.

A I[J'ISI peUICHUA UCIIOJIB3YEM TO, YTO IO YCIOBHIO 3aJiauu, Ipciraracmast

n

HC I0JI’)KHa OBITH MEHBIIE - :

[[eHa 20"

n—40

150 Zl-
n—-40 40

OTkyna mosiyyaeM HEpaBEHCTBO
n* —40n — 6000 < 0.

Pemennem Oyner: —60 <n < 100. M3 ycnoBuid 3amaud CIEAyeT, 4YTO
KOJIMYECTBO MPHUBO3MMOI0 TOBapa n — HaTypajbHOEe uucio, MeHbiiee 100.

OtBet: 7 <100. A

3anaua 3. Bol xoTUTE BBUIOKUTH KAMEHHYIO JJOPOXKKY 110 ABYM CTOPOHAM
cBOEro caja, pazmep koroporo 7 Ha 18 merpoB (puc. 43). OmHako, BB
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MOXKETE HMCIO0Jb30BaTh KOIHYECTBO |-X 18
Marepuana, KOTOpOro XBaTUT Ha JOPOKKY
JI0MaaAbl0 10 54 KBaapaTHBIX METPOB.
KakoBa MakcuMalibHO BO3MOXKHAsSI IIUPUHA
TaKoOW TOPOKKH?

P —-—

/\ Ouesnmno, s peleHus 3ajauu,
HaM clieiyeT wu3 00med TmiIomanu Puc. 43
(x+18) - (x+7) KB.M. BBIYECTh IJIOLIATb
18 -7 = 126 xB.M., a pe3yapTaT HE JOJKEH MpPEBBIATh 54 KB.M.:

(x+18)-(x+7) — 18-7<54. (1)

Otkyna monyyaeM KBaJpaTHOE HEPaBEHCTBO
x*+25x—54<0 (2)
x,=-27 m x,=2 — KOPHHM KBaJpaTHOro Tpexd€ieHa x’+25x— 54, Torna

—27 <x <2 — pemenue HepaBeHcTa (2). OmgHako, MO YCIOBHIO 3aaadyH,
IIUPUHA JOPOKKK X HE MOXKET OBITh OTPUIATENBHBIM YHCIOM WIIM HYJIEM.
3HAYNT, MUPUHA TOPOXKKH X OyIeT SBIATCS YUCIOM, YIOBIETBOPSIOMINM

HepaBeHCTBY 0 <x <2. To ecThb IMpWHA JOPOKKH HE JOJDKHA TMPEBBIMIATH
2 M.

OTBeT: MakCMMaJlbHO BO3MO)KHasi ITUPUHA JTOPOKKU 2 M. A
3aoauu

1. I'py3oBas mammHa ABUragach ¢ MoCTOSHHOM ckopocThio v. Korna o cron-
JUHUK OCcTaBanoch 50 MeTpoB, 3eJeHbIi CUrHaN cBeTO(Oopa Haual MUTATh.
Crnycts NoOJCeKyHIbl BOJAWTENb Hadyal TOPMOXKEHHE W OCTAHOBMJICS [0
cTon-nmMHMU. Kak M3BECTHO M3 MpaBmil JOPOKHOTO JBMKEHHUS, TOPMO3HOM
IyTh TPY30BOW MAIUMHBI, JIBUTAKOMIEHCS €O CKOPOCTBIO V= 50 xm/u,
pasen S, = 28,9 M. Ouenure CKOPOCTb V IPy30BOr0 aBTOMOOMIS B TOT
MOMEHT, KOTJla Hadaj MHUTath cBeTodop, ¢ TouHocThio mo 0,01.

2. [lpenmonoxum, uto Ha 0azape MMeeTCs /1 IITYK ONPENENIEHHOTO TOBapa,
U 3TOT TOBap NpOJAAaeTCd MO IEHE p CyM 3a eIuHHUIy. MOHHMTOPUHT
NOKa3aj, 4TO NPHU YBEJIWYEHHM CIIPOCAa Ha JAHHBIA TOBap, €ro IleHa
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YBEJIMUMBAETCS, a KOJIMYECTBO MPHUBO3UMBIX TOBAPOB YBEIUUHBACTCS
no ¢opmyne n=60p. C apyroil CTOPOHBI, C YBEJIUYCHHEM KOJINYECTBA
n ToBapa, NMPUBO3MMOr0 Ha 0a3zap, €ro IeHa yMEHbIIaeTcs B 0OpaTHO
MPOMTOPIIMOHAIEHOW 3aBUCUMOCTH:

- 60
n—40

Ompenenure yCIIOBHs, HAaKJIaIpIBAeMble HAa KOJMYECTBO TPUBO3UMOTO Ha
0azap TOBapa.

3. IlpeanonoxumM, YTO KOMOAHMS TPATUT HA peKiaMy X (B COTHSX ThICAY)

66

CYMOB M B pe3ynbrare mojiydaer mpuObuib P, rae P(x) =20 + 40x — x.
CKOTBKO HYXKHO 3aTpaTHTh HAa pekiIamMy, UYToO0bl NPUOBUTH OblTa
MaKCUMAaJIbHOM?
Mecsianass npuObUTh  HEOONBIIOW TPOW3BOJCTBEHHOW KOMIIAHUU
BeIpakaeTcs paBeHCTBOM P = 250n —n? (B ThiCSYax CyMm), TAe 1 —
KOJIMYECTBO IMPOU3BEACHHOTO M TPOJaHHOro ToBapa. CKOJIbKO TOBapa B
MECSI CIIeNyeT MPOW3BOAUTH W MPOJaBaTh KOMITAHWH, YTOOBI MPUOBLIL
OblIa MaKCHMaJIbHOW?
B omnom u3 Tpommueckux jecoB OxHOW AMepuku OBUIO HaWIEHO
YHHUKaQJIbHOE HACEKOMO€ M CHEUUAIMCT [0 HM3YUYCHHIO OKpYXKarolien
Cpelbl mepeceni 3TO HACEKOMOE Ha 3alluIaeMyro Tepputopuio. Yepes
{ MecAlEeB TOCle TePeBoJa YMCIO HACEKOMBIX CTaj0 YBEIMYHMBATHCS IO
3aKOHY

P(t) =45(1 + 0,6¢)(3 + 0,02¢).
Hanpure:
1) Kakum Obuto 4mcino HacekoMbix mpu f = 0?

2) Kakum Oymer mx ymcno gepe3 10 ser?
3) Yepes kakoe Bpemsi MX 4HciIO OyneT paBHbIM 5497



Hcmopuueckue ceedenus

CnoBo ,,pyHKUHSA“ TPOUCXOAUT
OT JaTUHCKOTO CclioBa ,functio®
UCTIOJIHEHHe, ocyuiecTiaeHue. [lepBoie
onpejaeneHuss (QyHKUUU TNpUHAIIIEKAT
I.JIeiionuny (1646-1716), U.bepnyaan
(1667-1748), H.H.Jlo6aueBcKOMYy
(1792-1856).

JlpeBHUE yueHble, HEe Biajxes
COBPEMEHHBIM MNOHATHEM (YHKIUH,
AGy Paiixon Bepynu fICHO TIPEICTABJIAIM Ce0€ XapaxkTep

(973-1048) (byHKuHOHanLHOI‘/'I 3aBUCHUMOCTH MECXKIY

NepeMEHHbIMU BEIMUYUHAMH.
3a 4000 mer g0 HAWUX JHEH
B JlpeBHem BaBunone mnoab30Bamuch, NycTh H TpyodoO
npuOIMKEeHHOH, GopMylol A TUIOMAAM Kpyra pagdyca r —
S=3r.

PanHue cBeleHHMs O CTENEHSAX YHUCET COXPAHWIUCH Ha
BaBWJIOHCKHMX KJIMHONHMCHBIX Tabnuykax. B wactHOCTH, uMeOTCS
TaOJIMIIBI KBAJIpaToB W KyOOB YHCEI.

Tabnuupl kBagparoB U KyOOB uuces, TaOMUIbI JorapupmMoB
U TPUTOHOMETpUYECKHE TabMuLbl — BCE 3TO IPUMEpPHI
(yHKIMOHANBHOW 3aBUCHMOCTH, 33JJaHHON B TaOMUYHOM (opme.

Benukuit yuensli-sHuukinonenuct A0y Paiixan bepynwu
IIMPOKO M0JIb30BAJICS B CBOMX TPYyAaxX MOHATHEM (DYHKIIMOHAIBHOM
3aBucUMOCTH. B 6-i1 rmaBe cBoero (¢yHAaMEHTaJIbHOTO
pykoBozicTBa o actpoHomuu «Kanon Macyna» oH ompezaenser
HPOMEXYTKH M3MEHEHHs aprymMeHTa ¥ (YHKIUH, HauOobIIne
¥ HauMEHbIIUE 3HAuCHUs (QYHKIHU.
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IJTABA II.  cHCTEMBI YPABHEHMI 1

HEPABEHCTB
m
11 2 3 x
3

§13. PEHIEHUE ITPOCTEWIINX CUCTEM, COJIEPKAIINX
YPABHEHHWS BTOPOI CTENNEHU

3agaua 1. Tunorenysa npsAMoyroasHOTO TPEYTOIbHKUKA PaBHa /13 cM,
a ero miomans 3 cM”. HaijinTe kareThl TpeyroabHUKA.
[TycTs KaTeThl TPEyroJbHUKA PaBHBI X U ) CAHTUMETPOB. 3alUIIEM
yCIIOBUS 3aJla4M, Mojib3ysich TeopeMoil [Iudaropa u Gpopmynoil BerYnCIECHUS
IUIOILAAM MPSIMOYTOJIBHOTO TPEYTOJIbHUKA:

x?+y? =13,
i (1)
—xy = 3.
Y
[IpubaBnsis K MEpPBOMY YpaBHEHHIO CHUCTEMBI BTOPOE YpaBHEHHE,
YMHOKEHHOE Ha 4, MoJIly4aeM:
x* +)? + 2xy =25,

otkyna (x + y)*> = 25 wim x + y = £5. Tak Kak x U y — TOJOKHUTEIbHbIC
4ucia, To X + y = 5. BeIpa3uM U3 3TOr0 ypaBHEHHs y 4epe3 X U MOJCTaBUM
3TO 3HAUYEHHWE B OJHO W3 yYpaBHEHHUHU cuctemsl (1), Hampumep BO BTOpoOE:

y=5-x, %x(5—x)=3.

Pemnm nonydeHHoe ypaBHEHHE:
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5x-x*=6, x> -5x+6=0, x, =2, x,=3.

[loncraBus 5TH 3Ha4eHus B Gopmyny y = 5 —x, Haxonum y, = 3,y, = 2. B
000WX cITydasiXx OMH U3 KaTeTOB paBeH 2 CM, a APYror 3 cM.

OTrBeT: 2 cM, 3 CM. A
3agaua 2. Pemure cucremy ypaBHEHUM:

x+y=3,
xy = -10.

/\ Tlo Teopeme, 00paTHOU Teopeme Bueta, uncna x u y ABISIOTCS KOPHAMU
KBaJ[paTHOTO YpaBHEHUS

z22-832-10=0

Pemast 510 ypaBHenue, nomydaem: z, = 5, z,=—2. ClIeN0BaTeNbHO, PEIIEHUAME
CHCTEMBI SIBJISFOTCS JIBE Maphl yuCel: X =35, y =—-2nx, =2,y = 5.

OtBeT: (5 -2),(-2;93). A
3agava 3. Pemute cucrtemMy ypaBHEHUIA:

x? +4xy - 2y% = -29,
3x-y—-6=0.

/\ D1y cHcTeMy ypaBHEHHI PELIHM CIIOCOGOM TOJICTAHOBKH:
y=3x-6,
x* +4x(8x —6)—2(3x —6)* = -29.

YnpocTus 3T0 ypaBHeHue, momyuum: S5x*— 48x+43=0, orkyna x =1,
x,=8,6. [loxcraensas 3nauenus x B Gopmyny y =3x—6, Haxoaum y, =-3,
y,=19.8.

Otsert: (1;-3), (8,6;19,8). A

3agava 4. Pemure cucremy ypaBHEHUMU:

x?—y? =16,
x—y=2.
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/\ Banumenm [IEPBOE YPABHEHUE CUCTEMBI TaK:

(x—y)(x+y)=16.

[Toncrasnss crona x—y =2, nonyvaem x +y = 8. CiaenoBarenbHo,

x+y=28,
x—-y=2.

Pemmast 3Ty cucteMy METOZOM CIIOKEHHUS, HAXOMUM X =35, y=3.

OTrBeT: (5 3).A

Ynpaswcnenuasa

153. Pemute cucreMy ypaBHEHUM MEPBOM CTEIEHU C ABYMS HEM3BECTHBIMMU:

+5y =9,
2) TS
3y — 2x = —b;

2x—-y =3,
) 2y +x =14;

3) 3x+y+4=0,
4y+8x -4 =0;

4 2x-3y+8=0,
) 4x -2y +4=0.

Pemre cucremy ypaBuenuit (154—-158):

y=x+6,

154. 1
) {xz -4y =-38;

y—3x =2,
) x? -2y =38;

X +xy =2,

155. 1
) {y—3x =T

2 2=1 ,
4){96 +y 7
x—y=3;
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x=2-y,
2
) Y’ +x =32

{x=4—%
5)

x*+y =4

2 _xy-y?=19,
D{x %g-y
x-y="7

2
S B

o



156.

157.

158.

159.

160.

161.

162.

163.

D{x+y:&
xy = 6;
+ty=-
DR
xy =10;
x—-y="7,
1
) x?—y? =14;
2 _ 2 _
Q{x y° =8,
x—y=2;
x+y? =17
1) B
xy =4;
xy =5,
4
) x* +y® = 26;

6)

3
) x+y=4;
x*—y* =7
x+y="7.

1=
1=
{“"
d

xy =3,
3) 2 2

x“+y° =10;

2 +y* =50,
6) {x Y
xy="17.

CymmMma nByx uucen paBHa 18, a ux mpousBeaenue 65. Haitgure >Tn
qucIa.

Cpennee apudmerudeckoe AByx uucen paBHo 20, a uxX cpeaHee

reoMmetrpuyeckoe 12. Haliogurte 3Tu yucna.

Pemute cucremy ypaBuenuii (161-163):

Yy —2x =3;

—-y=2,
1){ xy =3;

(x_y)2 = 47
D{x+y=&

{x+2y:—&
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164. YyacTtok npsMoyroiibHOM (OpMBI HY’KHO OTOPOJIUTH 3a00pOM JUIMHOM
1 kM. KakoBbl JOMKHBI OBITH JJIMHA U IIMPUHA Y4YacTKa, €CIU €ro
o s paBua 6 ra?

§14. PA3JIMYHBIE CIIOCOBbI PEHIEHUS CUCTEM
YPABHEHUM

3agaua 1. Pemure cucremy ypaBHEHHH :
x+y+2xy =10,
x+y-—2xy=-2.
/\ TlounenHo ckmaabias YPaBHEHUS CHCTEMBI, Moiydaem: 2x +2y=8§,

OTKyza y=4—x. DTO BBIpaKCHHUE MOJICTABISAEM B OHO U3 YPABHEHUI CUCTEMBI,
HaIpuMep, BO BTOPOE:

x+4—x-2x(4-x)=-2,
4-8x+2x?=-2, 2x*- 8 +6=0,
¥—4x+3=0, x=1,x,=3.
Tak xak y=4-x, 10 y =3, y,=1.
Orser. (1;3),(3;1). A

3agaua 2. Pemmte cuctemMy ypaBHEHHH :

x-y® =3,

xy® =28.
A V3 IIEPBOTO ypaBHEHHUS CUCTEMBI )*=x—3. [TogcTaBUM 3TO BRIpAKEHHE

BO BTOPOE€ YpaBHEHHE:
x(x—3)=28, x*-3x-28=0,

Otkyna x,=7, x,=—4.
Tak kak y*=x—3, ToO HaXOJAUM 3HAYCHHUE ):
1) ecmu x=7, 10 y*= 17 — 3, y*=4, otkyna y=2 uim y=-2;
2) ecin x=-4, 10 y*=-4 —-3<0, creqoBaTeNbHO, TEHCTBUTEIBHBIX KOPHEH

HET.
OtrBert: (7;2),(7;-2). A
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Crnenyer Takxke OTMETHUTh, YTO €CJIM B TIEPBOM YPaBHEHHUH BBIPA3UThb X
4yepe3 ¥, U MOJCTaBUTh BO BTOPOE YpaBHEHHUE, 3TO MPUBEJIET HAC K PELICHUIO
OMKBaJPaTHOTO YPaBHEHHUS.

3agaua 3. Pemure cucreMy ypaBHEHUM:

x+y=12,
1 1 3
— 4+ =
x y 8

/\ Ecnu (x; y) — pemenne cuctembl, To x#0 u y#0. Bropoe ypaBHeHue

x+y 3
CHCTEMBI 3aIIUIIEM B BUJE: =—.
xy 8
12 3
B nmonyyenHoe ypaBHeHHE NOACTaBUM x Ty =12: — = 3’ oTKyna xy = 32.
xy
Pemrenue 3a1anHON CUCTEMBI CBEIIOCH K PELICHUIO CIIETYIOLIEH:
x+y=12,
xy =32.

Ilo Teopeme, obpatnoii Teopeme Buera, momyuaem: x, =4, y = 8; x,=8,
V,= 4.
OtBet: (4;8),(8;4). A
3anauva 4. Pemmrte cucreMy ypaBHEHUM:
-y =",
{x2y —xy® =2.

A [Tepenuiiem BTopoe ypaBHEHHE CHCTEMBI B BHE: X)(x — ) = 2. SIcHoO,
yro x #0, y#0, u x —y # 0, B 3TOM ciyuae, pa3feiuB IepBOE YpPaBHEHHE
CHCTEMBI Ha BTOPOE, MOITY4aeM:
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(- +xy+y®) T,
xy(x - y) 2’

2(x* + xy + y*) = Txy,
2x* —b5xy +2y* = 0.

PaCCManI/IBaﬂ IMOJIYYECHHOC YpPAaBHCHHEC KaK KBaJpPaTHOC YPAaBHCHHC
OTHOCHUTCJIBHO X, HaﬁHeM €ro KOpHHU:

_ by ++4/25y° —16y°

X
1,2 4 )

by +3y
Yo ==

Y
Otkyna x, = 2y wi X, = 7

HOIICT&BJISISI BO BTOPOC YPAaBHCHUC CUCTCMEI HaﬁﬂeHHLIe SHAUYCHHUA X UCPC3

¥, TIOTy4aeM:
1) ecimm x=2y, 10 4°—2)°=2, otkyma y’=1wux=2;

3 2
2) ecin ng,TO yj—y?=2,OTKy):Lay3=—8,y=—2Hx=—1.

OtrBeT: (2;1), (-1;-2).

3agauva 5. Pemmre cucteMy ypaBHEHMI:
x* - 2xy +4y® ="1,
x® +8y® = 35.

[Tonb3ysick GopmMynoil cyMMbl KyOOB, 3alUIIeM BTOpOE ypaBHEHHUE
CUCTEMBI TaK:

(x + 2y)(x* — 2xy + 4y?) = 35.
PaszenuM 5TO ypaBHEHHE Ha MEPBOE yPABHEHHE CHUCTEMBI M HOIYUYHM:
x+2y=5.
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W3 sToro ypaBHeHus HaiijneM 2y 4yepe3 x: 2y=5-X W MOACTABUM 3TO
BBIPa)KEHUE BO BTOPOE yPaBHEHHE:
¥+ (5-x)=35,
x3+ 125 — 75x +15x* —x3= 35,
15x2—-75x +90=0,

xX*-5x+6=0,
x =3, x,=2.
HaiizeM cOOTBETCTBYIOIIME 3HAYCHUA )
3
1) 2y=5-3, orkyma y =1, 2) 2y=5-2, orkyna Yz = 5

3
Otepet:(3; 1), (252)

3agava 6. Pemmre cucreMy ypaBHEHUM:

X
O603Ha9NM \E =t Torma \/2 ~1 ¢+>0.Borom Cclly4ae BTOPO€E ypaBHEHHE
x ot
5

1
CHCTEMBI IPUMET BUJ: ¢ — Pl YMHOXHUM 00€ 4acTH 3TOr0 ypaBHEHUs Ha f:

tz—%t—1=0,

5 }25 5 13 3 9
to=—=*t |—+1="+", ¢ =2 =_2
Otxyna *1.2 12 144 12 12 1 9’ t, 3"

Tak kak >0, TO \/E=
y

9
BBIP@KEHUE AJIS X B MEPBOE YPABHEHHE CHUCTEMBI, MOJYYUM: Zy—y =5,

HIIH

N |

x 9 9
- = Za OTKYyIa X = Z Y. HO,[[CTaBI/IB
Yy

Zy =5, y=4, mosromy x=9.

OtBeT: (9;4).
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165.

166. 1)

167.

168.

169.

170.

171.
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| xy—-x+y="1,
) xy+x—-y=13;

(x-Dy-1) =
x+y=>5;
2x+3y =3,
D 4x2 —9y? = 27;

x*+y® =34,
Ny =15

Ynpaowcnenua

Pemmure cucremy ypaBHenui (165-175):

xy—2(x+y)="1,
xy+x+y=29.

(x-2)(y+1) =
x—y=3.

xX—y =295,
Dx -y =1.

x* +y? =25,
xy =12.

d
|
-
{x + _133
-
-
-

2)

2) xX+y

x* +6xy + 8yx* =91,

Dx+3y—-10=0.
x*—xy+y? =19,

D xy =15

x —6xy+y =8,

4)x

x+y 3

2) x—y_2’
xy = 80;

x+y=9,
MLil_os.
x oy ’




xP-y="1, 2x% +y =3,

) Do 1
y= Xy =
x?—y? =12, x* -y =21,
3) D).z e

x? +y? =20; x*+y*=29.

x4y’ = xy® + xy® =10,
173. 1){351/ +xy—12 2){x—i-xy=10.

x® +27y° =54, x*—xy+y =19
174. 1) x*-38xy+9y* =9; 2) xX*+xy+y*=49

[x+y =41,
175. 1) \/EJ,\/QZE; 2 [x+y =10,

Ny Vx 20 Jx +Jy =4.

§15. CACTEMA HEPABEHCTB BTOPOM CTENEHU C
OAHUM HEU3BECTHBIM

3anmaual. Pemure cucremy HEpaBEHCTB:

x2-5x+6>0,
3x+42>0.

A [lepBoe HepaBEHCTBO 3TOW CUCTEMBI — KBaJpaTHOE, a BTOPOE —
nuHeHoe. PemeHusMu mMepBOro HEPAaBEHCTBA, KAK MOKAa3aHO B 3ajade 2
§6, ABIIAIOTCS BCE UMcNa U3 MPOMEXKYTKOB X <2 U x>3. A perieHuss BTOporo

HEPaBEHCTBA —3TO BCE YMCIA U3 MPOMEXKYTKA X 2 —1%. Ha onHo#t uncioBoii

ocH M300pa3uM Kak pelieHusi NEPBOro HEPABEHCTBA, TaK U PEIIEHUs BTOPOTO
HepaBeHCTBA. SICHO, YTO BCE€ YHMCIIa, PACIOJIOKEHHBIE B MPOMEKYTKaX
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—1%3 x<2 u x<3 OJHOBPEMEHHO YyIOBIETBOPSAIOT 0OOUM HEpPABEHCTBAM
cucteMsl (puc. 44).

m
_4% 2 3 x
Puc. 44

OTBeT: —1%Sx<2,x>3. A

3agava 2. Pemure HEpaBEHCTBO:
?—x—1[<I.

/\ Mo 3naem, 4to HEepaBeHCTBO |[x*—x—1|<] paBHOCHIBHO IBOWHOMY
HEPaBEHCTBY:

—1<x*x—1<1.
A mocrieiHee HEPaBEHCTBO PABHOCHIBHO CHCTEME:

x?-—x-1<1,

x2—x-1>-1.
WK

x2-x-2<0,

x2—-x>0.

CHavana pemuM TmepBoe HepaBeHCTBO: D=(-1)-4(-2)=9>0,

1-3 1+3
CIE€IOBATEIILHO, X :T =-1, x, = 5 =2. Orcrooja Toly4aeMm, 4TO

NIEPBOMY HEPABEHCTBY YIOBIETBOPSIOT BCE YMCIA U3 MIPOMEXYTKa —1<x<2.

Pemmm Bropoe HepaBeHCTBO: x*—x=x(x—1)>0. CiieoBaTelIbHO, PEIICHUSIMH
3TOTO HEpPaBEHCTBa OyIyT BCE YHCIa, YIOBIETBOPSIOIINE MpoMexyTKaM: x<0

u x>1. Pemenus o00oux HepaBeHCTB N300pa3uM Ha OJIHOM YMCIOBOW ocH (pHC.
45).
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Ortcroza cienyer, 4To pemeHnsIMH HCXOIHOTO HEPABEHCTBA SBIISAIOTCS BCE
qucia, YAOBIETBOPAONIe MpoMexyTkam — I <x<0 m [<x<2.

OrBeT: —1<x<0, 1<x<2. A
3angauva 3. Haiigure obnacts onpenenenus GyHKINU:
y=vV38x?—x—-14+J-x.

/A Tak xax BBIpOKEHHE TMOJA KBagpaTHBIM KOPHEM HE MOXET OBITh
OTPUIIATENBHBIM, TO 00JIACTBIO OTIPEENeH s JTaHHOH (DYHKIUH SIBISIOTCS PEIICHHS
CIIEIYIOIIEH CUCTEMBI:

3x2-—x-14>0,
—x>0.

CHavana pemuM mnepBoe HepaBeHCTBO. Tak kak D=(—1)>-4-3(—14)=169

y 1-13
— IUCKPUMHWHAHT KBaJpaTHOro TpexwieHa 3x°—x—14, to X; = B -2,
1+13 7 o 2
Xy = 6 3 A Tak xak BETBW KBaApaTuyHOW GyHKIuHU y = 3x*— x — 14

HaIlpaBJICHBI BBEPX, TO PELICHMS MEPBOr0 HEPABEHCTBA JIEXKAT B IIPOMEKYTKAX
7
x<-2ux2 3

SIcHO, YTO ecliu BTOPOE HEPABEHCTBO YMHOXKHTh Ha —1, TO €ro pelieHusIMU
OyzmyT Bce 4ncna u3 mpomexyTka x < 0.

P S 7
-2 0 7

3

Puc. 46.

N3006pa3um pemieHus IepBOro U BTOPOTro HEPABEHCTB HA OAHOW YHCIOBON
ocu (puc. 46).
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OTkyna nmoiydaem, 4to x < —2 — pelieHre CUCTEMBI.
OTrBeT. x<-2. A

Ynpascnenua

176. PemmTe cucteMy HEPABEHCTB:

) 3x2+5x-2<0, ) 3x?2+5x-2<0,
4x+9>0; 2x+7<0.
177. Pemmute HEpaBEHCTBO:
1) |x*— 6x| <27, 2) |x*+ 6x|<27;
3) [x*+ 4x| <12; 4) |x*—4x|<12.

Pemure cucremy HepaBencts (178—181):

){x2+x—6<0, {x2+x—6>0,

178. x> +2x+3<0; x24+x+6>0.
170, 1 x2-3x+2>0, \ x> +x-6<0,
’ x2-Tx+12>0; x> +x-22>0.
180, 1 Tx —x2 >0, 8x+x2<0,
- 36 —x* > 0; 49 — x* > 0.
181 1 —x2+x+20<0, x2+4x <0,
’ X’ —x—2>0; 2 -x>+x+22>0.

182. Haiinute ob6macth onpeaencHus QyHKITHH:

1) y= [ x® _6x—8+ /;x+2, 2) y:\/x_xz—\/—x2+12x—35.
|

|§16. JOKA3ATEJBbBCTBO INPOCTBIX HEPABEHCTB

CYIJ_ICCTBYIOT pa3JIMYHBIC CI0CcOo0bI AO0Ka3aTCJIbCTBAa HCPABCHCTB.
PaCCMOTpI/IM IIPUMCHCHHUEC HCKOTOPBIX M3 HUX.

33)]3‘121 1. I[OKEDKI/ITG, 4TO CPCIAHCC apI/I(I)MCTI/I‘-IeCKOG JABYX ITOJIOXKUTCIBbHBIX
qyucell a U b He MEHBIIE CpCAHCTO I'COMCTPUICCKOI'O OTUX YUCCII.

80



a+b2\/a_b. (1)

2
A [[OK&)KGM 9TO HCPABCHCTBO, OCHOBbIBAACL HA onpe()eﬂeHue, TO CCTb

a+b
JIOKa)KeM, 4TO — Nab >0

[IpeobpazoBaB JeByIO YacTh 3TOr0 HEPABEHCTBA, MOTYYHM:

a+b a+b-2Jab (\/;—\/3)2
— = = > 0.
a 2 2

2

HenocpenctseHHo mpoBepsieM, 4TO B COOTHoueHUH (1) paBeHCTBO

BO3MOXHO TOJIBKO IIpHU a= b. A

3anaya 2. J[okaxure, 4TO CpeiHEE TEOMETPUUYECKOE JIBYX MOJOKUTEIBHBIX
4uCell a ¥ b He MEHBILE CPEAHET0 rApPMOHMYECKOTO 3THX UHCEL.

Jab> 2, )
. ¥

A I[OKB.)KCM 9TO HCPABCHCTBO, UCIIOJIb3Y: 8bIULEOOKAZAHHOE HepaseHcmeo

(1), a takxe TOT (pakT, YTO TOJOXKHUTENIbHAS APOOb YBEIUUYUTCS, €CIU
YMEHBIIUTh €€ 3HAMEHATEIb, HE U3MCHSISI YUCIIUTEIb:

2 _2ab_ab<ab=\/E.A

1.1 a+b a+b Jap

a b 2

33[[3‘13 3. I[OKa)KI/ITe, 4TO 1A J000T0 MOJIOKHUTENBHOTO d:

a+lz2. (3)

a

A JlokaskeM 3TO HEPABEHCTBO MemoO0OM om npomusHoz2o. IIpennonoxum,
4TO HEPaBEHCTBO (3) 111 HEKOTOPOTO MOJNOKHUTEIBHOTO @ HE BHINOIHIETCS, TO
€CTh MIMEET MECTO HEPABEHCTBO

6 — Anre0pa, 9 kiacc 81



1
a+=-<2
a

YMHOXHUB 00€ 4aCTH HEPaBEHCTBA Ha d, TIOJTYUYUM:

a’+ 1<2aq,

10 ecTb a*+ 1-2a<0 unu (a— 1)*<0, a 3T0 HEBepHOE HEPABEHCTBO, TaK
KaK KBajpar JIlo00ro aeiicTBUTEIbHOrO 4mciaa (B ToM uucie U (a— 1)?)
HE OTPHIATENIbHOE YHCIO. M3 MOJYy4EeHHOTO MPOTHUBOPEUUS CIEIYET,
4TO HepaBeHCTBO (3) BepHO i JI0OOTO

MONOKATENBHOTO a. A a b

ey
P

A
Y
A

3agaua 4. [Iponaser] B3BemIMBAET SOTOKU
Ha pblYakHbIX Becax. [lokymarenp B3sin 1 kr
s0JIOK, a 3aTeM MOTPOCHII MPOJIaBIia TTOMEHSITh

MecTaMHU g0J0KU U THPIO U B3BECUTH elle 1 Kr 1 I!r .
a610Kk. K10 ocTanercst B yOBITKE, €CIIH BECHI HE b 5T)
X KT
YpaBHOBEIIAHbI? (1 k1)
KT
A IIpenrnonoxum, 4To pel4aru BECOB PaBHEI Puc. 47.

awn b (puc. 47). Ha pucynke BUIHO, 4TO a # b.
[Ipy mepBOM B3BEIIMBAHWUHU TOKYIATENb KYITHI

a
x Kr si0onok. M3 kypca ¢usnka u3BectHo, uto x-bh=1-a, otkyna x = —. llpu
b
BTOPOM B3BEIIMBAHUHU TOKYTMATENb KyNui ) Kuiaorpamm sionok. M3 ycnoBus

paBHOBecusi y-a=1-b, otkyna y =
KUJIOTpaMM SIOJIOK.

Q|

a b
. Takum 06pa30M, OBLIO KYIJICHO Z +—
a

[Tonp3ysick HEPaBEHCTBOM O CpeAHEM apu(METHYECKOM U CpeaHEM

a b
reOMCTPUYCCKOM YHCECJI MMOJTYyUYHUM Z n ; cJIeayromuiec:

Sall RS
+
SRSy

o
S
SRS
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aa+b>2
OTK - T - .
A b a

O T B e T: mpojaBer] OCTaHETCs B YOBITKE. A

183.

184.

185.

186.

187.

188.

189.

Ynpancnenun

I[OKa)I(I/ITe, 4TO OJId TI00BIX HeﬁCTBHTeHBHBIX a, b, X UMCCT MCCTO

HEPABCHCTBO:
2 2
a® +1 b° +16 2x 2x 1
] > a; 2 > b; 3 <1 <-.
) ’ ) ’ V21 0 Vi2ie 6

Jlokaxute HepaBeHCTBO, eciu ab > 0:

1)‘_’+922; 2) (a+b)(l+1)24.
b a a b
Jlokakxute HEPABEHCTBO, ecnu a >—1, a#0:

2
4a” +a +1
—  —>Ja+1.

4f

Ecmu >0, b>0 u a+# b, To kakoe u3 Bhipaxenuii (Va + /b)?
2 2(a+b)\/ﬁ ooupIe?

JloKaKuTe HEPABEHCTBO:
(@t 1)(a+2)(at3)(a+t6)>964%
rae a >0.

Hokaxwure, uto ecnu a >0, To:

+4 +9
a2 +a2 >5\/5.

Jlokaxxute, 9TO €Ciu a, b, ¢, d — TONOXKHUTEIbHBIC YUCIIA, TO

a+c+b;d2~/(a+b)(c+d)

2

"
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2
ac” +b
190. Joxaxwure, uro ecnmua>0, b>0wu c>0, To > 2-/ab
C

191. Jloxaxwute, uyto ecimu a >0, b >0, To UMeET MECTO HEPABEHCTBO
1 1
(a+b)(—+—j >4
a b

192. Jloxaxwurte, uto ecinu @ >0, b >0 u ¢ >0, TO UMeeT MECTO HEPABEHCTBO

2 2 2
[1 + “—J[1 + b—][1 + C—J >8
be ac ab

Ynpasicnenusa k znage I1

193. 3anumure JaHHOE BBIpAXXEHUE B BHUJIC KBAJIPaTHOTO TPEXUJieHa,
3aBUCSIIETO OT OJHON MEPEMEHHOM:

1)2y*—xy+3,ecmmy =3x + 1;
2) 2xy+3x*— 7, ecmax =2y + 1.

194. Pemmre cucreMy ypaBHEHUH METOAOM 3aMEHbI IEPEMEHHOM:

| x+y=-1, 5 {x2—3y=13,
) y2—7x=7; ) x—y=3.
195. Pemmute cucteMy ypaBHEHH, MOJIb3YsICh TEOPEMOM, 00paTHON Teopeme
Buera:
+y=— - _
1 x+y=-10, 2) xy =—-30,
xy = 21; x+y=1;
+y=-— x+ty=9,
37 Y o 4) { Y
xy = —16; xy = -10.
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196. 1

197.

198.

199.

200.

201.

Pemmre cucremy ypasuenuii (196—198):

) x*-y? =18,
x+y=29;

x=T+y,
3) x* =56 +y%

| y> +xy =4,
x*+xy =-3;

x—-y="1,
3
) x*+y? =9-2xy;

1) x3_y3=9’
xX—-y=3;

Pemute cucremy ypaBuenuii (199-204):

(x+2)(y-3)=1,
1) x+2:1;
y-3
*_ y_3
)qy x 6
x2_y2:5,
1
_+_ -,
DR 6
x—y=>5;
1) A
xy® =T,
; x* +y® =58,
x? —y* =40;

(y-3)(x+1) =4,
2) x+1 _
y-3 '
*x_ y_3
2) y x 2’
x2_y2:3,
1 1_5
4)1x Yy 4’
x+y=3.
2
y +1=ux,
)|
xy” =12
x* —y? =32,
4) 2 2 __
x“+y =40
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202.

203.

204.

20s.

206.

207.

208.
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3 x=3+y,
1 {x +y 2) y
xX+y= 2 x?

Xy =2

) xy(x + y)

4)
2xy(x +2y) =16.

2x* - 3x%y = 36, 3x* - 2x%y = 24,
3y* — 2xy = -9; 2y* - 3x*y = -6.
x+y=10, %) x+y=>5,
Jx -y =2 Jx -y =1.

1) JIBy3HauHOE YKMCIIO B TPH pa3a OoJIbIlIe CyMMbI CBOMX ITU(p. A KBagpat
cymMMmBbl 1Tudp B TpHU pasza Ooibile JaHHOTO yucia. Haiimute 3o yucio.
2) ABy3HauHO€ 4Kcio B 4 pa3a 0oJbIle CyMMBI CBOMX IHU(p. A KBajapar

) 2)

v
{x +8y° =16,
|

3 o
COCTaBJIACT E YacTu JaHHOro yucia. Haiaure 310 yuco.

1) OTHoOIIEHUE CTOPOH JABYX KBaapaToB paBHO 5:4. Eciu cTopoHy KakI0ro
KBaJjpaTa yMEHBIIUTh HAa 2 CM, TO Pa3HOCTb TUIOMIAAEH TOITYyUHNBIIUXCS

KBajIpaToB OyneT paBHa 2,8 cM?. Haiiiute cTOpOHBI 3aJaHHBIX KBA/IPATOB.

2) OTHOUIeHHWE AJUHBI TMPSIMOYTOJbHUKA K €ro MIMpUHE paBHO 3:2.
Ecnu ux yBenuuuth Ha 1 cM, TO TIIOmAAb MEPBOTO MPSIMOYTOJIbHUKA
Oynet Ha 3 cm? Oomblie 3agaHHOT0. Haliure UIMHY U IUPUHY TIEPBOTO
PSMOYTOIBHUKA.

PCI_HI/ITC CI/ICTeMy HepaBeHCTB:
{x2+x—6<0, ) {x2+x—6>0,

—2x2 +3x+2>0; x2+4x-5<0.

! —8x% -5x+2>0, —2x% —2x+4<0,
) x2 -3x-2>0; )3x2—3x—6<0.

1) Haiinute HanMeHblee 3HaYeHHE X + , eclii xy = 9 u x > (.
2) Haiinute naumensbiee 3Hauenue 2a+b, ecnu ab =8 u b > 0.



209.

210.
211.

212.

Haiinute HauMeHbII€e 3HAYEHUE BHIPAKCHHUS:

1) 4x+£,(x>0); 2) @3 +12) oo,
25x x
4y® —Ty +25 vt 2+l
3) L2 (y>0); 4) ——-
Y y +1

Haiimute Hanbonpiiee 3Ha4eHue Xy, ecnu x +y=10 u x >0, y>0.
Haiinute Hanbonbiiee 3HaueHue xy, eciu 2x+y=6 u x>0, y>0.

I[OKa)KI/ITe HECPABCHCTBO:

a+ b*+c*>ab+ ac + be.

Tecmoevie 3a0anus k 2naee I1

. {x +y =5,
. Pemute cucremy ypaBHEHUN:
xy =4.
A)x=-4, y=-1, B)x=1,y=-4;
Ox=4,y=-1; D) (1;4)u (4; 1).
x+y=4,
.P i:
CIIUTE CHCTEMY yYpaBHEHHM ¥y 8.
A)yx=3,y=1; B)x=5y=-1;
C)x=4,y=0; D)yx=1,y=3.

. Pa3zHocTps nBYX umcen paBHa 3, a ux mpousBeaeHue — 28. Haiinure >tu
qHpcIa.

A) 7T ud4,; B)5u?2; C)14n2; D) 11 u8.

. [lepumetp mpsimoyronbhuka paBen 30 M, a mwiomangs — 56 M?. Ha ckonbko
METPOB JIMHA MPSMOYTOJIbHUKA OOJIbIIE €r0 MUPUHBI?

A) 1,2m; B) Iwm; C)2wm; D) 2,5wm.

. Paccrosiue B 60 kM OlMH BEJIOCUIIEAMCT TIPOE3KAET HA | yac MeieHHEe.

Haligute ckopocTH KaXXJOTO BEIOCUNEAMCTA, €CIU CKOPOCTH MEPBOTO
BEJIOCHUIIEIUCTA HA 5 KM/4 MEHbILIE BTOPOTO.
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A) 20 xm/4, 25 km/4; B) 10 km/4, 15 xm/4;
C) 15 xm/4, 20 km/4; D) 12 xkm/4, 17 km/4.

x +20y +10xy = 40,

6. Pemure cuctemy ypaBHEHMN: {x + 20y —10xy = -8.

A) (0,6;4) n (12; 0,2); B) (0,4; 6) u (0,12; 2);
C) (4;0,6) u (12; 0,2); D) (4; 0,2) u (12; 0,6).
x-y*=-3,
7. Pemurte cuctemy ypaBHEHHI:
xy® =54.
A) (6;4) m (4; 3); B) (=35 6) u (6; -3);
C) (6 3) u (3; -6); D) (6; 3) u (6; =3).
8. Pemmre cucreMy ypaBHEHHUI:
x -5y =-20,
5.5 _o
x Y
A) (=10; 5) u (2; 5); B) (-=10;2) n (5;5);
C) (5;-10) u (-10; 2); D) (5;5) u (-2; 10).

9. Pemmure cucreMy ypaBHEHHUM:

{x3 —64y° =56,

x’y —4xy® = 4.
A) (4 3)m (21 B) (-2; 5 )u (4 1)
C) (4; D u (=4; =2); D) (-2;-Du (2; 1).

10. Pemute cucremy ypaBHEHHN:

x-2 y+5_é
y+5 Vx-2 6

x-y=12.

A) (-1;12); B) (12;-1); C) (-1;11); D) (11;-1).
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11. Pemnre cucrteMy HEpaBEHCTB:

3x2+10x -8 <0,
2x+92>0.

A) —4<x<§; B)—4,5<x<§; C)x>-4,5; D) x<§.

12. Pemnte HepaBeHCTBO: x>+ x — 1| < 1.

A) 2<x<1, 2<x<3; B)-2<x<-1, 0<x<l;
C)-1<x<0,1<x<2; D)x<-2, x>1.
&< IpakTHYecKkne U MeKNpPeIMeTHbIE 3a7a4

3agava. J[Be rpy3oBble MalIMHbI, paboTas BMECTE, JOJKHBI ObUIM 3a 6
4acoB MEPEBE3TH HEKOTOpBIM Ipy3. Tak kak BTOpas MallMHA OMO37aia, TO K

3

Ha4dally €€ pa60TBI IepBasgd MallrHa Y>XKCE IICPCBC3Jia g JacTu BCCIro rpyasa.

OcraBmyrocs 4acTh rpy3a IepeBo3uiia TOJbKO BTopas mamuHa. [lostomy Ha
BCI0 paboty ymio 12 yacoB. CKOJNIBKO BPEMEHM HYKHO Ka)I0W MalluHe [is
NEPEBO3KU BCETO Ipy3a?

A [Tpumem rpy3, npeqHa3sHAYEHHBIN I IEPEBO3KH 3a equHULY. M mycTh
NEPBOM MalllMHE IS NIEPEBO3KU BCEro Ipy3a HYXKHO X 4acoB, a BTOPOH — y

1
YacCoB. Torz:a epBad 1epBasd MallnHa 3a 4aC CMOXKET ICPCBO3UTH ; 4acCTb

1
rpy3a, a BTopas — — 4acTb.
y

1 1
PaGoras BMecTe, OHM MOTYT 32 Yac MEpPeBE3TH [—+—j 9acTh Tpy3a u
Y

X

[0 YCIOBHIO 3aJa4d OHU JIOJIKHBI MOTPAaTUTh Ha 3T0 6 uyacos. IloaTomy
1 1
—+=1-6=1.
x oy
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3
Ha camom zene mepBast MalMHa MepeBes3ia - 4YacTH Ipys3a M 3aTpaTuia

5
3
Ha 3TO g JaCTHu CBOCTO BPECMCHHU, a BTOpadA ICPCBEC3jIa OCTABIIYIOCA YaCThb

2
rpysa M 3arparuijia Ha 9TO g JaCTH CBOCTO BPCMCHHU. Y‘-II/ITBIBaH, 4YTO B 3TOM

clydyac um HOTp€6OBaJ'IOCB 12 4gacos BPCMCHH, ITOJIYYHUM BTOPOC YPABHCHHC!:

3 2
-x+-y=12.
5x 5y

Jlns pemieHns 3a1auu HYXKHO PELIUTh CIETYIOIYI0 CUCTEMY YPAaBHEHHMN:

£1+1)6:1,
x Y

3 2
—x+-y=12.
577 5Y

[IpeoOpa3oBaB BHauyaje CUCTEMY, NMPUMEHHUM K HEH METO] 3aMEHBI
HIEPEMEHHOM:

6x+6y:xy’
3x + 2y =60,
2
3x =60 -2y, 120 -4y + 6y =(20—§y)y,
60+y =10y—§y2,

otkyma, y*— 27y + 180 =0,

27 729 27
204 =2 18022+
Y75 4 2

. 2
noJB3ysich hopmystoit x = —20 — 3 Y, momyHmm:

s V= 15, V,= 12.

Do | o

x, =10, x,=12.
Oteer : 10 vacoB u 15 yacos, eciu rpy30noIbeMHOCTb MAIINH pa3Has;
12 4acoB 1 12 4acoB, eCIIM MX IPY30MOIBEMHOCTH OMHAKOBBL. A
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Ynpawcnenuasa

1. 1) B ogaom 3putensHOM 3aie 420 mecT, a Bo BTopoM — 480. B mepBom 3ane
10 CPAaBHEHHIO CO BTOPBIM Ha 5 PsAI0B MEHbIIIE, HO B KaXKJIOM psily EPBOTO
3ama Ha 10 mMecT MeHblIe, 4eM B KaXJIOM psgy BTOporo. CKOJIIBKO MECT
UMEET KaXJIbIi psil epBoro 3ana?

2) B xpacunom 3ane 320 mect, a B cuHeM — 360. B kpacHom 3ame mo
CpPaBHEHHUIO C CHHUM Ha 2 psga OoJblle, HO B KaXJOM €ro psay o
CPaBHEHUIO C CUHUM Ha 4 MecTa MeHblIe. CKOJBKO psAA0B B KpaCHOM 3aie?

2. 1) JIBa Hacoca, paboTasi BMecTe, HANOJNHSIOT OacceitH o0bemom 80 M* 3a
HEKOTOopoe BpeMs. Eciu mepBbIii HACOC YBETMUYHT CBOKO TIPOU3BOIUTEILHOCTh

1
B 1g pasza, To emMy moTpeOyeTcs JJIsi CaMOCTOSATEIBHOTO HAIMOJIHEHUS

Oaccelina Ha 2 waca 6ombmie. Ecim e GyaeT paboTarh TOIBKO BTOPOH HACOC,
YMEHBIIIUB CBOIO MPOM3BOJUTENLHOCTE HA | M*, TO eMy motpedyeTcs Juis

. 1 .
HaroJHeHUs OacceiiHa B 35 pa3a OoJble BpeMeHH (IIPU OJHOBPEMEHHOU

paboTe IByX HACOCOB MPOM3BOAUTENHLHOCT MPOMOPIIMOHATBHA BPEMEHN).
HaiiuTe npon3BOANTENIBHOCTD KaKA0Ir0 Hacoca.

2) JIBe Opuraasl ¢ pa3IMuHBIM YUCIOM PAadOYMX, UMEIOLIUX OJMHAKOBYIO
KBalU(DUKAIMIO, U3TOTABIMBAIOT JETANd, PH dTOM KaXAbld pabounit
3a JIeHb M3rOTaBIUBAET MO 2 jaetanu. Buauane paGorana TOJIbKO mepBas
Opurajga u u3roToBusa 32 neranu. 3aTeM BTopas Opuranga, pabotas
CaMOCTOATENIbHO, u3roToBuiaa eme 48 nmeraneit. Ha Bcio »Ty pabory
yuuio 4 aus. 3atem, paborast BMecTe, Opuraasl u3rotoBuiau 240 neranei.
Ckonbko pabouux B Kaxjaou Opurane?

3. 1)IlonoBuny ToBapa mpopanu ¢ 10% BBITOAON, a MOJOBHUHY BTOPOM
n0JI0BUHBI — ¢ 20% BpIrooii. C Kakod BBITOJOW MPOAAIM OCTABIIYIOCA
YeTBEpTh TOBapa, €ciu o0lias BbIroJa OT MPOAAKUM BCEro ToBapa Oblia
oounpmie 12%?
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2) Toprosast ¢upma MOCTaBIsS€T B Mara3uHbl TOBapbl ¢ J0OaBIEHHON

3
CTOMMOCTBIO: Ha - 4aCTH TOBApa nobOapmnsieTcst HajpOaBka 5%, Ha MOJOBUHY

ocraBuierocs toBapa — HajgOaBka 4%. Kakyioo Hag0aBKy B NpoOLEHTax
n00aBUJIM Ha BTOPYIO MOJIOBMHY TOBapa, €ciiv Haj0aBKa Ha BEChb TOBAp
cocraBuina 7%?

1) Umeetcst cmech aByx BemiecTB. Eciau 100aBUTh B cMech 3 KI' BTOPOTO
BEIIECTBA, €r0 MPOLIEHTHOE COJIEP)KAHUE B CMECH YBEJIMUYUTCS B JIBAa pasa.
Ecnu B HawanpHyt0 cMech 100aBUTH 3 KT MEPBOTO BEIIECTBA, MPOIEHTHOE
CoJIepKaHue BTOPOTO BEIIECTBA YMEHBIUIUTCS B JBa pa3za. Halaure maccy
000MX BEUIECTB B NIEPBOHAYATIHLHONW CMECH.

2) Umeetcst cmech IBYX kuakocted. Ecnu 106aBUTh B cMeCh 8 JIUTPOB
NIEPBOH KUAKOCTH, €€ KOHIIEHTPAIUS B CMECH YBEJIMUMUTCA B JiBa pa3a. Eciu
B HauaJbHYI0 CMECh I00aBUTH 8 JTUTPOB BTOPOU KHUAKOCTH, KOHIIEHTPALIUS
MEPBOM JKUJIKOCTH YMEHBIIUTCS B MoyiTopa pa3a. Halaure o0bem kaxmoi
JKUJIKOCTH.

Cawmouter neTen u3 TOUKH A B TOYKY B o HallpaBJICHUIO BETPA U U3 TOYKH
BB TOYKY A IIPOTHUB HaAIpaBJICHUA BCTpa, IIPpHU 3TOM CKOPOCTH BETpPa HE
MeHsIach. B I[pyFOfI pa3 CaMOJICT IIPOJICTEII OTOT MapmIpyT B 663B€Tp€HHYIO
mmorony. B o0oux ClIydadx MOTOPBI CaMOJI€Ta pa6OTaHI/I C OZ[PIH&KOBOIZ
MOITHOCTBIO. B xakom CJydac Ha IOJICT OBLI0 3aTpav4€HO MCHBIIC BpeMCHI/I?

JIBa TpakTOopa MOTYT BcHaxarb Ioje 3a p nHeW. Eciu nmepBwld TpakTop
BCHAILET OJHY MOJOBHHY MOJIs, a 3aTEM BTOPOW TPAKTOP BCHALIET BTOPYIO
MOJIOBUHY TI0JIS, TO Ha 3TO MoTpedyeTcs ¢ anei. Jlokaxkure, 4to q > 2p.



TIJIABA 111 SJIEMEHTBI
TPUTOHOMETPUMU

§17. PAIMAHHASA MEPA YIUIA

[TycTs BepTuKanbHas MpsMast KacaeTcs B TOUKE P OKPYKHOCTH C LIEHTPOM B
O paguyca 1 (puc. 48). Bynem cuntars 3Ty NpsIMyI0 YUCIOBOM OCBIO ¢ HAYAJIOM
B TOYKE P, a MOJIOKUTEIbHBIM HAlpaBJICHUEM Ha A
NpsSIMOM — HampaBJeHUe BBEPX. 3a €IUHUILY JTHHBI

T
[ 3
v [ ]
Ha YUCIIOBOM OCH BO3BMEM paUyC OKPYXHOCTH. 3
o T
OTMmeTHM Ha TIPAMOM HECKOJIBKO TOYek: 1, £5,
® 2
+3, £ 7 (HamOMHHUM, 4TO T — HWpPpalMOHAIBHOE i
o —
qucio, npubamkeHHo pasHoe 3,14). BoobOpa3us 2
. M
3Ty NpSAMYK B BHUIE HEPACTAKMUMOW HHUTH, el 11

3aKperIeHHON Ha OKPYXHOCTH B Touke P, Oynem
MBICIIEHHO HAaMaTbIBaTh €€ Ha OKPYXKHOCTb. [Ipu o P
ATOM TOYKHM YUCJIOBOW MPSAMOM C KOOpAMHATAMHU,

T o
Hanpumep, 1, 5, =1, =2 nepeiayT CooTBETCTBEHHO

M, M, -1
B TOYKH OKpyxHOCTH M, M, M3, M,, Takwue, ,_%
YTO JJIMHA TyT'U PMI paBHa 1, niuHa 1yTU PM2 -9
T

paBHa 5 M TaK Jajee.

Takum o00pa3om, KaxaOW mouke npAMOol $ —7?{
CmMagumcs 8 coomeemcmeue HeKOmopas mouka
OKPYIICHOCL. Puc. 48.
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M Tak kak Touke NpsIMOM C KOOPAMHATOM | cTaBUTCA
R B COOTBETCTBHE TOYKA M| TO €CTECTBEHHO CYHTAThH
yroit POM, eTMHUYHBIM U MEPOW 3TOTO YIJIa U3MEPSITh
P npyrue yriel. Hanpumep, yron POM, cnenyet cuurath
T
paBHBIM o, a yron POM, — pasubiM —1, yron POM, —
paBHbIM —2. Takoil cioco0 u3MepeHus yIiaoB MIHPOKO
Puc. 49. HCIIONB3YETCsl B MaTeMaTHke U Gpusuke. B atom ciyyae
TOBOPAT, UTO YIVIBI UBMEPAIOMCS 8 PAOUAHHOU Mepe, A
yron POM, naspiBarot yrioMm B 1 paduar (1 pan.) OTMETHM, 4TO JJIMHA JyTH
OKpyXHOCTH PM, paBHa paxuycy (puc. 48).
Teneppr paccMOTPUM OKpPYXKHOCTh NPOU3BOJIBHOTO paauyca R wu
y

OTMETUM Ha He#l ayry PM, nnuHa kotopoil paBHa R, u yron POM (puc. 49).

IeHTpanbHBIA YroJ, ONUPAIMMUINICH HA IYIY, JJUHA KOTOPOI
paBHA PaJHyCy OKPYKHOCTH, Ha3bIBaeTcs y2iom 6 1 paduan.

B 3ToM ciyuae roBopsT, 4yTo yroia B 1 pag crarusaeT ayry minHou R.
Haiinem rpanycuyroo Mepy yria B | pan. Tak kak ayra minHOM TR
(TMTOTyOKPYKHOCTD) CTATMBAET HEHTpaibHblid yroi B 180°, To myra miauHoit R

CTATHUBACT YTOJ B TT pa3 MGHBMHﬁ, TO €CTb

1 pan= [@J .
T

Tak kak m = 3,14, To 1 pan = 57,3°.
Ecnu yron conepuT o pajina, TO €ro rpagycHas Mepa paBHa:

o

180
—0
T

1 pan=

(1)
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3anpmaua 1. 1) Haiiaure rpagycHyio mepy yria, paBHoro: 1) m pan;
P 3n
2) 3 pam; 3) , pan.
A Tlo dopmyne (1) Haxoaum:
1) 7 pan=180% 2) & pan=90 ; 3) °rpan-

@,3“] =135 A
n 4 :

Haiinem paguannyto mepy yria B 1°. Tak kak yroa 180° pasen m pan, To

nojgy4yaem

‘= W
1 180 PaA

Ecnu yron conepXuT o rpagycoB, TO €T0 paJuaHHas Mepa paBHa

°©_ T
=T qpa
O = g0 * PAA

(2)

3agava 2. Haiigure paananHyio Mepy yria, pasHoro: 1) 45°; 2) 15°.

A Tlo dbopmyne (2) HaxoAUM:

o m . _ T pan- o_ m _n
1) 45° =2 -45pan=" pan; 2) 15° = Z--15pan= L pan, A

[IpuBenem Tabauily HaubOJIEE YaCTO BCTPEUAIOLIMXCS YIVIOB B IpayCHOM
U B paJIMaHHOMN Mepe:

I'panyc 0 30 45 60 90 180

Pangnan 0 % % % % i

OObliHO TpU 0003HAYCHHH yIVIa B pajJdaHaX HAUMEHOBAHHE «Paj»
OITYCKaIOT.

Pannannas mMepa yria ynoOHa Uil BBIYUCIEHHS JUTUHBI TyTH OKPYKHOCTH.
Tak kak yron B 1 paa cTAruBaeT Iyry, JUIMHA KOTOPOMl paBHa paauycy R, To
yroj B O paJlaH CTATUBACT AYTY AJTUHON

[=0R (3)
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3agava 3. KoHenl MUHYTHON CTpENKU TOPOJCKHUX KYPAHTOB JBUKETCS
10 OKpY’KHOCTH paguyca R = 0,8 M. Kakoii myTh MPOXOAUT KOHEL 3TON CTPEIKH
3a 15 MunyT?

A 3a 15 MUHYT MUHYTHAsi CTPEJIKa MOBOPAYMUBAETCS HA YIojl % paauas.

[To popmyne (3) mpu o :g HaXOAUM:

3,14

l=—R~ 0,8 M ~1,3 M.

IR

OrBeT: 1,3 M. A

Ocobenno mpoctoit Bua ¢opmyna (3) uMeeT B ciydae, KOraa pagmyc
okpyxkHocTH R=1. Toraa myuMHa Oyryd paBHA BEJIMYMHE LIEHTPAJIBLHOTO YIUIa,
CTSTUBAEMOTO 3TOW AYroi, B paamaHax, TO €cThb /=a. DTUM 0OBICHIETCS
ya00CTBO MPUMEHEHHS paJMaHHONW MEpBl B MaTeMaTuke, GU3nKe, MEXaHUKE U
JPyTUX HayKax.

3agaua 4. Jlokaxure, 4TO IIIOMIAAb KPYrOBOrO CEKTOpa paauyca R,
00pa30BaHHOTO YIJIOM B 0L paj, paBHA

S-Rq,

rae 0< o < . H
2

A\ Tnomans KPYTOBOTO CEKTOpa B T paj (TIOyKpyra) paBHa 5 [TosTomy

nR2
II0IIa/lb CEKTOpa B 1 paa B T pa3 MeHbIE, TO €CTh =T CnenoBaTenbHO,

R2
IUIONIA/Ib CEKTOPA B OL pajiiaH paBHA ?oc A

Ynpasucnenua

213. HaiiguTe paguaHHy0 Mepy yIvia, BBIPQXKEHHOTO B Ipajycax:

1) 40°; 2) 120°; 3) 105°;  4) 150°;
5) 75°%; 6) 32°; 7) 100°; 8) 140°.
214. Haiigute rpagycHyr0 Mepy yIiia, BEIPaXXEHHOTO B paJlaHaXx:
D g 2) 5 DiIn: A m )L
6) 4: 7) 1,5; 8) 0,36 9) %"; 10) 4,5.
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215. 3anummute ¢ TouHocThio 10 0,01 umco:

3 2 3n
D3 257 32 4 L) et
216. CpaBHuTe 4mcia:
D 2n2; 2)2nu 6,7; 3)nu3l;
4) 3n u4s; 5) —5 o 6) —5m m—10.

217. (YcrHo.) Haiinure rpagycHyio U paJuaHHylo Mepy yIiia: a) IpaBUIbHOTO
TPEYrojapbHUKa; b) MpaBUIBHOTO MPSMOYTOJBHOTO TPEYTOJBHUKA; C)
KBajipara; d) MpaBUIBLHOTO LIECTUYTOIBHUKA.

218. Bpruncaute paguyc OKpyKHOCTH, eciiu ayra JuinHoi 0,36 M ctaruBaer
HeHTpaibHbIN yrou B 0,9 paguaHn.

219. Haiinure paguaHHyl0 Mepy yria, CTATMBAaeMOTrO JYrod OKpPYXKHOCTH,
€CJIM JUIMHA AYTH paBHA 3 €M, a panyC OKpYKHOCTH 1,5 cM.

37 .
220. lyra KpyroBOIo CEKTOpa CTATHBAET yroyi B — paj. Haiaure miomans

CEKTOpa, eCIIM paJyc Kpyra paBeH | cm.

221. Papmyc kpyra paBeH 2,5 cM, a IUIOI[AJb KPYrOBOI'O CEKTOpa paBHA
6,25 cm?. Haiiaure yroi, cTsTHBagMBbIil Iyroid 3TOr0 KPyroBOTO CEKTOpA.

§ 18. MOBOPOT TOYKH
BOKPYI' HAYAJIA KOOPAUHAT

B mnpeasigymem mnaparpade ucmonp3oBalicss HarisiAHBIN Ccmoco0
YCTaHOBJIEHUS! COOTBETCTBUSA MEXKIY TOUKAMHM YHMCIOBOW NMPSAMOM M TOUKAMHU
OKpykHocTH. [TokaxkeM Tenepb, KAk MOKHO YCTAHOBUTH COOTBETCTBHE MEXY
JEUCTBUTEIBHBIMU YMCIIAMUA U TOYKAMH OKPYKHOCTH C IOMOLIBIO ITOBOPOTA
TOYKH OKPYKHOCTH.

PaccMoTpuM Ha KOOpPAMHATHOW MJIOCKOCTH OKPYXHOCTh panuyca |
C IEHTPOM B Hayane KoopAuHAT. Ee Ha3bIBAIOT €OUHUYHOU OKPYICHOCMbIO.
BBeneM nounsitue nosopoma mouku €AMHUYHON OKPYKHOCTH BOKPYI Hauaja
KOOpJIMHAT Ha yroJ o paJuaH, riae o.— Jr00e JeiCTBUTENbHOE YHCIIO.
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YA YA

<Y
=Y

K (0; -1)
Puc. 53.

. Tycts o> 0. [Ipeanonoxxum, 4To TOYKA, IBUTASCH MO CTUHHUYHON
OKpPY>KHOCTH OT TOYKH P TIPOTHUB YaCOBOW CTPEJKH, MPOILIA MyTh JJTHHON o
(puc. 50). Koneunyto Touky mytu o603HauuM M.

B »ToMm ciiydae OyneM roBopuTth, YTO TO4YKa M moiydeHa M3 TOUYKU P
MOBOPOTOM BOKPYT Havajia KOOPJIMHAT Ha YTOJ O paJuaH.

2. llyctp a<0. B 3Tom ciydae moBOpOT Ha yroi o. paJudaH O3HAYaET,
YTO JBIKEHHE COBEPLIANIOCH IO YacOBOW CTpeNke M TOYKa MpoIia MyTh
JUMHOM |at| (puc. 51).

[ToBopoT Ha 0 pajx 03HaYaeT, YTO TOYKA OCTAETCS HA MECTE.

Ipumepsr:

1) Mpu moBopote Touku P(1; 0) Ha yron % pan momydaetcs Touka M ¢
koopauHatamu (0; 1) (puc. 52).

2) Ilpu moBopote Touku P(1; 0) Ha yron —% paa mosydaeTcsl Touka
N(0; —1) (puc. 52).
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3) IIpu mnosopore Ttouku P(1; 0)

37
Ha yron 5 nmoiayyaeTrcsa TOYKa

K(0; —1) (puc. 53).

4) Ilpm mnoBopore Touku P(1;
0) Ha yronm -—m TmojJydaeTcs ToOuYKa
L(-1; 0) (puc. 53).

B kypce reomerpum paccMarpuBaiIuch
yrael ot 0° no 180°. Mcnons3ys moBopor
TOYKU EIMHUYHOU OKPYXKHOCTH BOKPYT
Havajia KOOpAWHAT, MOXHO paccMaTpUBaTh
yrabl, Oonbmue 180°, a Takxke oTpH-
[aTeJlbHbIE YIVIBl. YTOJ MOBOPOTAa MOYKHO
3ajlaBaTh Kak B rpajgycax, Tak H B
paamanax. Hampumep, mOBOpPOT TOYKHU

3n
P (1, 0) na yron — O3HA4aeT TO JKE CaMoE,

4TO U MOBOPOT Ha 270°; MOBOPOT HA Yroj

T
—9 —9TO0 moBOpOT Ha —90°.

[IpuBenem Tabnuny MOBOPOTOB Ha
HEKOTOPbIE YIJIbI, BEIPAKEHHBIE B paJHMaHHON

U rpagycHoit mepax (puc. 54).

OTMeTuM, 4TO MPU MOBOPOTE TOUYKH
P(1; 0) Ha 27w, To ecthb Ha 360°, Touka
BO3BpamaeTcs B TEepBOHAYallbHOE
nojoxeHue (cmorpute Ttabauny). Ilpwu
MOBOPOTE 3TOW TOYKM Ha —27, TO €CTh
Ha —360°, oHa Tak)e BO3BpallaeTcs B
NepBOHAYAIBHOE MOJIOKEHUE.

PaccmoTpum mpuMepsl TOBOPOTOB
Ha yroj, OonbmiMii 27 W MEHBLIUU —2T.

I t:
8
I
a

N
/ o | 30°
KJ >y 6
ylk
f x| 45°
NV
yﬂ
/ n 60°
N2
yﬂ
/\ . 90°
NVARE
yﬂ
/ '\ 180°
NP
yﬂ
f \ 3z | 270°
NP 2
yﬂ
f \ ) 360°
NDARR
yﬂ
/\ _E -900
VAR
-180°

Puc. 54.
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97 b
Tak xak mpu MOBOPOTE Ha Yrojl —5 = 2-2T+ 5 TOYKA COBEPIUAET JBA MOJIHBIX

000pOTa MPOTHUB YaCOBOM CTPETKH U €IIe MPOXOTUT MyTh g (puc. 55).

97 T
[Ipu moBopoTe Ha yroma 5 = 2 -2717—5 TOYKa COBEPILAET ABA IOJHBIX

o T
000poTa 110 4aCOBOK CTPEJIKH M €IE TIPOXOAHUT MYTh o B TOM JKE€ HAIPBIECHAH
(puc. 56).

on

3ametum, yTo npu noopote Touku P(1; 0) Ha yron 5

IOJIy4acCTCsA Ta KE

T
camasl TO4YKa, 4TO U [P MOBOPOTE Ha yroa 5 (puc. 55). [Ipu noBopote Ha yroi

In T
——5 TONy4aeTcs Ta XKe TOUKa, YTO U MPH MOBOPOTE Ha Yol — . (pHC. 50).
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BooOme, ecnn o=+ 21k (rne k — y

I€JI0€ YUCII0), TO NPHU IOBOPOTE HA YIoi

O MOJyYaeTcsl Ta e camasi TOYka, 4TO W M
TIpM MOBOPOTE Ha yrojl o,. 30" {\PA;0)
WUrak, KaxaoMy JIeWCTBUTEIbHOMY 0O N x

quciay o COOTBCTCTBYCT CIAMHCTBCHHAA
TOYKa CI[I/IHI/I‘-IHOI\/'I OKPY’KHOCTH, ITOJTyHdacMast

noBopotoM To4kH (1; 0) Ha yron o paguaH.

OnHako ODHOW W TOU XKe Touyke M Puc. 58.
CAMHUIHOW OKPYKHOCTH COOTBETCTBYET

0eCKOHEYHOE MHOXECTBO JEHCTBUTENBHBIX umcen o+ 21k, rie k — menoe
qHCII0, 3aatmux noBopoT Touku (P(1; 0) B Touky M (puc. 57).

3angauva 1. Haiiiure KOOpAMHATHI TOUKH, [TOJYYEHHOW TOBOPOTOM TOYKH
. . . 5n
P (1;0) ma yrom: 1) 7m; 2) —— .

A 1) Tak xak 7m=m+2m-3, TO IpK MOBOPOTE HA yroji 77 MOIydaeTcs Ta
e TOUKa, YTO U MPHU MOBOPOTE HA T, TO €CTh TOUKA ¢ KoopauHaramu (—1; 0).

57 T 51
2) Tak kax —5 = —5—275 , TO IIPU MOBOPOTEC HA Yroll — - MOIy4YaeTCs
i
Ta KC caMas TOYKa, YTO W MPH MOBOPOTE HA — 5, TO CCTh MOTY4acTCsA TOYKA C

koopaunatamu (0; —1). A

3agava 2. 3anummre Bce YIVIbl, HA KOTOPBIE HYKHO IOBEPHYTH TOUKY

V.1

(1; 0), aT0GkI momyuMTE TOUKY |~

A U3 pSAMOYTOJIEHOTO TpeyronbHuka NOM (puc. 58) ciemyet, 94To yroi

T
NOM pagen TO €CTh OIMH M3 BO3MOXHBIX YIJIOB TOBOPOTA PaBEH ¢

ki
6 5

B 1
[To3TOMY, BCE YIUTBI Ha KOTOPBIC HY’KHO MOBEPHYTh TOUKY 5| BeIpaatoTes

TakK: %+2nk , re k — mroboe 1enoe 4ncio, To ecth k=0; £1; £2; ... A
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Ynpancnenusn

222. HaiguTte KOOpAMHATHI TOYKH €JUHUYHOU OKPYKHOCTH, MOJYyHYEHHOU
nosoporoM Touku P(1; 0) Ha yromn:
1) 90°; 2) —m; 3) 180°;  4) g; 5)270°  6) 2m.
223. Ha equHMYHON OKPY’KHOCTH OTMETHTE TOUKY, MOJYUYEHHYIO TTOBOPOTOM
touku P(1; 0) Ha 3a1aHHBIN yTO:
T . . 2 . 3 .
1)17 2) _§a 3) _gna 4) Zna
5) S+2m; 6)—n-2m; 7) T-dn; §) —5 +6m.
224. Omnpenenute 4€TBEPTh, B KOTOPOW PacroioKEHa TOUYKA, MOJyYEHHas
nosopotroM Touku P(1; 0) Ha yromn:
1) 2,1m; 2) 2§1t; 3) —?n; 4) —24—575; 5) 727°; 6) 460°.
225. HaiiguTe KOOpMHATH TOUKH, HOTYYEHHOM moBopoToM Touku P(1; 0) Ha
yTOI:
7 15
1) 3m; 2) —En; 3) —?n; 4) 5m;
9
5) 540°; 6) 810°; 7) _En; 8) 450°.
226. 3anummuTe BCE yIIibl, HA KOTOPBIE HYKHO MOBEPHYTH TOUuKy (1; 0), 4ToOBI
nonyuuth Touky: 1) (—=1; 0); 2) (1; 0); 3) (0; 1); 4) (0; —1).
227. Haiinute KOOpAMHATHI TOYKM €AMHUYHON OKPYKHOCTH, MOTYYEHHOU
nosoporom Touku P(1; 0) Ha yromn:
1, 2)275  3)3,16; 4)4,95; 5)1,8.
228. Haiigure gucio x, rae 0<x<2m, u HaTypaJbHOE YHUCIIO k, TAKWE, YTOOBI

102

BBITIOJTHAJIOCH PAaBEHCTBO a =X +27k:

1) a= 6,7 2) a=9,8m; 3 a=4)m;
1 11 17

4Yya=T7-m, 5)a=—m; 6) a=—mn.
3 2 3



229. Ha eqMHUYHON OKPYKHOCTH MOCTPOMTE TOUKY, TOTYUYEHHYIO TOBOPOTOM
touku P(1; 0) Ha 3a1aHHBIN yTOI:

b 2n 3n
1) ;2w 2) —j&2m;  3) SE6m 4y T 8T,
5) 4,5m; 6) 5,5m; 7) —6m; 8) —7m.
230. HaiiguTe KOOpAMHATHI TOUYKH, TOTYyUYEHHOU MOBOpoToM Touku P(1; 0) Ha
yroin (k — 1enoe 4ucio):

) —3?”+21ck; 2) 5?”+2nk; 3) %"+2nk; 4) —97"+2nk,

231. 3anumure BCe YIUIbl, HA KOTOPBIE HYKHO MOBEPHYTh TOUKY (1; 0), uToOBI
MOJYYUTh TOUKY C KOOpAHMHATAMMU:

1 V3 o1 V2 V2 2 2
D73 55 2)|2° 2 3)| 9 9 ;4 2’ 2
|
§19. OIIPEJAEJEHUE CUHYCA, KOCHUHYCA,
TAHI'EHCA U KOTAHI'EHCA YIJIA

B kypce reomeTrpun ObUIM BBEACHBI CHHYC, KOCHHYC U TaHTEHC yIJa,
BBIPR)KEHHOTO B Ipagycax. DTOT yroj paccMaTpUBaCs B MPOMEXYyTke oT 0°
10 180°. CuHyc M KOCHMHYC TIPOM3BOJBHOIO YIVIa ONMPEAEISETCS CIeTYIOUUM
o0pazom:

0 Onpeaeaenue 1. Cunycom yena o. Ha3bIBaeTCsA OpOUHaAmMa
MouKU, nOTYUeHHOIl nosopomom mouku (1; 0) éokpyz nauana
Koopounam na yz2on 0. (0003Ha4YaeTcs sina).

Po,

sina

o | \P@;0)

NP
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0 Onpenenenue 2. Kocunycom yena o Ha3blBaeTcs
adcyucca mouku, nonyyeHnou noeopomom mouxu (1; 0) eoxpye
Hauana Koopounam Ha y2oi 0. (0003HAYAETCS COSQL).

B 3Tux ompeneneHusx yroi o MOXKET BbIpakaTbcs Kak B rpaaycax, Tak U
B paJuaHax.

Hanpuwmep, npu nosopote touku (1; 0) Ha yron %, TO ecTh Ha yroa 90°

nonyyaercs Touka (0; 1). Opnunara Touku (0; 1) paBHa 1, moatomy

. T .
s1nE =sin90° =1;

abcmucca 3Toi Touku paBHa 0, HOITOMY

cos% =¢c0s90°=0.

3amMeTuM, 4YTO NPUBEICHHBIE OMNPEIENEHHs CHHYCa M KOCHHYyCa B
cllydae, KOIJla yroJj 3aKirodeH B mpomexyTke oT 0° mo 180°, cosmamaer c
OIpEeETIeHUSIMHA CUHYCa M KOCHHYCA, U3BECTHBIMHU M3 Kypca F€OMETpUH.

Hanpumep,

sin® =sin30°= 1, cosmt=co0s180°=—1

6 2’
3anmauva 1. Haiinute sin(—n) u cos(—m).
A\ Touxa (1; 0) mpu moBOpoTE Ha yrox —1 nepenaeT B Touky (—1; 0) (puc.
59). CnenoarenbHo, sin (—n)= 0, cos (—n) = —1. A
3agaua 2. Hatigure sin 270° u cos 270°.
A\ Touka (1; 0) mpu moBopote Ha yroa 270° nepeiaer B Touky (0; —1)
(puc. 60). CnenoBarensHo, cos 270°=0, sin 270°= —1. A

YA YA
(-1; 0) (1; 0) N (1; 0)
QJ—TC * 2700\> X
Puc. 59, O -1 pye 60
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3agauva 3. Pemmute ypaBHenue sint=0. YA

/\ Pewnts ypaBHeHue sinf=0 — 3T0 3HAYUT (0; 1)
HAWTH BCE YIIIbI, CHHYC KOTOPBIX PaBeH HYJIIO.
Opaunary, paBHYIO HYJII0, UMEIOT B o
TOYKH €IAMHUYHOW OkpyxHocTH: (1; 0) m /‘\\2 >
(=15 0) (prc.59). DT TOUKHM MOTYHAIOTCS U3 TOUKU n +n\ ) x
(1; 0) moBopotom Ha yrawl 0, m, 27, 37 U TaK 2
aajiee, a Takke yIiibl —1, —27, —37 ¥ TaK Jajiee.
CnenoBatenbHo, sint =0 npu t=km (Tme (0; 1)
k—mo0oe 1eoe Irco). A \
MHOXeCTBO 1LeNbIX 4uced o0o3HavaeTcs Puc. 61.

OykBoit Z. J{nst 0603HaueHUsI TOro, 4TO YUCIO k
NPUHAIISKAT Z UCTIONB3YIOT 3aNKch k€Z (YuTaeTcs ,,9UCiio k TPUHAIICHKHUT
Z *). IloaTOMY OTBET K 3a/1aue 3 MOKHO 3alucaTh TaK:

t=rk, keZ.
3anaua 4. Pemure ypaBHenue cost = (.

A Abctuccy, paBHYIO HYIIO, UMEIOT JIBE TOUYKH €MUHHUYHON OKPYKHOCTH:
(0, 1) m (0; —1) (puc. 61).
. n T 1
OTH TOYKH MOTydatoTes 13 To4KH (15 0) HoBOpoTOM Ha Ykl ., &+, &+ 27

T
U TaK jajee, a Takxke yrisl = — T, %—275 M TaK jiajiee, To eCTh Ha YIIBI - +kn

2
(rme keZ).
OTBeT: t=g+nk, keZ A
3amgaua 5. Pemute ypaBuenue: 1) sinz= 1; 2) cost = 1.
A 1) Opaunary, paBHy®0 1, mMeeT Touka eaMHUIHON OokpyxkHOCTH (0; 1).
OTta Touka noayvaercs u3 Touku (1; 0) moBOpoTOM Ha YIJIbI g+ 2nk, keZ .

2) AGcuucey, paBHYI0 1 UMEIOT TOYKH €JUHUYHON OKPYKHOCTH, KOTOpbIE
nonyuatores u3 Touku (1; 0) moBoporom Ha yriisl 2km, keZ.

Or1BeT: CrnenoBarenbHo, sinf =1 npu ¢ = T + 21k, keZ,
2

cost = 1 mpu t=2mk, keZ. A
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Onpenenenune 3. Taumzewcom yznra o Ha3zvlieaemcs
OmMHOWEeHUue cunyca y2ia o K e2o kocunycy (o0o3navaercs tga).

Takum o0pasom, tgo =22

Cos o

© T
Hampumep, tg0 =——=-=0, tg—= i:%zl'
cos0 1 cos— Y2

Wnorna ucnone3yercs xomawneenc yena o (ob6o3navaercs ctgo). OH
cosol
sina *

onpeznensercs popmynao ctgo =

Harpumep, ctg270°= 227" _ 0 _ g otg®—
PUMED, ctg sin270° -1 £

1 1

OTMCTI/IM, YTO SINOL U COSOL OIIPCACIICHBI JJIA JI000T0 y1jia, a UX 3HAYCHUSA

ino
3aKimodensl ot —1 mo 1; tgo =2
(o110

OMMPEACJIICH JHUIIb JIA TCX YIVIOB, IJIA

KOTOPBIX cosa# (0, TO eCcTh JJIs JFOOBIX yIIOB, KPOME O = g +Tk, ke Z.
[TpuBeneM TabaMIly YacTO BCTPEUAIOMIMXCS 3HAUCHWH CUHYCA, KOCHHYCA,
TaHTeHCAa U KOTAHIeHCa.

T T T T T 3
o 0 6 4 3 2 " 2m
0% | 30°) | 45°) | (60°) | (90°) | (180°) | (270°) | (360°)
1 J2 J3
sinQ 0 - R 1 0 1 0
2 2 2
V3 J2 1
cosQL 1 — _ - 0 1 0 1
2 2 2
1 HC He
g 0 73 1 V8 | cymecr- 0 cymecT- 0
¥ ByeT BYyET
e J3 1 L 0 ne 0 He cylecT-
ctgd CyIecT- NG CyIIECT- Byer
ByeT Byer
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3amava 6. Boruucnure:
POT T_ 4T
4smg—|—x/§cosg tg4 .
A Wcnonw3ys Tabnuity, moiaydaem:

4sin? +V3eosT—tgT=4-143. B 1-25 A

3HaueHUs CHHYycCa, KOCHMHYyca, TaHT€HCa M KOTaHTeHCa JJIs YIJOB, HE
BOIIE/IIINX B 3Ty TaOJIMILy, MOXKHO HAWTH TI0 YETHIPEX3HAYHBIM MaTEMaTHYECKUM
tabnuam B.M.bpanuca, a Takke ¢ MOMOIIbI0 MUKPOKAJIbKYJISTOPA.

Ecnim xaxaomy JeWCTBUTEIbHOMY 4YHCIYy X HOCTaBUTh B
COOTBETCTBHUE SiN X, TO TEM CaMbIM Ha MHOXXECTBE JICHCTBUTEIbHBIX
qucen Oyaer 3ajaHa QYHKIHS y=sin x. AHATOTUYHO 3a/1a10TCs QYHKIIUU
y=cos x, y=tgx u y=ctg x. OyHKIHUA y = COSX ONpeJeeHa MMPH BCEX

Xe€R, byHKIHNS y =tg X — IPH BCEX x = 24— Tk, k€ Z , byHkus -y = ctgx
npu x#nk, k€ Z. I'padpuku QyHKIUH y = SINX U ) = COSX U300PaKECHBI

Ha pucyHkax 62 u 63. OyHKIMU y = sinx, y = cosx, y = tgx, y = ctgx
Ha3bIBAIOTCS MPULOHOMEMPULECKUMU PYHKYUAMU.

YA

1 y =sinx

_ N\

)

L >
= 3
n " [0) z n\—?y% \ x
1
Puc. 62.
YA
1 Y = cosx
— 3
T _% (o) %!/7” 2n \ %
-1
Puc. 63.

107



Ynpascuenuas
232. Brpraucaure:
1) Sln%n 2) COS%E 3) te™"; 4) sin(-90°);
n . 51
5)cos(-180°): @) 6T 7)cos(-135 8 sin[-*F).

233. H3oOpa3ute Ha €AMHUIHON OKPYKHOCTH TOYKH, COOTBETCTBYIOIIHE YIITY
o, eCIIH:

1 . V2 B
1) s1n(x-§ 2) s1n(x:—?; 3) coso = ,
4) coso. = —%; 5) sina.=-0,6; 6) coso = é
Beruucnure (234-236):
234. 1) sing +Sln37n 2) Sin(—g)+cosg; 3) sinmt—cosT;
4) sin0—cos2; 5) sint+sinl,5m; 6) cosO—cosgn.
235. 1) tgn+cosm; 2) tg0°—tg180°' 3) tgm +sinm;
. L T T
4) cosmt—tg2m; 5) sin® A cos™ e 6) tg 1 +ctg 1
236. 1) 3sing+200sg—tgg; 2) 5s1n%+3tgg—cos%—10tgg;
3) (2tgg—tg:) :cos%; 4) sin® 3COS ¢ —tg—

237. Pemute ypaBHEHHE:
1)2sinx =0; | 2) %cossz; | 3)cosx —1=0; | 4)1-sinx=0.

238. (YctHO.) MOXeT 1 sino WIIA COSC. OBITH PABHBIM:
1)0,49; 2)-0,875; 3) —v/2; 4)2-2; 5)/5-1?
239. HaiiguTe 3HaueHUE BBIPAXKEHUS IPU JAHHOM 3HAUCHUM OL:
2) 0,5cosa— V3sina, rae o=60°;

1) 2sino++/2cosa, 1€ oc—f

. _m. o . o T
3) sin3a.—cos20, TOE a_E’ |4) cos§+s1n§, rae OL—E.
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240. PemuTe ypaBHEHHE:
1) sinx=—1; 2) cosx =—1; 3) sin3x = 0;
4) cos0,5x=0; 5)cos2x —1=0; 6) 1-cos3x=0.
241. Pewmute ypaBHEHHE:
1) sin(x+m)=—1; 2) sin %(x—l)—O; 3) cos(x+m)= —1;
4) cos2(x +1)-1=0; 5) sin3(x-2)=0; 6) 1—cos3(x—1)=0.

§20. 3HAKH CUHYCA, KOCHUHYCA U TAHI'EHCA

1. 3Hakum cMHYCca M KOCHHYCA

[TycTs Touka (1; 0) mBUKETCS MO0 EAMHUIHON OKPYKHOCTH MPOTHUB YaCOBOM
cTpenku. J{ist Touek, HaXOIAIIUXCS B TIEPBOI YeTBEPTH, OPAUHATHI M aOCIIHCCHI

. T
MOJIOKUTEINIbHBI, ToATOMY sino>0 u cos a>0, ecnu 0 < o < 5 (puc. 64, 65).

I[J'ISI TOYCK, PACIHOJJOXKXCHHBIX BO BTOpOI71 YCTBCPTHU, OPAHWHATBI
IMOJIOKHUTCIbHEBI, a a6cunccm OTpHUIATCIIbHBI. CJIC,Z[OB&TCHBHO, Sil’l(l>0,

3
2
sinat < 0, cosa< 0, a B ueTBepToi yerBepTH sina < 0, cosa > 0 (puc. 64, 65).
[Ipu nanpHelEM IBHKEHUN TOUKHU 110 OKPYKHOCTH 3HaKM CHHYCa M KOCHHYCa
ONpEeNAIOTCS TeM, B KAKOH YETBEPTH OKAXKETCs TOUKa.

3HaKU CHHYCa [I0Ka3aHbl HA pUCYHKE 64, a 3HaKU KOCHHYCA Ha PUCYHKE 65.

Ecau touka (1; 0) nBukeTcst MO 4acoBOM CTpENKe, TO 3HAKU CUHyca U
KOCUHYca TAKXKE ONpeoensiomesi mem, 8 KaKol Yemeepmu OKaicemcs mouKd.

YA YA

sino cosQ

+ |+ - | +

cosa < 0, ecmu 7 <o <7 (puc. 64, 65). AHAJIOrMYHO B TPEThEH YETBEPTU

S

0 > o)

Puc. 64. Puc. 65.
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3apgava 1. BersicHUTE 3HAKM CHHYCA U KOCHHYCA yIJIa:

2% 2) 7450 3) =T

3r o
A 1) Yray e COOTBETCTBYET TOYKAa EOWHUYHOU OKPYKHOCTH,

pacronoKeHHas BO BTOPOM YE€TBEPTH, IIOITOMY sin%7T >0, cos%7T <0.

2) Tak kak 745°=2-360°+25° 10 mosopory Touku (1;0) Ha yron
745° COOTBETCTBYET TOYKA, paCMOJOKEHHAss B mepBoi yeTBepTH. [lorTomy
sin745°>0, cos745°>0.

3) Tak kak —T<-5%E<-Z 10 npu noBOpoTe

7 2
YA 5
tea touku (1;0) Ha yromn— 7“ MOJTY4aeTCs TOUKA TPEThEN
. 51 5n
- of yerBepTH. [loaTomy s1n(——) <0, cos(——) <0.
7 7
0 g
+ —_
2. 3HaKu TaHreHca
Puc. 66.

_ sina
[To ompenenenuto tga =351 IlosTomy

tgoe>0, ecu sino. ¥ COSCL UMEIOT OJIMHAKOBBIE 3HaKW, M tga <0, ecnm sina

U COSOL UMEIOT MPOTUBOIOIOKHBIE 3HAKH. 3HAKM TaHI€HCA M300paKeHbl Ha
pHuCyHKe 66.

3HaKM ctgol COBIAJAIOT CO 3HAKaMU tgol.
3amava 2. BblsicHUTE 3HAaK TaHr€HCA yIUia:

1) 260°; 2) 3.
A 1) Tak xax 180° < 260° < 270°, T0 tg260° > 0.
2) Tak kak 5 <3<, To tg3<0. A
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242,

243.

244,

245.

246.

247.

248.

Ynpancnenun
Omnpenennute 4eTBEPTh B KOTOPOW HAXOJUTCS TOYKA, MOJTydYEHHas
noBopotom Touku (1; 0) Ha yron o, ecinu:

1) a=g; 2) OL—T, 3) a=210°; 4) o =-210°;
5) o = 735°; 6) =848  7) oa="T; 8) a=5%,
OHpe,Z[eJII/ITC 3HAaK 4yucia sinoc, CCJINn:

l)OL—T, 2)0(2%1; 3)()(:—%%; 4)(1:—%7[;
5) a.=740°; 6) a=510%  7) q=-Tr;  8)a=361°.
Or[pe;[eJmTe 3HaK 4yucja Cosa, €CIn

l)oc——ﬂ: 2)oc=zn; 3)a:_3i- 4)oc=—§n;
5) a=290°; 6) a=-150°; 7) a=6% 8) o.=—100°.
Omnpenenure 3HaKHU YUcen tgo U ctgo, eciiu

1)a=%n; 2)a=7n 3)a=—§n 4)0L:—%n
5) a=190°; 6) 0.=283°; 7)) a=172°; 8) a=200°.

Omnpenenute 3HaKU 4UCEI SINOL, COSAl, tga U ctgo, eciu:

1) n<o<3r, 2) F<a<Tr;  3)In<a<2n;
4)2n<a<2,5m, 5) i—“<oc<n; 6) 1,5t<a<1,8m.

Ompenenure 3HAKK YUCEI Sinal, COSA., tgal, eCIu:
Da=1; 2)a=3; 3)a=-34; 4)o=-13; 5)a=3,14.

Iycts 0 <o <3 . Onpenenute 3Hak yucra:
. (T T 3 .
1) s1n(5—oc); 2) cos(§+ oc); 3) tg(gn—oc); 4)sin(n—a);
( - E) ct ((x - E)
5) cos(a—T); 6) tg(o—m); 7) cos{a— )5 | 8) ctg 5/
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249.

250.

251.

252.

253.

254.

Haiinure Bce 3HaYeHHs apryMeHTa O, 3aKJIIOYEHHBIE B IPOMEKYTKE OT O
10 27, Ui KOTOPBIX 3HAKU CHMHYCa MU KOCHHYCa COBMAIAIOT (pa3InyHbl).

OHpCI[CJ'H/ITC 3HaK 4YucJja:

3 sm% 5
b1 . . oT inT
1) s1n—s1nT, 2) COS—COSE, 3) cos%“ 4) tg°F +sin 7.
CpaBHHTE 3HAUEHUS BBIPAKCHUI:
1) sin0,7usin4; 2)cos 1,3ucos2,3.
Pemure ypaBHeHue:
1)sin(5t+x)=1; 2) cos(x—3m)=0;
5 . (9
3) cos(—n+x):—1; 4) sm(—n+x)=—1.
2 2 B D
B kakou d4eTrBepTH HaxOIUTCS TOYKA, o
COOTBETCTBYIOIIAS] YUCITY O, €CIIH: Z
1) sina+cosa=—1,4;  2)sino—cosa=1,4;
3) sina+cosa=1,4; 4) coso.—sinot=1,2 ? R DA
. (0]
(3aoaua bBepynu.) Haiigute paauyc 3emiu
R, ecau usBectHsl h= BC u yron a=/ZABD
Puc. 67.

(puc. 67).

§21. 3BABUCUMOCTDH MEXKIY CUHYCOM, KOCUHYCOM "
TAHI'EHCOM OJHOTI'O 1 TOI'O KE APT'YMEHTA

BeisicHuM 3agucumocms mexncoy cuHycom u KOCUHYCOM.
[Tycth Touka M(x; y) eTMHUYHON OKPYKHOCTH MOJy4YeHa HOBOPOTOM TOYKHU
(1; 0) na yrom a (puc. 68). Torna mo onpeaeneHUI0 CHHyca U KOCUHYCa:

X =cosa, y=sina .

Touka M npuHAUIEKNUT €TUHUYHON OKPYKHOCTH, TIOITOMY €€ KOOPANHATEI
(x; ¥) YIOBIETBOPSIOT ypaBHEHHIO x> + )% = 1.
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CnenoBaTenbHO, YA

sin’o + cos?al = 1. (1)
(04
PaBenctBo (1) BBIOMHSAETCS TPH < N P(l;O)>
JTI00BIX 3HAYEHHUSX O M HA3BIBACTCS o E
OCHOBHBIM ~MPUSOHOMEMPUYECKUM dy

MoXHCOeCmeoM.

W3 paBenctBa (1) MOXXHO BBIpa3HTh
sino. 4epe3 coso. U HaoOOpoOT, cosa
qepes sina:

M(cosa, sina)

Puc. 68.

sino = +y1-cos’a. , (2)
cosoL=1+41- sinZa - (3)

B stux dhopmynax 3HaK nepea KOpHEM OIMPEEIIETCS 3HAKOM BhIPaKEHMUS,

CTOSIIETO B JIEBOW 4aCcTH (POPMYIIBL.

U <o <S5t

3agauva 1. Beruucaure sino, €CIH COSOL = — 5

ovjeo

A Bocmnone3yemcst popmynoii (2). Tak xak n<oc<32—“ , To sina. <0

nodToMy B GopmyJsie mepea KOpHEM HYKHO MOCTaBUTh 3HAK ,,—

3 4 2, _ 9 __4
s1noc——\/1—cos o ——\/1—%_—5.‘

3amava 2. Berumcnoure coso, €Cau sina :% u —g <a<0.

/\ Tax xak g <a <0, 1o cosa>0, mosaTomy B hopmyie (3) mepen KOpHEM

HYXHO MOCTaBUTh 3HAK ,,+

~J1-sino = 1-L =242
cosoc—\/l sin oc—\/l 5= 3 A

8 — Anrebpa, 9 knace 113



Brisicaum TCICPb 3d8UCUMOCNb Meofcdy maHceHCoOM U KOmAaHceHCOM.
ITo ONpCACJICHUIO TAHI'CHCA U KOTAHTCHCA:

sino cosQ
, ctgo=—"">.
cosa. sina

tga =

[TepeMHOXast TH PAaBEHCTBA, TTOTYIaEM:

tgo - ctgo=1

U3 paBeHcTBa (4) MOXKHO BBIpA3UTh tgo uepes ctgo u ctgo uepes tgo:

_ 1
tgo= ctga ’

_ 1
ctga = tga -

PaBenctBa (4)—(6) crnpaBemIMBBI IPU o # gk, keZ .

3agaua 3. Beuucnure ctgo, ecnu tgo = 13.

. _ 1 _1
A Tlo dopmyne (6) HaxonuM: ctgo = tea " 13"

3anaua 4. Berauciure tgo, ecnu sino =08 u 5 <o <.

A Tlo popmyne (3) Haxomum coso. Tak Kak =

2
[Toatomy
cosa = —/1—sin?0 =—+/1-0,64 =—0,6 .
CrenoBarensho, tgo = Sine = 08 _ 4 4

(4)

()
(6)

<o<m, to cosa<0.

I/ICHOJIBSySI OCHOBHOC TPHUTOHOMETPUYICCKOC TOXIACCTBO M OIPCACICHUC

TaHI'CHCA, HaWJEM 3a6UcUMOCmb MEDfCOy MAaHSEeHCOM U KOCUH) COM.

A Pasmenum o0e dvactm paBeHcTBa sin‘ol + cos’c = 1 Ha cos’a,

0: cosa+sin?a _ 1
) cosZa cosZa

Ipeanonaras, 4ro coso # , OTKyz1a

114



COSz(X

1+tgla=-—1 1A (7)

®opwmymna (7) BepHa, ecnu cosa # 0, TO eCTh IPH o # g+ nk, keZ ,

N3 dopmynsl (7) MOKHO MOXHO BBIPA3UTh TAHTEHC 4Yepe3 KOCHHYC U
KOCHHYC Y€pe3 TaHTEeHC.

3apgaua S.Beuucaure tga, ecinu cosa:—% u %<OL<TC.

A3 dopmynsl (7) momyyaem:

tg2a = 1 -1 _1-16

"~ cos2a - (73)2 9

5

TaHreHc BO BTOPOM YETBEPTH OTPULATENIEH, IO3TOMY tga = —%. A

3agaua 6. Bpeuucaure cosa, ecnu tgo=3 U T<o <377T )

A\ U3 (Gopmynsl (7) momydaem:

2. 1 _1
COS A = = =
1+tg2a 10 -

Tak kak m<o < 32—“ , 10 cosa<0 i nodToMy cosa =—/0,1 A

Ynpasncnenuasa

255. Beruucnure:

3n

: _5
1) sino u tgal, ecam COSOL =75 1 %y

<o<2m;
2) cosa ¥ tgo, ecnu sina=0,8 u g<a<n;

3) sina., tgo u ctgo sina, eclii cosoL = —% u g< a<T;

4) cosa., tgo u ctgo, ecnu sina = —% Hrn<a< 32i;

5) sino 1 cosot, eciu tga:% 1/1 TC<OL<3?TC;

6) sino. 1 cosal, eciu ctga=-3 u % <a<2m.
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256. C noMo1Ip0 0OCHOBHOTO TPUTOHOMETPUYECKOTO TOXKJIECTBA BHISCHUTE,

MOTYT JI1 OTHOBPECMCHHO BBIMOJHATHCSA PABCHCTBA!

1) sina=1 u cosa=1; 2) sina=0 u cosa.=-1 ;
3) sina=—% u cosa=-3; 4) sina =1 u coso=-1.
) 5 5’ ) 3 2
257. MoryT I OJHOBPEMEHHO BBIIIOIHATHCS PABEHCTBA!
1 s1n0c—— v tga=-L : 2) ct a—incosa 39
) g Nl ) ctg 4"
258. IlycTe a0 — O1MH U3 YITIOB MPSIMOYTOJIBHOTO TpeyrojpHuka. Haiinure
cosa u tgol, eclii sino = 2%0
259. VYron mpu BepiminHE paBHOOEIPEHHOTO TPEYTrOJbHHWKAa MMEET TaHTEHC,
pPaBHBIN 22, Halinure Tanrenc atoro ymia.
o 4 o4 1
260. HaiiguTe cosa, ecinu €os o.—sin o = 5
261. 1) Haiigute cosa, ecnu sina, = ¥ ;
2) Haiizure sina, ecim coso = — L.
J5
262. W3BecTHO, uTO tgo=2. Hailnure 3HaYEHNE BBIPAXKECHHUSA:
1 ctga+tga D) sina—cosa. | 3 2sino+3cosa |
) ctga—tga 5 ) sina+cosa ° ) 3sina—b5cosa °
4) sin2o+2cos2a . ) 3sina—2cosa. . 6 3sinZa+cos?a
sinZo—cos2a 4sino+cosa 2sinZa—cosZa
263. l3BectHO, 4YTO sina + cosa :% . Halinute 3HaueHue BbIpAXKEHHUS:
1) sina cosa; 2) sina+cos’a.
264. Pemmute ypaBHEHUE:
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1) 2sinx+sin*x+cos’x=1; 2) sin*x—2=sinx—cos>x;

3) 2cos*x— 1 =cosx—2sin’x; 4) 3—cosx=23cos*x+ 3sin’x.



|
§22. TPUTOHOMETPUYECKHUE TOXIECTBA

3angaua 1. Jlokaxute, yTO IpU O#Tk, k€ Z, cripaBeyIMBO PaBEHCTBO

1+ctga=—1_ 1
g sinZo (1)
A Tlo omnpezeneHuio ctgo = g% u mostomy
2 _ cos?a _ sin®a+4cos?a _ 1
I+ctgia =1+ sino sinZa " sinZq (2)

OtH npeoOpa3oBaHus BEPHBI, Tak Kak sina#0 mpu o # mk, keZ. A

PaBencTBo (1) cmpaBemuBO I BCEX MOMYyCTUMBIX 3HAYCHHWH O, TO
€CTh TaKuX, NMPU KOTOPHIX €r0 JieBas U MpaBas 4acTH UMEIOT CMbIC]. Takue
paBEHCTBA HA3BIBAIOT Mmodicoecmeamu, a 3aadu Ha JIOKa3aTelbCTBO TaKUX
PaBEHCTB HA3bIBAIOT 3a/la4aMK Ha J0Ka3aTeIbCTBO TOX/IECTB.

B nmanpHeWmem mpu 10Ka3aTeNbCTBE TOXKIACCTB MBI HE OylaeM HaXOAWTh
JOMyCTUMBIC 3HAUEHUS YTIIOB, €CJIM 9TO HE TeOYETCS B YCIOBUH 3aauH.

Bamaua 2. ]J[okaxure ToxkaecTBO cos’a = (1 — sina)(1 + sina).
A (1 = sina)(1 + sina) = 1 — sina = cos’a.. A

coso.  _ 1+sina
3Jamaua 3. JloKaxHUTe TOKIECTBO: T _ging coso

/\ Yto6bi 10Ka3aTh 3TO TOKAECTBO, OKAKEM, UTO pa3HOCTh MEXIY €ro
JIEBOW M MPABOM YaCTAMHU paBHA HYJIIO:

coso. _ l+sina _ cos?a—(1-sin®a) _ cos2a—cos2a _ 0 A
1-sina cosa cosa(l-sina) cosa(l-sina)

[Ipn pemenun 3agady 1-3 HCMONB30BANHCH CIEIYIOMHE CHOCOObI
ookazamenvcmea modicoecma: TpeoOpa3oBaHWe MPaBOW YaCTH K JICBOWU;
npeoOpa3oBaHue JIEBOW YacTH K MPaBOi; YCTaHOBJIEHUE TOTO, YTO PA3HOCTh
MEeXy JIEBOW ¥ MPaBoii YacTsMHU paBHa Hyr0. MHOTIA yI0OHO 1OKa3aTeIbCTBO
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TOXJIECTBA MTPOBECTH NMPEOOPA30BAHUEM €TO JIEBOU U MPABON YaCTeH K OTHOMY
U TOMY K€ BBIPAKEHUIO.

C1-tg2a 4 .4
3a naya 4. JloKaXuTe TOXKIAECTBO: ~— 5 =COS O.—sin a.
1+tg“a
_sina
1-tg2 2, 24 —ain2 _
g20(, COS2 cos2oc S%IIZOL — COSz(X _ sz o.
1+tg“a 1,870 cos“o+sin“a
cosZa

cos*a—sin*o=(cos’a.—sin’a)(cos’a + sin*a) =cos’a — sinaL.

ToxaecTBO AOKa3aHO, TaK KaK €ro JieBasd M IIpaBad YaCTH pPaBHBI
cos’o.—sin’a. A

. 1
3apada 5. YnpocTuTe BHIPAKCHHE: t557ctgo -
1 _ 1 _ sinocoso.  _ s
A tgotctga = sina, coso  gin2q+coso Sinacosa. A

cosa - sina

[Ipu pemieHnn 3a1a4 Ha yHnpolIeHHE TPUTOHOMETPUUYECKHUX BbIPAXKEHHUN
MBI He OyJieM HaXOAUTh JOMYCTUMBIE 3HAYEHUs YIJIOB, €CIIH 9TO He TpelyeTcs
B YCIIOBHMH 3aJ1auH.

Ynpasucnenuas

265. Jloxaxxute TOXKIAECCTBO:

1) (I -cosa)(1 +cosa)=sin’a; 2) 2—sin*a—cos’a=1;
2
3) _sin’a_ > =tg’a; 4) oS = ctg’a ;
1-sin 1-cos“a
1 c 02 1 20 _
—=_—+sin“a=1; ——=_—+cos‘a=1
) 1+tg2a ’ 6) 1+ctg2a :

266. YnpocTturte BbIpaKEHUE:
1) cosa - tgo—2sina; 2) coso.—sina - ctga;
3) sina . 4) cos?a . 5) tga - cosa
1+cosa. 1-sina’ sinZ2a
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267. YnpocTurte BhIpa)XEHUE U HAUAUTE €r0 YUCIOBOE 3HAYCHHE:

; 2) 5~

3) coszoc+ctg2a+sin20c, o=

in2o—
sin4a—1 o=

ola
|
w3

9
1-cos2a 4

4) cos®o+tg2a +sino, U o= g .
268. JlokaxuTe TOXAECTBO:
1) (1-sina)(1+tg’a)=1; 2) sin*o(1+ctg’o)—cos’a =sin’c.

269. JloxaxuTe, 4YTO MPU BCEX JOMYCTUMBIX 3HAYEHHSX O BBIPAXKECHUE
MPUHUMAET OJIHO U TO KE 3HAYEHUE, TO €CTh HE 3aBUCUT OT OL:

1) (1+tg’a)cos’a; 2) sin*o(1+ctg’a);
. 1+tg2
3) (1+tg2a+ . jsm%zcosza; 4) ﬁ—tgza_
sin o
270. JlokaxxuTe TOXIECTBO:
1) (1—cos2a)(1+cos2a)=sin’2q; 2) S;ggz;l =" 1+Slina ;

3) cos*a —sin‘a = cos’*a —sin’aL;

4) (sin*a.—cos*a)* +2cos*asin’a.=sin’o + cos’aL;

5) sino. | 1+cosa — 2 . 6) sina. _ 14+cosa .
1+cosa sino sina 1-cosa sina. ’
1 1 =1

+ =1. 24 2oy — o2y ain
7) 1+tg20 " 1tctgo 8) tg’a—sin’o.=tg’asin’a.
271. VYmpoctute BhIpa)KEHUE U HANAUTE €r0 YMCIOBOE 3HAUEHUE:!

1) GIneteosel (g1 ctga), u o=

2\ _ (sina—cosa)? o

272. HaliguTte 4nMCIIOBOE 3HAYEHHE SINOLCOSOL, €cau sino—cosa=10,6.
273. Haiinute uncinoBoe 3Ha4e€HHE COs o—sin’a, eciu cosa—sina=0,2.
274. Peumnte ypaBHEHHE:

1) 3cos’x — 2sinx = 3 — 3sin’x; | 2) cos* — sin’x = 2sinx — 1 — 2sin’x.
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§23. CHUHYC, KOCUHYC, TAHTEHC U KOTAHI'EHC
YIJIOB o n —a

[lycts Toukn M, u M, eAMHUYIHON OKPYKHOCTH MOJYYEHBI MOBOPOTOM
touku P(1; 0) Ha yrel o 1 —a cooTBeTcTBEHHO (puc. 69). Torma ock Ox genut
yron M,0OM, nononam, ¥ 03ToMy TOYKkH M, u M, CAMMETPUYHBI OTHOCUTEIIBHO
ocl Ox. AGCIIMCCHI 3TUX TOYEK COBMAMAIOT, a OPAMHATHI OTIUYAIOTCS TOJIBKO
sHakamu. Touka M, nMeeT KoopauHAThl (cOsa; sino), Touka M, mmeer
KoopauHaTHI (cos(—at); sin(—av)). CraemoBaTenbHO,

| sin(—o) = —sino., cos(—0t) = cosd. I (1)

HCHOJIB?»YSI OIIPEACIICHUC TAHI'CHCA, ITOJYYaCM:

te(—o) = sin(-a) _ —sino _ _tgal

~ cos(-a)  cosa

Takum obOpazom,

| tg(—a) = —tga. I (2)

AHaJI0ru4Ho,
ctg(—a) = —ctga. (3)

@opmynsl (1) cnpaBeanuBbl mpu nObIX o, a ¢opmyna (2) — mpu

a¢%+nk, ke

MoskHO TTOKa3aTh, 4TO €C| o # Tk, ke Z, To ctg(—a) = —ctgal.
@opmynsl (1)—(2) mo3BONSIOT HAWTU 3HAUYEHUS CHHYCA, KOCHHYCA,
TaHTeHCA ¥ KOTaHTEHCa ISl OTPUIIATEIbHBIX

YA YIJIOB.
o Hampuwmep:
1 in(—T) = —ai —_1
sino. ! sin( %) = sm% ==
P(1;0

SR> cos(-T)=cos T2,
i cosa
o M, tg(-1)=—tgT=—3.
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Ynpaswcnenuasa

275. Beluucnure:
T\ T Ty - 1+tg2(—30°) .
1) COS( E)SIH( §)+tg( Z) s 2) 1+ctg2(—30°) s
. _E _E _E .2 _E .
3) 2sin( 5 )cos( 6 )+tg( 3 )+sin® (=7 );
4) cos(—m)+ctg(— %) - sin(—g n)+ctg(— g) :
276. YnpocTturte BbIpaKE€HUE:
1) tg(—a)cosa + sinai; 2) cosa — ctga(—sina.);
cos(—a)+sin(—a) .
3) cosfosinZa 4)tg(—o)ctg(—a) + cos*(—a) + sinaL.
. cosZa-sinZa _ —) =
277. ]Jlokaxxute TOXKIAECTBO: m+tg( o)cos(—a) = cosa -
278. Bbruucnure:
N 37sin2(7§jfcosz[fg) |
2cos(—§j 3
2) ZSin(—E) —3ctg(—£)+ 7,5tg (—m)+ lcos(—in) .
6 4 8 2
279. VYmpocrture:
sinday+cosd—a) 1—(sina+cos(—a))2
1) 1-sin(—a)cos(-a) ° 2) —sin(-a)
|
| §24. ®OPMVIJIbI CJIOKEHUSA

CDopmyﬂaMu CJOJHCEeERHUN HA3bl6AIOM qupMyJZbl, evlpasjxcarnuue

cos(a £ ) u sin(o + ) yepe3 KOCHUHYCBI U CUHYCBHI YIVIOB O U f3.
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0 Teopema. [las awdbix o #  cnpasednueo pasencmaeo:
cos(a + B) = cosacosP — sinasinf. §))

O [Tycts Touku M , M . u M, nonyueHsl noBoporoM Touku M. (1; 0) Ha
o —B at+p 0
yrisl o, —f3, o + 3 coorBeTcTBEeHHO (pHcC. 70).
[To onpezneneHuI0 CHHYyca U KOCHHYCAa 3TH TOYKHM HUMEIOT CIEIyHoLIHe
KOOPJIUHATHI:

M (cosa; sina), Mfl3 (cos(—P); sin(—P)),
Ma+[3 (cos(a + B); sin(a + B)).
Tak xak 2 MOM =2 M OM , To paBHOOEIpPEHHBIEC
TPEyTOJIbHUKHU MOOMMQ I/IMiﬁOMa paBHBI, ¥, 3HAYNUT, PaBHBI UX OCHOBaHWS
MOM@+B " MfB Ma. CnenoBaTenbHO,

2 — 2
(A/[oMa+[3) - (M—BMOL) :

Wcnonb3ys popmyny JUist pacCTOSIHUS MEXKJy JIByMs TOUYKaMH, U3BECTHYIO
U3 Kypca reOMETPHH, MOTyYaeM:

(1—cos(a+P))*+ (sin(a.+p))*=(cos(—B)—cosa)*+ (sin(—f) —sina)?.
[IpeoGpazyem 3T0 paBeHCTBO, HCHONB3Ys Gopmynsl (1) u3 §23:
1 —2cos(a + B) + cos*(a + B) + sin*(a. + B) =
= cos’p — 2cosPcosa + cos’a + sin’f + 2sinPsina + sin’o.
Hcnonb3ys 0CHOBHOE TPUTOHOMETPHUYECKOE TOXKIECTBO, MONYTaeM:

N 2—2cos(a+)=2-2cosacosP+2sinasinf,

My | M otkyza cos(a+ B) = cosacos—sinasinf. @

3agaua 1. Beiuucnure cos75°.
M 0y A\ Tlo popmye (1) Haxogum:
O r x c0s75° = cos(45° +30°) =
= c0s45°c0s30° — sin45°sin30° =

2 51 6 A

N9 1_
2 2 22

Puc. 70.
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3amenuB B popmyie (1) f Ha —f3, momyuum:

cos(a — B) = cosacos(—p) — sinasin(—p),
OTKyJa

0 cos(a — B) = cosacosP + sinasinf. 2)
3agaua 2. Brerunciure cosl5°.
A o dopmyine (2) momyyaem:
cos15° = cos(45° — 30°) = cos45°c0s30° + sin45°sin30° =
_V2 V3 V2 1_VJ6+V2 A

2 2 2 2 4
BJagaua 3. /lokaxure Gopmysl:

cos(z—oc) =sina, sin (E—oc) =cos0.. 3)
2 2
A [Tpn o =g no ¢opmyse (2) momydaem:

cos(E - B) = cos%cosB + singsinB =sinf,
2

TO CCTb

cos(g—B)z sin[_’). )

3aMeHuB B 3TOU dopmynie B Ha o, MOTydaeMm:

n .
COS(— - OC) =sino,
2

[Tonaras B hopmyne B=2—a (4), umeem:

b
2
sin(f—aj =Ccosa.. A

2
Ucnons3yst popmyinst (1)—(4), BeIBeeM gopmynvl crodxcenuss 0iisk CUHyCa:

sin(oc+[3)=cos(§—(oc+[3))= COS((E—&)—B]:

= Cos (E - oc) cosf +sin (E - oc) sinP = sinocosP + cosasinf |
2 2

123



Takum oOpazom,
0 sin(o. + 3) = sinacosP + cosasinf. Q)
3amenss B Gopmyne (5)  Ha —f3, momyyaem:
sin(a. — B) = sinacos(—f) + cosasin(—p),
OTKYyJIa

0 sin(a — 3) = sinacosP — cosasinf. (6)

3agaua 4. Berauciure sin210°.
A\ sin210° = sin(180° + 30°) =
=sin180°c0s30° + cos180°sin30° = O-%H—l)% 3 —%. A
3agauva 5. Brouuciure:

in 87 T _gin® 3n
SlIl7COS7 51n7cos7 \

. B . T 8 . 8t w .
A Sln8“cos——s1n—cos—=51n(———)251nn:O. A

[ T T 7
3agaua 6. JlokaxxuTe paBeHCTBO:
_ tga+tgp
tg(a"‘B)—m- (7)

sin(a+p) _ sinacosP+cosasinf

A tg(a+p)= cos(a+fB)  cosacosp—sinasinf

PaS,[[eJII/IB YUCIHWTEIb W 3HAMEHATEIb ATOM I[pO6I/I Ha IPOU3BCACHUC

cosacosf, monyunm dopmyiny (7). A
®opmyina (7) MOXKeT OBITH MOJIE3HA TIPU BBIYUCIICHUSX.
Hampuwmep, 1o s1o#t popmysne HaXoauM:

o o oy _ tg180°+tg45°
Ynpanwcnenusn
C nomompto hopmyn cnoxxeHus Boraucnure (280-281):

280. 1) cosl35°; 2) cos120°; 3) cos150°; 4) cos240°.
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281.

282.

283.

284.

28S.

286.

1) c0s57°30'c0s27°30" + sin57°30'sin27°30";
2) c0s19°30'c0s25°30" — sin19°30'sin25°30";

n 11n s Tm s, 11,
3) cos g COs =g~ —sin-Esin 5=,
8T o5 4+ sin 3% gin =&
4) cos = CoS 7 +sinTEsin .
T .
1) cos(g+oc), e s1na=% " 0<0L<%;

T 1 T
2) cos| 0t—— |, e coOSOL=——p — <O<T,
4 3 2

VYnpocrure Belpaxxenue (283-284):

1) cos3acosa — sinasin3a; 2) cosSPcos2f + sinSPsin23;
b1 51 . (= . [ 5m

3) cos(—+oc)cos(——Oc)—s1n(—+0t)s1n(——oc) ;
7 14 7 14
n 21 . n » 21

4) cos(—+oc)cos(—+oc)+s1n(—+0c)s1n(—+oc) :
5 5 5 5

1) cos(a+P)+ cos(g—oc)cos(g—ﬁ) 3

2) sin(z—oc)sin(E—B)—cos(oc—B).
2 2
C nmomorsio hopmyIt ciaokeHus: Beraucaute (285-286):
1) sin73°cos17° + cos73°sin17°;
2) sin73°cos13° — cos73°sin13°;

in 2% cos ® 1gin T om . in (n T _gin ™ cos (%
3) sin 25 cos 5 +sin 5 cos 27 4) sin 13 cos {5 —sin /5 cos 17

. T
1) sm(oc+—), e cosocz—% u Tl:<0c<37“;
6

. T .
2) Sm(Z_a)’ e smoczg " %<oc<n_
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287.

VYrpocTute BeIpakeHHeE:

1) sin(a+ )+ sin(—at)cos(—P); 2) cos(—a)sin(—f)—sin(a—f);
3) cos(E - oc)sin (E - [3) —sin(a-B);
2 2

4) sin(0.+B)+ sin(E - oc)sin -B).
2

288.

289.
290.

291.

292,

3

Boruucnure cos(a+f) u cos(a—f), ecnu sino=-— Sn<a<2n

O<B<TE

[S§[VV)

u sinf = 17 ,

Beruncimre sin(o—B), ecmi cosa=0,8, £ < o < T 1 sinp = —% ,T<P< 377‘
YIpOoCTUTE BBIPAKEHHUE:

2 b . 2 . T
1) cos(—n—oc)+cos(oc+—), 2) Sln(Ot+—ﬂ)—Sln(——O€),
3 3 b 3 3 9

2cosoasinp+sin(o—ff) | cosocosP—cos(o+f)
) 2cosacospf—cos(a—) ’ ) cos(a—fB)—sinasinf -

Jlokaxute TOXKeCTBO:
1) sin(a.—B)sin(a + B) =sin*a.—sin’P;
2) cos(a.—P)cos(a+ f)=cos’a—sinP;
J2cosa— ZCos(——aj
3)
2s1n( ] \/—sma

cosa— 2cos( J

\/—tga 4) ZSin( j V3sina _\/—tga

£g29°+g31° teygrte
Vipoctute Boipaxkenue: 1) 1-tg29°tg31° ; 2) 1+tg Lntgdn -

§25. CHHYC M KOCUHYC JBOMHOI'O YIUIA

BreiBenem ¢opmyner cunyca u xocunyca 080iiH020 y2nd, UCHOIb3YS

(bopMyITBI CITOKEHUS.
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Hrak,

0 sin2o = 2sinocosa. (1)

E13

3agauva 1. Beruaucnure sin2a, ecim sino = —0,6 1 T< o < 5

A Tlo dopmyne (1) Haxomum:
sin2a. = 2sinacosa = 2 - (-0,6) - cosa. = —1,2cosa..

Tak kak T< o < 37“ , To cosa < 0, ¥ TTOATOMY:

cosa = —1—sin?a = —-/1-0,36 =-0,8.

CrenoBarensHo, sin2a=—1,2 - (—0,8)=0,96. A

2) cos2a = cos(a + o) = cosacosa — sinasino = cos*a — sin’oL.
Uraxk,

0 cos2o = cos’ol — sin’o. )
3amaua 2. Breauciure cos2a, eciu cosa = 0,3.

A Hcnons3ys Gopmyny (2) 1 0CHOBHOE TPUTOHOMETPHUYECKOE TOXKIECTBO,
MOTy4aeM:
cos2a = cos’a — sin‘a = cos’a — (1 — cos’a) =
=2cos?a— 1=2-(0,37%-1=-0,82. A

sinacosa

3agaua 3. YIIpocTUTE BBIPAKEHUE: .
a p p 1-2sinZa

sinacoso _ 2sinacosa — sin2o —

1-2sin20  2(sinZo+cos?0—2sinZa)  2(cosZa—sinZa)

_ sin2a _1
_7_§tg20c. A

2cos2al

3apaua 4. Beuucaure tg2a, ecnu tgo =

DO =

tga+tgp

/\ Monaras B dbopmyne tg(a+p)= 1-tgatgp
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293.

294.

295S.

296.

297.

298.

128

(cMm. §24) B = o, momyyaem:

Eciu tgo. = % , To 110 opmye (3) HAXOAUM:

2%
tg200= {55 3)

1

2
tg2a=—2=2 A
3)

Ynpaswcnenua

Boeraucnure (293-294):

1) 2sin15°cos15°; 2) cos?15° — sin?15°;
3) (cos75° — sin75°)% 4) (cos15° + sin15°)%
s T T - 270 _inlm-
1) 2sin g cos 2) cos g -sin” &5
\/5 T in T 2
o m 1. Sy —(cosg+sin g
3) sin g COS g+ 4) .

Brraucnure sin2a., eciu:

ino=3nu = . —_4ymn
1)SlIl0L—5I/12<OL<TC, 2) cosa s Mg <o<n
Brruncaure cos2a, eciu:

= é . 1 — _§

1) cosa 55 2) sina = 5 -
VYopocture Boipaxkenue (297-298):

. T
1) sinacosa; 2) cosoccos(— - oc);

2
3) cosda + sin?2q; 4) sin2a. + (sino — cosa).
cos20+1 sin2a sinZa. 1+cos2a.

D) "2cosa 2) 1—cos?a. ® 3) (sino+cosa)2-1 » 4) 1-cos2a -



299. JlokaxxuTe TOXIECTBO:

1) sin2o=(sina+cosa)’*~1;  2) (sina — cosa )’ = 1 — sin2a;

3) cos*a — sin*al = cos2a; 4) 2cos’o — cos2a = 1.

300. Beraucnmre sin2o, €Ciu:

1) sina+cosa:%; 2) sinoc—cosoc:—%; 3) sina.—cosa =
301. JlokaxkuTe TOXKIECTBO:
1) 1+ cos2a = 2cos’a; 2) 1 — cos2a. = 2sin’a.

302. Brruucaure:

1
4 -

1) 2cos215°—1; | 2) 1-2sin222,5°; | 3) 2cos2g—1; | 4) 1-2sin?

303. VYmpocture BbIpaKEHUE:

— 2sin5a.: 23y _ - 1-cos2a
1) 1 —2sin*5a; 2) 2cos?3a — 1; 3) sincost
2cos2%-1
4) 2% 50 5) 1 + cosda; 6) 1 — 2cos*5a.
sin2a
304. JlokaxxuTe TOXKIECTBO:
1) — cos20t' = ctgo—1; 2) sip2a—gc%sa = —2ctga ;
slinocosa+sin“o sino—sin“o
. 1—cos2a+sin2a . _
3) tgou(1+cos2a)=sin2a; 4) Troos2arsin2g Ct8A=1

305. Brruucnure tg2a, eciu tgo = 0,6.

T

12

s
e _6tg15” _4tgT5"_
306. Beruucaure: 1) 1—tg2%; 2) 1-tg215° ; 3) 1-tg275° .
§26. ®OPMVYJIbI TPUBEJIEHUA

Tabnuipl 3HaYeHN CHHYCA, KOCHHYCA, TAHT€HCA U KOTAHT'€HCA COCTABIISAIOT

st yrioB ot 0° no 90° (unum ot 0 go %). DT0 OOBACHAETCS TEM, YTO HX

SHAQUCHUA IJIS OCTAJIBHBIX YIJIOB CBOOATCA K 3HAYCHUAM IJIA OCTPBIX YIJIOB.

9 — Anrebpa, 9 xmacc
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3amgaua 1. Berunucioure sin&870° u cos870°.

A 3ametum, uto 870° = 2-360° + 150°. CnenoBareiabHO, MPU TOBOPOTE
touk P(1; 0) Bokpyr Hauana koopauHaT Ha yroa 870° Touka COBEPILIMT JBa
noJHBIX 000poTa U emle moBepHeTcs Ha yroia 150°, To ecTh momyduTcs Ta
ke camas Touka M, 4to u mpu noopoTe Ha yrou 150° (puc. 71). [loaTomy
sin870°= sin150° cos870° = cos150°.

[Toctpoum TOYKY M|, CAMMETPUYHYIO TOuKe M OTHOCHTENLHO ocu Oy
(puc. 72). Opnunatel Touek M u M, onnHakoBel, a a0CIIMCCHl OTIUYAIOTCS

- c0s150° =—co0s30° = _V3-

TOJILKO 3HaKOM. [ToaToMy sinl50° =sin30° = %, 5

cos870° = _B . A

. o_1
OrBeT: sin870 =35> 5

[Ipu pemennn 3aga4u | MCTIONB30BATUCH PABEHCTBA
sin(2-:360°+150°)=sin150°, cos(2:360°+150°)=cos150°, (1)
sin(180°—30°)=sin30°, cos(180°—30°)=-cos30°. (2).
PapenctBa (1) BepHbl, Tak Kak mpu noBopoTe Touku P(1; 0) Ha yron
o +2mk, keZ nonyvaercs Ta ®e camasi TOUKa, YTO U IPU MOBOPOTE HA yroi ol.

CnemoBarenbHO, BEpPHBI (POPMYIIBL:

0 sin(a + 27k) = sina., cos(a + 27k) = cosaL, keZ. 3)
Y Ya
M M M,

150° 150

, D P(;0) 30° 300 [\PA;0)

oY/ x 0] x
3700
Puc. 71. Puc. 72.
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B wactHOCTH, IpH kK = 1 cnipaBeNTMBBI paBEHCTBA!
sin(a + 21) = sina, cos(a + 21) = cosa..

PaBenctBa (2) ABASAIOTCS YaCTHBIMH CITydasiMu GOpMYIT
0 sin(t — o) = sina, cos(m — o) = — cosa. 4)

Hoxaxem dopmyny sin(m — o) = sina.
O [Ipumensist GopMyiTy CIIOKEHUS IS CHHYCA, MTOTyJYaeM:
sin(T — o) = SINTCOSOL — COSTSINAL =
= 0-cosa — (— 1)-sino = sina. ®
AHanornyHo noka3eiBaeTca W BTopas u3 dopmyin (4). Dopmynsr (4)
Ha3bIBAIOT popmynamu npusederusi. C momotnsto hopmyin (3) u (4) MOKXHO

CBECTH BBIUYUCIICHUE CHHYCA U KOCHHYCA JIFO0O0Tr0 yIiia K UX 3HAYCHUSAM JIJIS
OCTpOTO yIJIa.

Jagauva 2. Brmuucaure sin 930°.
A Ucnions3ys popmyisl (3), momyuaem:
sin 930° = sin(3:360° — 150°) = sin(—150°).
I[To popmyie sin(—o) = —sina nonyuum sin(—150°) = —sin150°.

[To dpopmyse (4) HaxXOIUM:

—sin150° = — sin(180° — 30°) = — sin30° = —; .
OtBeT: sin930'=-1. A
3axgaua 3. Beuncnure cosli”‘
A cos15TE cos(41t—“)—cos(—“)—co % g‘
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[Tokaxem Tenepp, KaKk MOXKHO CBECTH BBIYHMCIICHHE TAaHTEHCA JII0OOT0 yria
K BBIYMCJICHUSIM TaHT€HCa OCTPOro yrIva.
3ametum, uto u3 Gopmyn (3) 1 onpeeNeHus TaHTeHCa CIIeTyeT PaBEHCTBO
tg(a + 27mk) = tga, keZ .
Hcnonp3ys 3T0 paBeHCTBO U GpopMyIibl (4), momydaem:
tg(oe + 1) = tg(a + m—2n) = tg(a — ) = —tg(nt —a) =

__sin(m-o) _ _ sina _ = tgo
cos(n—a) —cosa ’

CrnenoBaresbHo, cripaBeminBa GpopMmyiia:
0 ta(o + k) = tea, keZ. 5)

3agaua 4. Beuuciure: 1) tglln 2) tglgn.

A1) tgln = tg(dn-7) =tg(-5)=—tg L=—3.
2) tg 13T =tgBn+T)=tg T =1. A

B §24 (3amaua 3) Obuti 10oKa3aHbl HOPMYIIBI
0 sin(% —0L) = cos0l, cos(% — o) = sino

Kotopsie Taxxe Ha3bIBaOT ghopmynamu npusedenus. Hanpumep, Ucnonb3ys

9TH YOPMYIIbI, ITOTydaeM Sing =cos %, COS% = sin% .

Jist mroboro 3HAa4YEHWs X CHpaBeMIMBBI GOpMyINbl sin(x +2m)=sinx,
cos(x+2m)=cosx.

N3 5THX paBeHCTB CJeAyeT, YTO 3HAYEHHUS CHHYyCa W KOCHHYyca
MEePUOJUYECKH MOBTOPSAIOTCS TIPU M3MEHEHWH aprymMeHTa Ha 27. Taxue
(byHKIIMY HAa3BIBAIOTCS NepUoOUYeCcKUMU ¢ nepuooom 2.
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0 ®yukuusa f(x) Ha3bIBaeTC nepuoouueckoil (pynkyuei, eciau
cymecTByeT Takoe 4yuciao 7 # 0, uyro aAas J060ro x u3 odaacTu
onpenejeHusi yHKIUU y = f(X) BbINOJIHSETCH PABEHCTBO

Sx =1 =fix) = flx + 1)

Yuciao T Ha3biBaeTcst nepuodom gynkuyuu f(x).

W3 aTOro ompeneneHus CIeAyeT, YTO €CJIHM X MPUHAJICKUT OONACTH
onpenesnenust Gpynkuuu f(x), To uucna x + 7, x — T u, BooO1ue, ynciaa x +
Tn, neZ taxxe NMpUHAJICKAT 00JACTU OMPEJEICHUS dTON MEPUOIUUECKON
byukuu u fix + Tn) = f(x), neZ.

O [Tycte T > 0 — mepuoj KOCHHYCA, TO €CTh AJISI JTFOOOTO X BBHITOTHIETCS
paBeHcTBO cos(x+7T)= cosx. [lonoxus x = 0, monyuum cos7 = 1. Orcrona
T =27k, keZ.

Tak kaxk T > 0, To T MOXeT MpUHUMATh 3HaueHus 27, 4w, 67,

[Tokaxxem, 9TO YHCIO 27 SABISCTCS HAUMEHbUUM NOTOHCUMETbHBIM
nepuooom PyHKyuu y = COsX.

., U

T09TOMY TIEpHOJ He MOxkeT ObITh MeHbute 27. @

||| MOXHO CcKa3aTh, 9TO HAUMEHbULUT NOTIONHCUMETbHBLI Nepuod QyHKYyuUU
y = sinx TakXe paBeH 27.

Ynpancnenua

Boruucnure (307-310):

307. 1) sinidn; 11

5 2) sinl7m; 3) cosTm; 4) cos+- 5 s
5) sin720°; 6) cos540°; 7) sinl2,5m; 8) c0s2025°.
308. 1) cos420°; 2) tg570°; 3) sin3630°; 4) ctg960°;
5) sin 137 ; 6) tglln 7) tg585°; 8) ctg 13T
309. 1) cos150°; 2) sin135°; 3) cos120°; 4) sin315°.
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310. 1) tg3r; 2) sin 7T 3) cos 3 ;
) 11
4) sm(——n); 5) cos(—7—“); 6) tg(—2—“).
6 3 3
311. Haiiaute yucioBOE 3HaYEHUE BBHIPAKEHUSI:
1) c0s630° — sin1470° — ctg1125°;
2) tg1800° — sin495° + c0s945°;
3) sin(-7m)—2cos % —tg 74—“
4) cos(-9m)+2sin (— 49—“) —ctg (—E) .
6 4
312. VYmpoctuTe BhIpaKEHHUE:
1) cos’(n — a) + sin}(o — 7);
2) cos(m — a)cos(3m — a) — sin(o — )sin(a — 3 7).
313. Bebruucnure:
1) c0s7230° + sin900°; 2) sin300° + tg150°'
i — in 197 . 1 cogblm.
3) 2sin6, 57— /3sin 197 4y \/2cos4,25m - Jg cos 617,
sin(-6,5m)+tg(-7m) cos(—540°)+sin480°
) cos(—Tn)+ctg(—16,257) ° tg405°—ctg330°
314. VYupoctute BbIpakeHHE:
s
sin(n—oc)+sin(n—oc) cos(n—oc)+cos(2—oc)
2 . T .
1) cos(m—o)+sin(2n—a1) ° 2) sin(n—(x)—sin(g—ot) >
Sln(a n) tg(n (x) Sln2(n—0()+51n2(g—(x)
3) tg(o+m) (2_0‘) ; 4) sin(r—o) tg(m—-o).
315. Jloxaxwure, 94TO CHHYC CYMMBI IByX BHYTPEHHHX yTJIOB TPEYTOJIbHHUKA
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316. JlokaxxuTe TOXIAECTBO:

1) sin Z+0c) = coso. ; 2) cos(n+oc) = —sino;
2
3) cos 37:—&) = —sina; 4) sin(gn—oc) = —cos. .
2 2
317. Peumnte ypaBHEHHE:

1) cos Z—x) =1; 2) sin(n—x)=1; 3) cos(x—m)=0; ;
T e

4) sin(x—) =1; 5) cos(m—2x)=1; 6) sin ;+x =0,
2

§27. CYMMA U PABHOCTb CUHYCOB.

CYMMA 1 PABHOCTb KOCHUHYCOB

3amauva 1. Yaopoctute BeIpakeHHE:

. T . T L
(sm (oc+) +sin (oc—)) sin— .
12 12 12

A Hcnons3ys popmyiny cioxeHus u GopMysy ABOMHOTO yria, MOJTy4nM:
. T ) T .o
s1n(0c+) + sm(oc—) sin—=
12 12 12

. TE . n . n . T[: . T[:
=| sinolcos — + cosOsin — + SINGCOoSs — — CcOoSOiSIn — |sin— =
12 12 12 12 12

=2sin I .sin X =sinasin & =1lgin
sinacos % -sin {5 =sinasin £ =5 o A

Ecau Bocmonb3oBathes ghopmynoii cymmol cuHycos

sino+sinf = 2sin0LT+BcosocT_B (D)

3Ty 3a7lauy MOXKHO pemuTs npouie. C moMomIbio 3Toi (GOPMYITBI TTOTydaeM:
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. B . T . I
(sm (OL+—) +sin (oc——)) sin—=
12 12 12

- T .gint =1
2s1n0ccos12 sin i3 =3

sina

JlokaxxeM Temeps crpaBeaTuBOCTh Gopmyisl (1).

O 0603n2unMm ch+[3_x a—B_y Torma x+ty=a, x—y=p u mo3tomy
sinat + sinf = sin(x + y) + sin(x —y) = sinxcosy + cosxsiny + sinxcosy —
—cosxsiny = 2sinxcosy = 2sin(XT+BcosTB @

Hapsany ¢ ¢opmynoit (1) ucnoms3yrores gopmynvl pazHocmu CuHycos,
Gopmynvl cymmbl U pazHocmu KOCUHYCOS:

sino —sinf = 2s1nTBcos a;B (2)
cosa +cosf = 2c:os()°T+BcosT[3 (3)
coso—cosf = —2sin°°T+Bs1nT[3 4)

®opmyet (3) u (4) nokaseiBaroTcs ananorugHo dopmye (1); hopmyna (2)
nonyyaercs u3 popmysl (1) 3ameHoit  Ha —f (JOKaXHUTE CaMOCTOSATENBHO).
3agaua 2.Beucmute sin75° + cos75°.

A\ sin75° + cos75° = sin75° + sin15° =

L\u|ﬁ
N|S

-6 A

= 2sin 750*2'150 cos 7505150 = 2sin45°cos30° = 2

3agaua 3. 3anumure B BUAC MPOU3BEACHUS 2sina + J3.

2

=4sin(g+£)cos(g—£) . A
2 6 2 6

3
A 2sino + \/§ = 2(81110( +£] = Z(Sinoc +sin E) =
3
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3amauva 4. JlokaxuTe, 4TO HAMMEHBIIEE 3HAUYEHHE BBIPAKECHUS

sino. + coso. paBHO —+/2 , a HaubombIIEE /2 .
A [Ipeobpasyem naHHOE BBIpAaXKEHHE B IPOM3BEACHHE:

. . . T . T T T
SIno + cosO = S1nd + sin (— - OC) = 28111200S(0C _Z) = \/ECOS(OC - Z) .

2

Tak kak HamMeHbIIEe 3HAYeHHE KOCHHyca paBHO —1, a Hambojbluee
paBHO 1, HaX0oUM, YTO HAaMMEHbIIIEe 3HAUYEHUE TAHHOTO BHIPAKECHUS PABHO

V2 -(-1)= /2, a HaubonbIee 3HaucHKE paHO V2 -1=v2 . A

Ynpawcnenuasa

318. VYmpoctute BbIpaXKeHHE:
D) sinZ+a)+sin(-a); 2) cos(y=P)—cos(}+P);

20T 2T . 2 2
3) sin (Z+oc) sin (Z a); 4) cos (a—g)—cos (OH.%),

319. Beruucnure:

1) cos105°+cos75°; 2) sin105°—sin75°;
1lln 5m . 1ln 5 .

3) COS ot +C08 27 4) cos==L 5 ~C0S75;
Tn : o4 o} o

5) sin{Z 15 cos12 ; 6) sin105°+sin165° .

320. 3anumuTe B BUJE NPOU3BEICHUS:
1) 1+ 2sina; 2) 1 —2sinay 3) 1 + 2cosa;
4) 1 + sina,; 5) 1 —cosa, 6) 1 + cosa;

321. JlokaxxuTe TOXKIECTBO:

sino+sinda _ tg2a; 2) sin2a+sindo _ ctga .
cosa+cos3a cos2o—cos4a

322. VnpocTuTe BhIpaKeHHE:

) 2(cosa+cos3a) | 2) L+sino—cos2a.—sin3o
2sin20+sin4o 2sinZo+sino—1
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Jokaxxute ToxaecTBO (323-324):

323. 1) cos'o—sin*a+sin2a = \/Ecos(Zoc - E) .
4 b

2n 2n
2) cosoc+cos(—+oc)+cos(——0c) =0.
3 3

324. 1) sin2o+sinbo—sin3a = 92sino.;

cosa+1-2sin22a

2 sino+sin3da+sindo+sin7o

=ctgo -

coso—cos3a.+cosba—cosTa

325. 3anummuTte B BUAE MPOU3BEICHUS:

1) c0s22°+¢0s24°+¢c0s26°+¢c0s28°; 2) cos - +cos ™ +cos 2™

12 4 6
326. JlokaxxuTe TOXKAECTBO U BHIYMCIUTE tgo + tgf = %;

1) tg267° + tg93°;  2) tg%+tg%; 3) tg99° + tg81°.

327. 3anuiuTe B BUJE MPOU3BEACHHUSA:
1) I — cosa + sina; 2) 1 —2cosa + cos2ay;
3) 1 + sina — cosa — tga; 4) 1 + sina + cosa + tga.

Ynpascuenua k cnaee Il

328. Ilycte 0<a<g. Omnpenenure 4eTBEpTh, B KOTOPOH JIEKHUT TOUKA,
nojxy4yeHHas nosoporom touku P(1; 0) Ha yromn:

Di-o;|Da-n:]3)F-as[4)Z+az]5)a-F:]6) 0.
329. HaiiguTe 3HaueHuUsl CHHYCAa U KOCHHYCA yIJa:

1) 3x; 2) 4 3) 3,5m; 4) Sm;

5) nk, keZ, 6) 2k+ )m, keZ, 7) 2km, keZ; 8) 6,5m.
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330. Brruuciure:

1) sin3n—cos37“; 2) cos0—cos3m+cos3,5;

3) sinmk+cos2km, Tae k — menaoe YucIio;
(2k;1)7t _sin (4k;1)75

4) cos , TIe k — 1enoe 4ncio.

331. Haiinure:

1) cosa, eciu Sin0t=§ u g<oc<n,
2) tga, ecnu cosa=—§ u n<oc<37“;
3) sina, ecin tgo =22 u 0<a<%;
4) sino., ecu ctga =~/2 u 7t<oc<32—7c n<(x<37“.
332. JHoxaxure TOXKIECCTBO:
1) Ssin’a + tgacosa + Scos’a = 5 + sina;
2) ctgasina, — 2cos’a — 2sin*al = cosal — 2;
3 _ 2 5 .2
3 =3cos”a : 4 =5sin’a.
) 1+tg2a ’ ) l+ctg2a

333. VYmpocture BbIpaKEHHE:

1) 2sin(-0)cos (E - oc) —2cos(—0)sin (E - oc) ;
2 2

2) 3sin(m—o)cos (E — oc) +3sin? (E — oc) :
2

2
3) (1-tg(-o))(1-tg(m+a))cos’ a;
4) (1+tg2(-0)) (—2)
1+ctg™(—o)
334. VYnpocTute BBIPaKEHUE U HAUJUTE €0 YUCIOBOE 3HAUYEHUE:!

1) si 3 . (3
) sin ;n—oc +sin ;TC+OC . TIe cosa:i;

s 3 .
2) cos(—+0¢)+cos(—n—0c), rae sino =
2 2

o=
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335. Bebruucnure:
1) 2sin75°c0s75°; 2) sinl5°; 3) cos*75° — sin*75°;
4) sin75°; 5) cos75°; 6) sinl35°.

IIPOBEPBTE CEBA!

1. Beraucnute: 1) cosa, tga, sin2a, ecnu sino =% u %<(x< T,
2) sina, ctga, cos2a, ecau coso=-0,6 1 n<oc<37",

2. HaliguTe 3HaY€HUE BBIPAKECHUS:

1) 4cos(—E)—tg£+231n(—z)—cosn ;

3 4 6
2) cos150° 3) sin®T; 4) tg®®; 5) cos®T-sin?T.
3 3 8 8

3. (3apmaua I'msac-ag-nunHa Jxamimmaa anb-Karmm)

Jokaxute, uto sin3a = 3sina — 4sin’aL.
4. JlokaxuTe paBeHCTBO:

1) 3 —cos’a —sin*a=2;  2) 1 —sinacosa ctga = sin’a.

5. Ynpocture BeIpaKEHHE:
1) sin(o.—f)—sin (g - oc)sin(—B) ; 2)sin’a + cos2a;

3) tg(m — a)cos(m — o) + sin(4m + o).

336. Vmpocrute BoipakeHue:

1) cos? (Tt — o) — cos? (g—oc); 2) 2sin(§—0€)cos(g—oc);

2sin(1t—0t)sin(72t—(x)

3) cos? (2n+a)—sin2(a+2n) : 4) .
2cos(oc+2n)cos(g—oc) sin? (a—g)—sinz (o—m)
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Beruucnure (337-338):

337. ysin®fF: 2) tg22%; 3y egF 4) coslm
338. 1) cos2i—7E sm% 2) sin=2% 257‘ -tg ot 10“
3) 3c0s3660° + sin(—1560°);  4) cos(—945°) + tg1035°.
339. CpaBHuTE yuCna:
1) sin3 u cos4;  2) cosO u sinS5; 3) sinl u cosl.
340. Omnpenenute 3HAK YUCia:
. . : . tgl3 |
1) sin3,5tg3,5; 2) c0s5,01sin0,73; 3) g
4) sinlcos2tg3; 5) sin2cos2; 6) tglcosl.
341. Bpruucaure:
fa T 3n 3n ; Oc : o,
1) s1n§cos§+s1n§cosg ; 2)sinl65; 3) sinl057;
4) sin [ ; 5) 1-2sin’195°; 6) zcos?%n—L
342. VYopocTuTe BhIpaXeHHE:
1) (1+tg(—(x))(1—ctg(—oc))— sin(-a) | 2) ctga+tg(—a) N tg(—a)
cos(—a) cosa+sin(—a)  sina
343. Jlano: sinoczg u %<a<n. Brruncnute 3HaueHus cosa, tgo, ctgol,
sin2a, cos2a.,
VYrpocTute Belpaxkenue (344-346):
3y ai i3 . sino+sin2o
344. 1) cos’asina — sin’acosa; 2) 14 coso 100820 -
sin2a—sin2acos2a. . 2cos® 20,
345.. 1) 4cosa ’ 2) sind4ocos4o+sinda ’
3) cos2o+sin2acos2a. | 4) (cosa—sinot)2
2sinZa-1 ’ sin2acos2a—cos20
2 ) 2
346. %—Sln(n—x); 2) ﬁr():ﬁxx+cos(1,5n+x);
%-sin(l,f;mx) : 4) %+cos(3n—x).
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347. 1) Boruucnure tg(o + B), ecnu tgo = —% utgf =24,

2) Beramcnute ctg(o + B), ecau ctga:% u ctgf =-1.

348.  ympocrute BoipaxeHue:

1) 2sin(£ + Zu)sin (E - 20() ; 2) Zcos(E + 20() cos(E - 20() .
4 4 4 4

Tecmoesuie ynpasxcnenusn k 2nage I11

1. Haiinute paguannyto mepy 153°.

A) ZE B DX Ol D)

2. Haiinure rpagycuyto mepy 0,657.
A) 11,7°;  B) 117°;  C) 116°, D) 118°.

3. Kakoe u3 npou3BeeHU OTpULATENbHOE?

A) cos314°sin147°; B) tg200°ctg201°;
C) cos163°c0s295°; D) sinl170°ctg250°.
4. Kakoe 13 Mpou3BeIEeHUHN MOJOKUTEIbHOE?
A) sin2cos2sinlsinl®; B) tg8°ctg8ctgl0° ctgV10 ;
C) sin9°sin9c0s9°cos9; D) cos10°cos10cos11°cosy1l .
5. Halinure Bce yriibl, Ha KOTOPBIE HY)KHO TOBEpHYTH Touky (1; 0), ams Toro,
9TOOBI TTOMACTh B TOUKY [g %) ?
A) g+2nk,kez; B) —g+nk,keZ;
0) g+ nk , keZ, D) 2n + nk, keZ.

6. Haiigure xoopAMHATBHI TOYKH, B KOTOpYlo momazaer touka (1; 0) mocie

MIOBOPOTA Ha yTOJ 52—“ + 27k, keZ.
A) (05 1); B) (0; -1); C) (1; 0); D) (-1; 0).
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7. 3anuImuTe 4ucia B MOPsIKEe BO3PACTAHMUS:

a =sinl,57; b = cosl,58; ¢ = sin3.
A)a<c<b, B)b<c<a, C)c<a<b;, D)b<ac<ec.

8. 3anumuTe yrcnaa B MOPsAKe YObIBAHHUSA:
a=cos2; b=cos2° c=sin2; d=sin2°.
A) a>c>d> b, B) d>c>b > a;
C)b>c>d>a; D) ¢c>d>b>a.

sin136°-c0s46°—sin46°-cos224°
sin110°-cos40°-sin20°-cos50° °
A) cos40°; B)O0,5; C)sindd°; D) 2.

sin10°-sin130°-sin100°-sin220°
sin27°-c0s23°-sin157°-cos153° °

9. Brrunciure:

10. Brpruuciure:

A) 1; B)—1; 0 %, D) -2,
11. Boraucaure: cos(—225°) + sin675° + tg(—1035°).

A) 1: B)_I: C) V2 D) 2.
12. Haitnure tg2a (O <o< g), ecnu sina. = 0,6,

: 3. . T

A) 3,42; B) 33 C) 5 D) -5
13. Haiigure sin2o. eciu tgow = V5.

A) ﬁ; B) —é; C)g; D) 5.
14. Haiinute cos2a, ecnu tgo = J7.

4 4 3 3
A) 33 B) —3; C) 7 D) -7-

143



cos(E - aj
2

15. Yopocrure:

sin(m+ o) °
A) —1; B) I; C) 0,5; D) -5
sin2a+sin(m—o) - cosa
16. Yopocrure:
sin[E—ocj
. 1 . . 1
A) 3sina;  B) 3SIna; C) —sina; D) gcosa.
4sinta
17. Beruncnure —— 5—, ecim tgo = J7.
5sin“a+15cos“a
A) 0,59; B) 0,49; C) -0,49; D) 0,2.
18. Haiigure sin*a + cos*o, ecnm cos a + sinol = %
81 (TV, 49 32
A 2 B (5] O, D) 122,
19. Beruucaure: sin 100° - cos440° + sin 800° - cos460°.
A) B B) 1; )1 D) 0.

sin3a  cos3a
sin o cosa

20. Yopocrure:

A) 4cos2a; B) —2sinday; C) sinday; D) 2cos2a.

21. Haiigure sin(o + f3), ecnu sinol ¥ SInf3 — KOPHU KBaJpaTHOTO YpaBHEHUs
8x*—6x+1=0, o, p — ymibl B IEpBOii YETBEPTH.

A) J3(1++/5) . B) J2(1+5) . Q) J3(4-5) ) V3(4-+5)
8 8 16 16
22. Haiigure cos(a + ), ecau cosol U cOSy — KOPHU KBAAPATHOTO YpaBHEHUS
6x*—5x+1=0, o, p — yIibl B IEpBOM YETBEPTH.

A) 2@‘1; B) 1'?6; 0) ZJE'l; D) 1_?6

144



23. Hanioure x: 2(x + \/5) =cos (% - 2&) + 2sin (%ﬂ + oc) -sin(n—a).

A) g; B) V2 ; C) V2; D) 2V2.

24. Haiigure tg(a+f), ecam tgo u tgl — KOpHU KBaJIpaTHOTO YpaBHEHHUS
x2=Tx+12=0.
7 7
A) 1 B) 11; C) V3; D) -17-

25

IpakTHYecKkue U MeKNpeAMeTHBIE 3a1a49H

3anauva. (3amaua bepynu.) Haxomsce
Ha BEpIUMHE TOpbl, HAa BBICOTE 4,83 KM HaJ
YPOBHEM MOpsi, HAOIIOATENh OMPEACIIHII
YTO yroJl HAKJIOHA OKE€aHa K TOPU30HTY PaBEH
2,23°. Haitnute paanyc 3emiu.

A0y Paiixon Myxamman ubn Axman
bepyHu — BENMKUH CpETHEBEKOBBIN yUEHBIN-
sHIEKIoneAuCT (973—1048 1T) Hcmonp30Ba
CIEAYIOIIMN METOJ HaXOXKAEHUs pajuyca
3€MHOTI0 11apa ¢ BBICOKOM TOUHOCTHIO.

A [Tpumem 3emiio 3a map. O603HaYUM Puc. 73.
paguyc 3eMiu r, BEPILUHY TOpbl A, a TOUKY
TOPHM30HTA, JISKAITYI0 HA TPSMOM, BBIXOJSIIEH U3 ToUuku 4, 0003HauuM H, Kak
nokazano Ha pucyHke 73. ITycts Touka O — nenTp 3emiu, a Touka B — Todyka
rOPU30HTANLHON MPAMON, BBIXOAAIIEH U3 TOUKM A ¥ HepHeHauKyIapHoit OA .
VYron «AOH 0603Ha491M OyKBOii 0.

Touka A maxogurcs Ha ypoBHe 4,83 KM HajJ ypOBHEM MODs, MOITOMY
OA =r + 4,83. Kpome Toro, OH =r. Ilpsmbie AB u OA TepHeHauKyIspHbI,
noatomy ~OAB=90°, u, caenoBarenbHo, ~OAH=90°-2,23°=87,77°. Ecnu
paccMaTpuBaTh IOBEPXHOCTL 3EMIIM Kak OKPYXKHOCTb, AH OyneT KacaTenbHOM
K 3TOM OKPYKHOCTH U, criesioBatensHo, AH n OH  Gy1yT NepreH/IMKyISpHEI, T.e.
20OHA=90°. Cymma yrnoB tpeyroiabHuka OAH pasHal80°, cienoBarenbHo,
10 — Anrebpa, 9 knace 145




OH r

0 =180°-90°—87,77° =2,23°. Takum oOpa3om, cosGZO—A = 71483 OTKYIR
T —cos 2,23°
r+4,83 ’

Hainem r u3 3Toro ypaBHeHust:
r=(r+4,83)co0s2,23°=> r—rcos2,23°=4,83cos2,23°=>

4.83¢0s2,23°
1—cos2,23°

= y= => r=6372,91.

Crenyer OTMETHTB, YTO TOMYYEHHBIH pe3yJbTaT OueHb ONU30K CpeaHeMy
paauycy 3emiu, IpUHIATOMY B HacTosiee BpeMs — 6371 km.

OtBer: =6372,91 xm. A

3aoauu

1. CnyTHUK, HaXOASIIMICA Ha BbICOTE /1 (KM) HaJ
MOBEPXHOCTHIO 3€MJIH, IBHKETCS IO OKPY>KHOCTH.
[lyctb d — nnvHA BUIUMOTO CILyTHUKOM 3€MIIH
ropusoHTa (puc. 74).

1) Hailinute ypaBHEHHE, CBs3bIBalOIIEE
HEeHTpaJIbHBIN yroi 0 (B pafinanax) u BbICOTY /;
2) HaliauTe ypaBHEHHE, CBS3bIBAIOIIEE JUTUHY d
BUJIMMOTIO TOPU30HTA U yroi 0;

3) HaiiauTe ypaBHEHHUE, CBA3bIBatolee d U A;

4) Ha KaKoOH BBICOTE JOJKEH HAXOTUTHCS CITYTHUK
3emiu, ecimm d = 4000 km?

5) kakum Oynet d, eciu h = 100 km?

2. backerbonucT, pocT KOTOPOro 2 M, HAXOJUTCS Ha PACCTOSHUU 5 M OT OCHOBAHUS
mura ¢ kop3uHoi. Kop3una pacnionoskeHa Ha Beicote 3 M (puc. 75). Yemy paBeH
YTOJI, TIOZT KOTOPBIM 0acKeTOOIHMCTY BUIEH 0001 KOP3UHBI?

146



3.

Puc. 75.

Y1oOBl HAWTH BBICOTY TOpbI, MapKIiieiiaep (CmenuanaucT mo pasBeake
MECTOPOX/ICHUH U MPaBUIBHOMY MX HCIIOJIb30BAHHIO) U3MEPSIET YIVIbI, O
KOTOPBIMHU BWJIHA €€ BEepIINHA, U3 JBYX
TOUEK, pacloNoXKEeHHbIX Ha paccTosHiK 900
M Jpyr ot apyra (puc. 76). OauH u3 yrios
paBen 47°, a npyrot — 35°. Haiinute BbicoTy
TOPBI, €CJIU BBICOTA TEOAOUTA ( IPHOOpa ISt
W3MEpEHHUS YIIIOB) paBHA 2 M.

B Bosneiibone My neTuT Ha paccTosiHue d |
M0 TOPU3OHTAIIU, KOTOPOE BBIYHUCISIOT IO

bopmyne d :9—‘}753in2(6), rae 0 —yrox Puc. 76.

2

11011 KOTOPBIM JICTUT MAY U V M/C — Havallb-

Has ckopocTh. Hariaute d, ecn 6 = 60° u
ckopocTb Mstua 12 m/c (puc. 77).
l == I 23 - =

I H.!-—--+u——h~.d — l
® :
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2 Hcmopuueckue 3a0auu

2. W3 Toukn A MUHApET BUACH MO YIJIOM O, @ U3 TOYKH C UD

4.

148

. U3 HekoTopoil Touku A BEpXHEro Kpas konoaua, B

3aoauu A6y Paiixana bepynu

uMeroniero GopmMy HMIMHAPA, €T0 THO BUHO MO YIIIOM
O, @ U3 TOYKH B, pacroioKCHHON Ha MPOJO0JKCHUN N
cTeHku Konoxana (puc. 78) — mox yrom [3. Haiigure
IyOuHy KoJlofia, eciu AB = a: Y

NN
JlanHo: \\\\\
+CAD=aq, « ABD=8, AB=a. R\

\

S 5 e AV

Haiitn: AC = ? TN

B nion yriiom P (puc. 79). Haiinute BbIcOTY MUHapeTa,

ecn AB=a. Puc. 78.
Jano: D

«CAD=a, « ABD =, AB=a.

Hawitu: CD =7?

3aoaua 'usc 50-/Juna an-Kawu

Jlokaxkute, 4To ISl JTFOOOTO yria o BEpHO a B
PaBEHCTBO C A B

sinla5° al) /1+sin0c Puc. 79.
2 2

3aoaua uzeecmunoco mamemamuxa Adyneaga an-byzoncanu (940-998)

Jlokaxkute, 4To sl TI0OBIX oL U 3 BEPHO PaBEHCTBO

sin(a.—B) = \/sinzoc —sin®asin®p — \/sinZB —sin®asin®B



Hcmopuueckue ceedenusn

Beimaromuecss cpeiHEBEKOBBIE YUYEHBIE
Myxamman an-Xopesmu, Axmaz an-depranu,
AGy Paiixan bepynu, Ynyroek, An-Kammu, Ann
Kyurun BHecnu Oonbliod BKiIaja B pa3BUTHE
MaTeMaTHKH ¥, B YaCTHOCTH, TPUTOHOMETPHH.
Omnpenenenne KOOpAMHAT CBETUJI HA HEOECHOM
cthepe, HabOMIONEHWE 3a IBMIKECHUEM TLIAHET,
IpeJCKa3aHue COJIHEYHBIX U JYHHBIX 3aTMEHUN
TpeGOBaIO COCTAaBICHUE ACTPOHOMUYECKHUX (B
YaCTHOCTH, TPUTOHOMETPUUYECKHUX) TaOIuIl,

Mnup3o Yayroek

KOTOphle Ha apabckoM BocToke Ha3bIBajIUCh (1394-1449)
IUIDKAMU .

CocraBieHHBIE MU PYKOBOJICTBA, MEPEBEJCHHBIC HA JIATBIHb U
ApyTHe eBporeiickue S3bIKH, OKa3ainu OONbIIOE BIUSIHUE HA Pa3BUTHE
MaTeMaTuKU U aCTPOHOMHH B CpeIHEBEKOBOM EBporie.

B ,,Kanone Macyna* A0y Paiixana bepyHu umerorcs cocrapieH-
HBIE C TOYHOCTBIO 10 10 TaGNHUIBI CHHYCOB C MHTEpBaIoOM B 1°.
Haubomnee TOYHBIM U1 CBOETO BPEMEHH CUUTAJICH ,,3uIK Mup3o
Vnyroeka — ,,I'yparanckuii 3uk". B HEM MMeTHCh COCTaBIECHHBIE C
TOYHOCTBIO 10 107" TaOMuUIBl CHHYCOB C MHTEPBAJIOM B | MUHYTY,
Ta6muub TaHrencoB ot 0° 10 45° ¢ uHTepBanoM B | MuHYTY M OT 46°

o
10 90" ¢ UHTEpBaJIOM B 5 MUHYT.
B tpakrare ,,Ipakrare o xopae u cuHyce an-Kamu Bbrauciauin
. o (V)
sinl ¢ 17 BepHbIMH 3HAKaMU MOCJIE 3ANATOM:

sinl® = 0,017452406437283512...

An-Kamu B cBoem ,Tpakrare 00 OKPYXHOCTH™ MONYUHJI
OpuOIMKEHHOE 3HAYCHUE sl 27, mojarasi, 4yTo JJMHA OKPYKHOCTHU
pamuyca 1 ecTb cpenHee apuPMeTHIECKOe MEPUMETPOB MPABMIBHBIX

BIIMUCAHHOTO M OMUCAHHOTO 3:2"-yrOJbHUKOB, Te 1 = 28:
21 =6,2831853071795865...
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ITnmaBalV. 4YHMCIOBBIE
MOCJEJIOBATEJIbHOCTM.
MPOI'PECCHUU

.

d

§28. YUCJIOBBIE NOCJTEJOBATEJIBHOCTHU

B HOBCCHHGBHOﬁ IMPAKTUKEC YaCTO HUCIOJB3YCTCA HyMCpalus pa3IndHbIX
npeamMeEToB, YTOOBI YKa3aThb MOpPAI0K HMX PACIIOJOKCHUSI. HaanMep, JoMa
Ha KaX(HOﬁ YIHULOEC HYMCPYIOTCA. B Ooubnmnorexe HYMCPYIOTCA YHUTATCIIbCKHUC
a00OHEMEHTHI U 3aTeM pacnojiaraloTcsa B MOPAJAKE NPUCBOCHHBIX HOMCPOB B
CIICHUAJIBHBIX KapTOTCKAX.

B C6epeFaTeJ'ILHOM OaHke 1o HOMCPY JIMOCBOTO CHCTA BKIAAYUKA MOXHO
JIETKO HAMTHU 3TOT CUET U IMOCMOTPCTD, KakoM BKJIaJl HA HCM JICKHT. HYCTB Ha
cuete Nel jmexxut BKJIa/g Cll CYyMOB, Ha CUYCTC Ne2 nmexwur BKJIaJ a, CYMOB H TakK
JaJice. HOquaeTCﬂ YUCI108a5 NOCTE008AMENbHOCTDb

a,d,d,..,d

19 2’ 3’ b N
N— 4ducino Bcex cYETOB. 3[€Ch KaXKIOMY HaTypajibHOMY uuciy n oT 1 1o N
MOCTaBJICHO B COOTBETCTBUE YUCIIO .

B maremaruke u3y4aroTcsi GeckoHeuHble YACIOBBIE TIOCIIEI0BATEIBHOCTH:

A, Ay Ay A
Huceno a, Ha3hIBAIOT MEPBBIM YIEHOM IOCIEIOBATENILHOCTH, YHCIO 4,
— BTOPHIM YJIECHOM MOCJIEN0BATEIBHOCTH, YHCIO @, — TPETHUM YICHOM

TOCIIE0BATENBHOCTH U TaK Aajee. Ynucno a HasbIBaloT 71-bIM (JHHBIM) YIEHOM
NIOCJIEI0BATENBHOCTH, @ HAaTypaJIbHOE YUCIO 7 ero HoMepoM. Hampumep, B
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MOCJIEIOBATEIbHOCTH KBAIPATOB HAaTypaibHbIX uncen 1, 4, 9, 16, 25, ..., n?,

(n+1)* ... a,=1 — nepBblii 4WieH NOCIEN0BATENLHOCTH; @ =n* — n-blii YIeH
TN0CJIeN0BaTeNbHOCTH; @ =(n + 1)* — (n+1)-blil uleH MocneN0BaTENLHOCTH.
Yacto mocneaoBaTebHOCTh MOKHO 3a/1aTh (hOPMYJIOi €ro »-To 4jieHa.

o 1
Hanpumep, dopmynoit a, = — (n=1, 2, 3, ...) 3a1aHa MOCJEI0BATEIbHOCTh

11 1
]-’ E’gl 1"15,-.. .

PN

3amava 1. YucnaoBas mocnenoBaTeIbHOCTh 3aaaHa (HOpPMYIOH
a =n(n—2). Bel4uCIUTE COTHIA YJIEH ITOH TMOCIIEN0BATEILHOCTH.

A a,,,=100-(100-2)=9800. A

3amaua 2. YucnoBas mocienoBaTelbHOCTh 3ajaHa (opmynoi
an=2n + 3. 1) Haiinute HOMEp wieHA MOCIEAOBATEIBLHOCTH, paBHOTO 43;
2) Breisicaute, MmoxeT i 9uciio 50 OBITH YWICHOM ATOM MOCIIEI0BATETHHOCTH.

Al) [To ycnosuto 2n + 3=43, otkyna n = 20.

2) Eciu yucno 50 sBiseTcs n-bIM YJIEHOM IOCIEI0BATEIBHOCTH, TO
2n + 3=50, orkyna n=23,5. Tak kaKx UCKOMBIA HOMEpP — HATypaJbHOE YHUCIIO,
TO B JJAHHOM MOCJIEIOBATEIBHOCTH HET WieHa, paBHOTO 50.

WHoraa nmocienoBaTenbHOCTh 33at0T (GOPMYIOH, MO3BOMSIONIECH BEIYACITUT
CIeYIOIMUH WieH yepe3 mpeaplayiiue. B aTom ciyyae 10MOTHUTENBHO 3a1at0T
OIMH WJIM HECKOIBKO MEPBBIX YJICHOB MOCIEN0BATEIBHOCTH. Takoil cmocod
3a7laHus MTOCIEeI0BAaTeAbHOCTH HA3bIBAIOT peKyppeHmHubimM (OT JTaTUHCKOTO re-
curro— BO3BPALIATHCS).

Jagaua 3. YucnoBas mocineaoBaTeNbHOCTh 3aJaHa PEKypPEHTHON
dopmynoi b . =b  + b nycnosusamu b, =1, b, =3. Beruucaure nareii 4ieH
ITOM MOCIET0BATEIBHOCTH.

Ab=b+b=3+1=4.
b,=b,+b,=4+3=7.
b=b,+ b =7+4=11. Ortser:b=11. A
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349.

350.

351.

352.

353.

354.

355.

356.
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Ynpaowcnenua

Jlana mocnenoBareabHOCTh KBAaJIpaToB HAaTypaibHbIX yucen 1, 4, 9, 16,
25, .., (nt1)?, ...

1) HazoBuTe TpeTuid, meCTOM, n-bIi YJIEH MOCIEI0BATEIbHOCTH.

2) VYkaxuTe HOMEp WieHa MOCIeI0BaTCILHOCTH, paBHOTO 4, 25, n?,
(nt1)>.

Briuucnure nepBble TpH WieHa MOCIEI0BATENbHOCTH, KOTOpas 3a7aHa

(bopmynoii n-To uieHa:

1)a =2n+3; 2)a =2+ 3n; 3)a, =100 — 10n%
n-2

1
4) a, = ; 5) a,=—; 6) a =-n’.
3 n "

(Yerno). Yucnoas mocnenoBarebHOCTh 3ajaHa GopMynol x = n’.

Kakoii HoMep uMeeT ujieH MocieaoBaTeIbHOCTH, paBHbIi 100; 144; 2257
SIBiIsieTCs JIM YIEHOM IOCJIEI0BaTeILHOCTH uncio: 48, 49, 169?

[locnenoparensHOCTS 3a1aHa GopMysnoit a = n* —2n — 6. SBnsercs nu
YJICHOM ITOCJIeI0BAaTEIbHOCTH YHCIIO:
1) -3; 2) 2; 3)3; 4) 9?7

Halinute mepBbie YeThlpe Yj€Ha MOCIEI0BATEIbHOCTH, 3aJaHHOM
pexyppenTHo# dpopmynoii: 1) a . =3a +1;2)a =5 —2a u yciosuem
a =2.
YucnoBas mocineqoBaTeIbHOCTh 3aaaHa (opmynodl n-To uieHa
a = (n—1) (n+4). Haiinure n, eciu: 1) a = 150; 2) a = 104.
BbruucnuTte mepBbie YeThIpE ujieHA TOCJIEI0BATEIbHOCTH, 3aJJlaHHOM
PEKYPPEHTHOM GopmyIoid: a . = \/a, W ycioBueM a,= 256.
3anuIInTe MEPBbIE MIECTh WICHOB MOCIEN0BATEIbHOCTH, 3aJaHHOU
YCTIOBHEM a, = | M peKyppeHTHOM GOpMYIION:

2

a’n
Da, =a; +3; 2a, = Vs



357. BbluncauTe MATHINA YIEH MOCIEN0BATENbHOCTH, 3aJaHHON PEKYPPEHTHOM

9] _ 2
dopmynoii a = a

. —a . WycioBueM a =2, a,= 3.

358. Uucnosas mocieaoBaTebHOCTD 3a7aHa GOpMYIIOH 7-T0 dieHa. 3anuIImnTe

(n+1)-, (n+2)-u (n+ 5)-p1it WIEHBI MOCICIOBATEILHOCTH:

n+2
1
) a=-5n+4; | 2)a=2(n-10); | 3)a=23"1| 4) an=7'[5] .

| §29. APUOMETHUYECKAS ITPOT'PECCHUA

Paccmotpum crenyronyto 3aiady.

3agava. [0TOBACH K DK3aMEHY, YUYCHUK 3aIlJIAHUPOBAJ KaKbIi JICHD
pemiath Mo 5 TecToBbIX 3a7a4. Kak u3MeHseTCst KaKIbli IeHb YUCIIO PEIIEHHBIX
UM 3aja4?

Yucno 3ariaHupOBAHHBIX 33]1a4 M3MEHSIETCS KaK/IbIH JICHD CIEIYIOIIUM
o0pazom:

1-# neHb 2-1 1€eHb 3-1i 1eHb 4-% neHb...
5 10 15 20

[Tony4aeM B pesynbrare CaeLyHOLIYIO IOCIEI0BATEIbHOCTD:
5, 10, 15, 20, 25, ...
O6o3Ha4MM Yepes3 @, 4uCiIo 3aj1a4, KOTOPBIE HA0 PEUINTh K 7-MY JIHIO.
Hanpuwmep,
a =5, a,=10, a,=15, ...
[Tonyuennsle uncna o0pas3yroT Yuc108y10 NOCIe008AMENbHOCHIb

a, a, A, ..d,...

1’ 22 3 n
B 5To#i mociieqoBaTeNbHOCTH KaXXblil 4JI€H, HAYMHAS CO BTOPOTO,
paBEH NPEIbIAYUIEMY, CI0KEHHOMY C OOHHUM U TEM K€ 4yuciioMm 5. Takyro

MOCJIE0BaTeIbHOCTh HAa3bIBAIOT apugmemuueckoli npozpeccuel.
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Onpenenenne. Yucrosas nocredosamenvnocms a, a,, ...
0 , 4, ... HA3bIGACMCA APUPMEMUUECKOTl npozpeccuell, eciu 014 6cex
HAMYPAbHBIX YUCET N BbINOTHACHCA PABEHCHEO
an+l - an + d
(30ecv d — nekomopoe uucno).

U3 sToit popmynsl cienyer, 4to a , — a, = d. Uncno d naspiBaroT

paznocmuio apugmemuyeckoti npozpeccuu. Hampumep,
1) Harypanbublii psin uucen 1, 2, 3, 4 ..., n, ... sBasercs apudpMeTH4eCcKon
nporpeccueid. PazHocTs 3T0M mporpeccun d = 1.

2) [MocnenoBaTenbHOCTH IENBIX OTPHUIATEIbHBIX yucen —1, -2, -3, ..., —n,
... — apudmMeTnyecKas mporpeccus ¢ pa3HocThio d = —1.
3) [MocnenoBarensHOCTS 3, 3, 3, ..., 3, ... — apudMeTHUECKAS] TPOTPECCHS

¢ pasHocThio d = 0.

3agauva 1. Jlokaxure, 4TO MOCIENOBATEIBHOCTD, 3a1aHHAsT POPMYIOH
a = 1,5+ 3n, aengercs apuMETUIECKON MPOTPECCHEN.

A TpeOyercs nokaszarh, 4TO PasHOCTb @ . —d OJHA M TA XK€ JUIS BCEX 7
(HE 3aBHUCHUT OT n).

3anumiem (n + 1)-# 4jgeH mocaea0BaTeIbHOCTH:
a.=15+3n+1).
[ToaTomy
a,—a=15+3mn+1)-(,5+3n)=3.
CrienoBarenbHo, pa3HOCTh d | — a HE 3aBUCUT OT 7.

[lo onpenenenunto apudmeTnieckor nporpeccun, a . =a +d, a_ =a —d,
OTKYyJa
a, 1+a,.1
an=—"2n+,l’l>1.
o Takum 00pa3oM, Ka:kablil YieH apugMeTHUYECKOIl MPOrpeccum,

Ha4YMHasi cO BTOPOro, paBeH cpeJiHeMy apu(pMeTHYeCKOMY
ABYX COCEJHUX C HUM YJEeHOB. JTHM O0bSICHAETCS Ha3BaHHUe
sapupmeTHyeckas‘ mporpeccus.

OTmeTHM, 4TO €CIM @, U d 3a/]aHbl, TO OCTaIbHBIE YWIEHBI apU(PMETHYECKOK
TNPOrPECCHHU MOKHO BBIYMCIUTE 110 PEKYPPEHTHOM opmyse a , = a +d. Takum
croco0OM HETPYIHO BBIYMCIUTH HECKOJBKO MEPBHIX YJICHOB MPOTPECCUH,
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OIHAKO, HAIPUMED, VIS d, YHKE MOTpeOyeTCss MHOTO BhIYMCIEHNH. OOBIYHO,
JJIS1 3TOTO UCTIOJb3YyeTcs (hopMyna n-ro 4ieHa.

[To onpenencHnto apuPpMeTHICCKOHN MPOrpeccun

a,=a, +d,

a,=a,+d=a +2d,

a,=a,+d=a, +3dwn Tak nanee.
Boob6e,

0 a =a +(n-1)d, (1)

TaK Kak n-blii 4jieH apu(METHUECKON MPOTPECCUU TOIYUaeTCsl U3 MEePBOTO
yneHa npubasienueM (n — 1) pa3 yncna d.

®opmyny (1) Ha3bIBAWOT opmynoll n-2o uiena apughmemuueckou
npozpeccuu.

3anaua 2. Haiinute coTblii wieH apudMeTHIeCcKOl MPOrpeccuu, eciu
a=-6ud=4.

A Tlo dopmyme (1) umeem: a,,=—6 + (100 — 1)-4 = 390. A

3agaua 3. Yucno 99 sBnsercs wieHoM apupMeTHIECKON MPOTPECCUn
3,5,7,9, ... Haiigute HOMEp 3TOTO 4JieHa.
[lycts n — nckombiii Homep. Tak kak a, =3 u d = 2, 10 mo popmyne
a =a + (n-1)dnmeem: 99 = 3 + (n — 1) 2. [lostomy 99= 3 + 2n - 2;
98 =2n,n=49.
OrBer:n=49. A

3anauya 4. B apupmerndeckoii nporpeccun a,= 130 u a,, = 166.
Haiimute Gpopmymy n-ro dneHa.
A Ucnons3ys popmyny (1), Haxomum:
a,=a +7d, a,=a +11d.
[loncTaBuB JaHHbIE 3HAYECHUS a U d
OTHOCHTEIILHO @, ¥ d.

|p» HOJNYYUM CHUCTEMY YPaBHEHHM

a, +7d =130,
a,+11d=166.

Berunras u3 BToporo ypaBHEHUs I€pBOE, MOIYUYaEM:
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4d =36,d=9.

Crenosarensno, a, = 130 —7d =130 - 63 = 67.
3anmumiem GopMyrry #-TO WiIeHa:

a=67+9n-1)=67+9n—-9=>58+9n.
OrBeT:a =9n+358. A

3amaua 5. Ha cTopoHe yriia OTKIaIbIBAIOTCS OT €r0 BEPUIMHBI PaBHbIC
oTpe3ku. Yepes UxX KOHIBI MPOBOJATCA MapaiieiabHbie npsameie (puc. 80).
JloKkaxuTe, YTO IIUHBI 4, d,, d,, ... OTPE3KOB ITUX MPAMBIX, 3aKIIOYEHHBIX
MEXJYy CTOpOHaMHu yria, o0pa3yoTr apud-
METHUYECKYIO TPOTPECCHIO.

A B Tparneuuu ¢ OCHOBaHUAMM d, | U d

1 n+l
CpeI[HHﬁ JINMHUA paBHa Cln. HOSTOMY

a +a
_ “n-1 n+1
ap = 25
Puc. 80. Orcrona 2a =a +a Wi a ,—a =a—da ..
n n—1 n—1 n—1 n n n—1

Tak kak pa3HOCTb MEXIY KaXKAbIM YJIECHOM
HIOCJIEI0BATEIbHOCTH U IPEIIIECTBYIOIUM €MY YJIEHOM OfIHAa M Ta K€, TO ITa

NoCaCa0BaTCIbHOCTD — apI/I(bMeTI/I‘—IeCKaSI nporpeccm[.A

Ynpanwcnenusn
359. (YcrHo.) Ha3oBuTe mepBbIii ulleH U pa3HOCTh apuPMeTHUYECKOU

POTrPECCUN:
)6, 8, 10, ... 2)7, 9, 11, ...
3)25, 21, 17, .. 4)-12,-9, -6, ....

360. 3amumuTe nepBble MATH YIEHOB apu(PMETHUECKONH MPOTPECCUH, €CIIH:
1)a=2nd=5; 2)a=-3wud=2;, 3)a=4nd=-1.

361. JlokaxwuTe, 4TO MOCIEA0BATENBLHOCTD, 3alaHHast (HOPMYIIOii 1-TO diIeHa,
ABJISETCS apuMeTHIecKoil mporpeccueit:
1)a =3—4n, 2)a, =-5+2n; 3)a, =3(n+1),
4)a =2(3-n), 5)a, =3-5n, 6) a =7+ 3n.

362. B apudmernueckoii mporpeccuu HauTu:

l)a,ecma =2, d=3;
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2)a ecm a, =3, d=4;

202

3)a,,ecmma =-3, d=-2;
4)a, ,ecma =-2, d=-4.
363. 3anumute GopMyiay 7-T0 YieHa apupMETHUIECKON MPOrpeccuu:
1, 6, 11, 16, ..; 2)25, 21, 17,13, ..;
3) -4, —6,-8, —10, ...; 4)1, -4, -9,-14, ....
364. Ywucno —22 sBnsercs wieHoM apupmeTndeckon nporpeccun 44, 38, 32,
... . Haiizure HOMEp 3TOTO UJIEHA.
365. SBnsiercs nm yucno 12 ynenom apupmernyeckoit nporpeccun —18, —15,
-12,...7
366. Ywucno —59 sBinsgercs wieHoM apudMeTHICCKOU porpeccuu 1, =5 ...,
Haiinure ero Homep. SIBnsiercst Jin unciao —46 4ieHoM TOH nporpeccun’?
367. HaiimuTe pa3HOCTh apUPMETUIECCKON TPOTPECCUH, ECITH:
a =7a,=67, 2)a =-4,a,=0; 3)a,=8, a, =64
368. Pasuoctb apudmeTnyeckoii nporpeccun pana 1,5. Halinure a, ecom:
1)a,=12; 2)a,=-4; 3)a,=32,5.
369. Haiinute nepBelii wieH apuMeTUIECKON MPOTPECCUH, ECITH:
1)d=-3, a,=20; 2)a, =-10, a,,=-5,5, 3)a,=-1, a,=17
370. Haiinute hopmyny n-ro uneHa apupmMeTH4eckor MPOrpeccrH, ecliu:
1)a, =13, a,=22; 2)a,=-1, a,=18;
3)a, =11, a,=29.
371. Ilpu xakux n» uneHsl apupmerndeckoil mporpeccuu 15, 13, 11, ...
OTpULATENbHBI?
372. B apudmertudeckoii nmporpeccun a, = —10, d = 0,5. [Ipu kakux n
BBIIOJIHSETCS HEPABEHCTBO @ < 27
373. Haiinute neBsTHINA 4WieH U Pa3HOCTh apu(hMETUICCKON MPOTPECCUH:

1) a, =126, a,, = 146; 2)a,=—64, a,,=-50;
3)a,=-7, a,=3; 4)a,=0,5, a,=-2,5.
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§30. CYMMA rn IIEPBBIX YJIEHOB
APUOMETUYECKOM MPOTPECUH

3apgaua 1. Haligure cymmy Beex HatypasbHbIX yncen oT 1 go 100.

/\ Banumem 3Ty CyMMY JIBYMsl CIOCOOaMHU:
S=1+2+3+..+99+100,
S=100+99+98+ ... +2+ 1.

CI10UM ITOYJICHHO 9TH PaBCHCTBA:

2S=101+101+101+...+101+101
100 caaraeMbIx

[Toatomy 285 = 101100, orkyma S =101 - 50 = 5050. A
PaccMoTpuM Tenepb Mpou3BONIbHYI0 apu(METUIECKYIO TIPOTPECCHIO

2 K S

HyCTB Sn— CyMMa 7 TICPBLIX YJICHOB 5TOU IIPOTPCCCUN!

S=a +a +..ta  +a.
n 1 2 n—1 n
0 Teopema. Cymma n nepBbIX 4JeHOB apudMeTHYeCKOI
NMporpeccuy paBHa:
_ a,1+a
S, = nn. (1)

2
O 3anuuiem S 1Byms criocodamu:
S =ata*t..ta +a,
S =ata +t. tata,.
[To onpenencauio apuhMETHICCKOW MPOTPECCHUH ITH PABEHCTBA MOYKHO
3aMucaTh Tak:
S =a +(a+d)+(a +2d)+..+(a +(n-1)d), (2)
S =a +(a—-d+(a —-2d)+..+(a ~(n-1)d). 3)
Crnoxum nmowsieHHO paBeHcTBa (2) u (3):
2S,=(a;+a,)+(a;+a,)+..+(ag+a,)

n cjlaracMbixX
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a+a,
CnenosarensHo, 2§ = (a, + a )n, oTkyna S, = 12 n, @

3agaua 2. Haligure cyMMy NEpBBIX 7 HAaTypaJbHBIX YUCEIL.

/\ HocnenoBarenbHOCTD
1, 2, 3,4,5,6, .., n, ..
ABJIAETCS apu(PMETHIECKON MPOrpeccueii ¢ pasHocThio d = 1. Tak kak a, =1 n
a = n, 10 110 Gopmyne (1) Haxomum:
S, =1+2+3+...+n=1+7”-n,
Hraxk,

1+2+3+...+n=@. A
3agaua 3. Haiigute cymmy 38 + 35 + 32 + ... + (—7), eciau U3BECTHO,
4TO €€ claraeMble BISIOTCS MOCIEI0BATEIbHBIMU YWICHAMH apu()MeTHIeCKOM
HPOTPECCHH.
A To ycnosuto a, =38, d=-3, a =-7. llpumensas dpopmyny
a =a,+(n-1)d, nonysaem —7=38+(n—1)(-3), orkyna n=16.

a, +a,
ITo popmyne S, = —5"-n HaxOTUM:

Se=2,T7.16=248. A

3amaua 4. CKOJIBKO HYXHO B35Th ITOCJIEN0BATEIBHBIX HATYyPAJIbHBIX

qrces, HaunHas ¢ 1, 9710061 MX cymma Obuia paBHa 1537

A Harypanbublii psijg grcen — apudmMeTnueckas mporpeccust ¢ pa3HOCThIO
d=1.Ilo ycnosuro a, = 1, § = 153. ®opmyity CyMMBI /7 IEPBBIX 4JIEHOB
npeoOpasyem Tak:

n.

_a,ta, a;+a;+(n-1)d o 2a,+(n-1)d .
Sp=—g—n= 2 n=—

Hcnone3ys naHHBIE, I0JIy4aeM YPaBHEHUE C HEU3BECTHBIM 1:
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153 =

9

2-1+(n-1)-1
—2 n

OTKyZa

306=2n+(n—1)n, n*+n-306=0.

Pemas 310 ypaBHEeHue, HauAEM:

_ —1+=4J1+1224 _ -1+35

n1,2 - 2 - 2 ,
n=-18n,=17.
Yucio cnaraeMblX HE MOXET ObITh OTPUIATEIbHBIM, MOITOMY
n=17.A
Ynpanwcnenusn

374. Haiigute cymMMy # IEPBBIX YJICHOB apU(PMETHICCKON MPOTPECCHH, €CIIH:

1)a =1, a =20, n=50, 3)a,=-1, a =-40, n=20;

2)a,=1, a =200, n=100; 4)a =2, a =100, n=50.
375. Haiinute cymmy Bcex HaTypaJbHBIX YUCEIN OT 2 10 98 BKIIIOUUTENBHO.
376. Haiigute cymmy BceX HEUETHBIX uncen oT 1 10 133 BKIIOYUTENBHO.
377. Haiipgute cymMmy ABEHaJLaTH MEPBBIX YJICHOB apuPMETHUECKOU

POTPECCHHU, ECITH:

— -0 5- _1 g 1. _ _

1)a,=-5, d=0,5; 2) ay=5, d=-3; 3)a,=36, d=-2,5.
378. Haiigure cymMmy 7 IEpBBIX WIEHOB apu(PMETUIECKON TMPOTPECCHN:

1)9; 13; 17;...,eciun=11;

2) —16; —10; —4; ... ,ecimun=12.
379. Haiiaute cymMy, €cii €€ cllaraeMble — MOCIEA0BATEIbHbBIE YJICHBI
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380.

381.

382.

383.

384.

38s.

386.

387.

388.

Hannure cymmy Bcex By3HauHBIX YHCEIN; CYMMY BCEX TPEX3HAUHbBIX
YHCel.

Apudmernueckas mporpeccus 3aiana Gopmyion n-ro uiena. Haiinure
Sy, ecin:

1)a =3n+5, 2)a =7+2n.

CKOJIBKO HYXKHO B3STh TIOCJIEIOBATEIbHBIX HATYPAIBHBIX YUCEN, HAUMHAS
¢ 3, 9ToObI MX cymMa Oblia paBHa 757

Haiinure a n d apudmeTnaeckoi porpeccuu, y KoTopoi:

a,=10,n=14, §,=1050; 2)q :2%, n=10, Sy :90%
Haiinure a, u d apupmMeTHueCKON NPOrpeCCry, y KOTOPOK:
1)a,=21, §,=205;|2) a,=92, S, =22;]3) a,, =65, S,,=350.

[Ipu xpaHeHun OpeBeH CTPOEBOTO Jieca UX YKIAIBIBAIOT TaK, KaK
noka3aHo Ha pucyHke §1. Ckoiabko OpeBeH HAXOIUTCS B OJHOM KJIaJKe,
€CJIM B €€ OCHOBAaHMH TOJIOKEeHO 12 OpeBeH?

Puc. 81.

B apudmernueckoii mporpeccun a, + a, = 8. Haligure § .

HazoBute nepBblii 4WieH U pa3HOCTh aprUPMETHIECKON TIPOTPECCUH, ECITH
S§;=65u§,=230.

Jlokaxxute, 4TO s apuPMETHUYCCKON MPOTPECCUU BBITIOJTHACTCS
paBeHcTBO S|, = 3(S, - S).

11 — Anre6pa, 9 kiace 161



§31. I'EOMETPUYECKAS IPOI'PECCUSA

PaccMoTpuM paBHOCTOPOHHHMH TPEYTOJBHUK CO CTOPOHOHU 4 CM.
[TocTpouM TpeyroabHUK, BEPUIMHAMU KOTOPOTO SIBJISIOTCS CEPEAUHBI
CTOPOH AaHHOro TpeyronbHuka (puc. 82). Ilo cBOWCTBY cpeaHell NTUHUU
TPEyrojJbHUKAa CTOPOHA BTOPOIO TPEYrolibHUKA paBHa 2 cM. [Ipomoixkas

aQHAJIOTUYHBIE TOCTPOECHUS, MOJIYUYUM TPEYTOJIbHUKU CO CTOPOHAMH 1, %,

i CM U TakK JalJicc. 3anumeM MMOCJIEA0OBATCIBHOCTD

HJIAH CTOPOH 3TUX TPCYTOJIbHUKOB!

& 4,2, 1, 3, 1 FN
B »To#t mocienoBaTeAbHOCTH KaXIbIM €€ YJIeH,
HadYuHas CO BTOPOTO, PaBEH MPEIbIIYIIEMY,
YMHOKEHHOMY Ha OJIHO M TO K€ YHCIIO0 % . Takue
Puc. 82. MOCTIeIOBATEIbHOCTH HA3bIBAIOT 2e0MempUYeCKUMU
npoepeccuamu.
0 Onpenenenue. UnejoBas nocjienoBareJbHOCTD

bab, b, ..., b, ..
Hazvleaemcsa 2eoMempuuecKkoil npozpeccueil, eciu 011 6cex
HAMypPaaIbHbIX N 6LINOTHACMCA PAGEHCHIBO
bn+1 - bnq’
20e b_# 0, q — nexomopoe uucno, ne pasnoe nymio.

» b
N3 sToit popMynbl cieayer, 4TO Z—”:q. Yucno g Ha3bpIBaeTcs
n

SHameHnamenem F€OMCTpI/I‘ICCKOI71 IMpOrpecCcuu.

IIpumepsl.
1) 2,8, 32, 128, ... — reomeTpuvecKas Mporpeccus co 3HaMeHareseM g = 4;
2 4 8
2) 1, 5> 9> g7 - — TCOMETpHYECKAs MPOrPECCHs CO 3HAMCHATEICM
q=2;
3 b



3) —%, 1, —12, 144, ... — reoMeTpuvecKasi MPOrpeccHsi CO 3HaMEHATEIEM
q=-12;

47, 7, 7, 7, ...— reoMeTpuueckas nporpeccusi co 3HameHarenem g = 1.

3amgaua 1. JlokaxuTe, 4TO MOCIEI0BATENLHOCTD, 3aaHHas (HOPMYIOH
b, = 7%, sBNAETCSI FeOMETPUUECKOI Mporpeccueil.

/\ Ormernm, uTo n b = 7 # 0 npu Bcex n. TpeOyercs 1oKa3aTs,

YTO YaCTHOE bZ_ﬂ OJTHO M TO K€ YUCIO IJIS BCeX 7 (HE 3aBUCHT OT 7).
n

JIeCTBUTENBHO,
anr1 _ 72(n+1) _ 72n+2 _ 49
b, 72n 72n ’
bn+1 A
TO €CThb YaCTHOE b HE 3aBUCHUT OT 7.
n
[To onpeneneHno reoMeTPUIECKON MPOTrPECCUH
b+l=bgq b , ="
n nqa n-1 — 7 ’
OTKyZJa
2 .
b ntl bnfl bn+1, n= 1
0 Eciau Bce YiAeHBl reoMeTpHYeCKON Nporpeccum

MOJIOKUTENbHBbI, TO b, =./b, {b,.1 , TO €CTh KAXKABIH 4YJIEH
reoMeTpHYeCKOM MPOrpeccHd, HAYUHASA €O BTOPOro, paBeH
CpeaHeMy reoMeTPHYECKOMY [BYX COCEIHUX ¢ HUM YJIEHOB. DTHM
o0bsiCHSIeTCSl HAa3BaHMeE ,,TeOMeTPUYeKasa* mporpeccusi.

OTmeTuMm, 4TO €U b, U ¢ 3a/1aHbl, TO OCTAJILHBIE YWIEHBI TEOMETPUIECKON
IPOrPECCUM MOXKHO BBIYUCIUTD 110 PeKyppeHTHOH dopmyne b, = b,q. OnHako
a5t OOIBIINX 72 9TO TPyHoeMKo. OOBIYHO TONB3YIOTCS GOPMYIOH 7-TO YJieHa.

[To onpenenenuto reoMeTpHUYECKON POrPECCUH

b,=bg,
b,=b,q= b.q’,
b,= b,q = b,q’ u Tak nanee.
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BooOme,

0 b,=bgq"", (1)

TaK KaK #n-bIi YJeH TeOMETPUUYECKOW MPOTPECCUU TIOTYUAETCs U3 MEPBOTO
4jieHa yMHOKeHueM (n—1) pa3 Ha q.

®opmyny (1) Ha3bIBAOT opmynoll n-2o ujieHa 2eoMempuyeckou
npozpeccuu.

3agaua 2. Halinure cenbMoOi 4eH reOMETPpUYECKON MPOTPECCHH, €CITH
= _1
b,=81mngq =3
A Tlo dopmyne (1) umeem:

b7=81-(%)7‘1=%=%.A

3agaua 3. Yucno 486 sBisieTcs WIEHOM re€OMETPHUYECKON MTPOrPECCUH
2,6, 18, ... . Haiinute HOMEp ATOTO YiEHA.

A Tlycts n — uckombiit Homep. Tak kak b, = 2, g = 3, To 110 popMmyie
y Y | q pMmy.
b =bq"" nmeem:
486 =2 - 371 243 =371 35 =31

otkyna n—1=5, n=6. A

3anpava 4. B reomerpuyeckoit nporpeccun b =96 u b, =384. Haiimure
bopmyny n-ro dsieHa.

A Tlo bopmyne b = b g™ umeem: b, =b g°, b,=b q’.TloncTaBuB 1aHHbBIE
b, wu by, momyunm: 96=5b q°, 384=0 q’. Pa3nenus BTOpOE U3 3TUX PABEHCTB Ha
HIepPBOE, MOTYUHM:

384 _biq’
96 b1q5 >

oTkyna 4=¢* wim g*=4. V3 nmocieaHero paBeHCTBa HAXOAUM ¢ =2 WK ¢ = —2.
YtoObl HATH MEPBBIM YJIeH MPOTPECCUHU, BOCMOIB3YEMCSI PaBEHCTBOM
96 = b q°.

1) Ilycts g = 2. Torna 96 = b - 2°, 96=b - 32, b = 3.
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CrenoarenbHo, eciv, b, = 3 u g = 2 popmyia n-ro 4jieHa HUMEET BUJL
b =3-2""
2) Ilycts g=-2. Torna 96=> (-2)°, 96 = b (-32), b=-3.
CnenoBarensno, ecnmu b, =-3 u g = -2, T0 GopMyna n-ro 4IeHa UMEET
BUJI

b =-3-(=2)".
Orser:bh =3-2""mm b =-3-(-2)". A

3agava 5. B OKpyXHOCTh BIHUCAH
KBa/IpaT, a B HETO BIMCaHa BTOPask OKPYKHOCTb.
Bo BTOpYy10 OKpPYXHOCTH BIMCAaH BTOPOW
KBaJpar, a B HEro — TPeThbs OKPYXKHOCTb U
tak gainee (puc. 83). Jlokaxure, 4To paguychl
OKpYXHOCTEH 00pa3yloT reoMeTPUUYECKYIO
POTPECCHIO.

A Ilycts r — paamyc n-on OKpYKHOCTH.
Torma mo Teopeme Iucdaropa

2 2 2
T+ =T
OTKyZa Puc. §3.

2 _ 1.2 -1
Tniln =51y, WA Iy =—=1

2 J2

3Ha4YuT, MOCIEA0BATEIbHOCTE PAaJUYCOB OKpPYXHOCTEH oOpasyer

1
TFCOMCTPUYCCKYTO IMPOIrPECCUI0 CO 3HAMCHATCIICM E . A

Ynpauwcnenuasa

389. (YcrtHo.) Ha3oBuTe mepBbIil 4jieH UM 3HAMEHATENb F€OMETPHYECKON

IPOTPECCHU:
1)8, 16, 32, ...; 2) -10, 20, 40, ... ;
34,2, 1,...; 4)-50, 10, -2, ..

390. 3anumuTe NEpBbIC MATH WIEHOB TEOMETPUUECKOM MPOrpeccuu:
)b =12, q=2; 2)b =-3, gq=-4;, 3)b =16, g=-2.

391. JloxaxxuTe, 4YTO MOCIEIOBATEIbHOCTD, 3aJaHHasT (HOPMYION 1-TO UIIeHA,
ABJISIETCSA TEOMETPUUYECKON TIPOTPECCUent:
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392.

393.

394.

39s.

Db,=3-2%  2)b =57 3)b=()"7; 4) b=
JUt reOMETPUYECKON IIPOrPECCUU BBIYUCIIUTE:

1
517,—1 ‘
1)b,,ecniu b, =3 nq=10; 2)b,ecmab =4mn q:%;
3) b, ecmu b =1uq=-2; 4)b6,ecnnbl=—3ﬂq:—%.
3anummure GOpMyIy #-TO YiieHa TeOMETPUUYECKON MPOTPECCHH:

1) 4, 12, 36, ..; 2)3, 1, 1 3)4,-1, L .

§7 a s Za
4)3, 4,16, ., 5)16,8,4,2, ...; 6)-9,3,-1, 1....

Haiigure HOMep NOAYEPKHYTOIO YJI€Ha FeOMETPUIECKON NPOrpeCCUu:
1)6,12,24,...,192, ...; 2)4,12,36,...,324, ...;

3) 625, 125, 25, ..., 21—5; 4)-1,2,-4,..,128, ...
Halinute 3HamMeHaTENb T€OMETPUUECKOM TIPOTPECCUU, ECITU:
1) b] =2, b5 =162; 3) b1 = —128, b7 =-2;

2) b]=3, b4=81; 4) b]=250, b4=—2.

396.

397.

398.

399.
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Jlana reomeTpuueckas nporpeccus 2, 6, 18, ... .
1) Beraucnute BOCKMOM YJIE€H 3TOM MPOTpeccui;
2) HaliiuTe HOMEpP WieHa MOCIe0BaTeIbHOCTH, pPaBHOTO 162.

Haligure cenqpMoM WieH U 3HAMEHATENb T€OMETPUUECKON MPOTPECCHUH C
MTOJIOKUTEIBHBIMA WICHAMH, €CIIH:

1) bg=g, b=81: 2)b=9, b =3: 3)b=3, by=1.
Halgure naTelii ¥ mepBbIN YJIEHBI TEOMETPUYECKOU MPOTPECCUH, ECIIU:
1)b,=9, b,=20;]2) b,=9, b,=4;|3)b, =320, b, =2048.

Bxnaguuk 4 saBaps 2009 roga BHec B cOeperarenbbiit 6ank 300000
cymoB. Kakoii ctaner cymma ero Bkiajga Ha 4 suBaps 2012 roga, eciu
cOeperatenbHbIN OaHK HauucnseT exeronno 30% oT cymmbl Bkiaaa?



400. Jlan xBagpaT co ctopoHoi 4 cMm. CepeluHBl €ro CTOPOH ABISIOTCS
BEepIIMHAMHU BTOpOro KBajapara. CeperHbl CTOPOH BTOPOTO KBajapara
SBIISIOTCS BEPIIMHAMHU TPETHhEro KBajpaTa W Tak jganee. Jlokaxkure,
YTO TOCJEA0BATEIBHOCTh TJIOIANEH ATHUX KBaJpPaToB SBISETCS
reoMeTpudeckoil mporpeccueid. Haiinure miomanb cebMOro Kajapara.

§32. CYMMA n IIEPBBIX YJEHOB
I'EOMETPUYECKOHU ITPOTPECCUU

3anpaua 1. Haiigure cymmy:

S=1+3+32+33+34+35, (1)
/\ YmHO)HM 06€ qacTH paBeHCTBa Ha 3:
3§=3+32+3%+ 3%+ 3%+ 36, (2)

[Tepenumem paBenctsa (1) u (2) Tak:

S=1+@3+3*+3+3"+3%;

38§ =(3+32+ 3+ 3"+ 3% + 35
Bripaxkenus, crosiuie B ckoOkax, ofuHakoBbl. [103TOMY, BEIUMTas 3 HUKHETO
pPaBEHCTBA BEpXHEE, MOTyYaeM:

3§-8§=3°-1, 2§=3°-1,

S=%=%:364.A

PaccMoTpuM Temepb MPOHU3BOIBHYIO FEOMETPHUECKYIO TMPOTPECCHUI0
b, bg, .., bgq" .., 3HameHarenb Kotopoi g #1. Ilycts § — cymma n mepBbIX

YJIEHOB 3TOU MPOTPECCHH:
S=b+bgtbg+..+bg" 3)

0 Teopema. Cyumma n nepevix uienHo6 2eomempuyecKoi
npoepeccuu co 3Hamenamenem q # 1 papna:

_ bd-g")

S, T

(4)

O YmuOx%HM 06e yactn paBeHcTBa (3) Ha g:
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qS =bq+tbqg+bg+..+bgq" (5)
[Tepenumem paBeHncTBa (3) u (5), BbIIENNUB B HUX OAMHAKOBBIE ClIaraeMble:
S =b+(bgt+tbg+..+bqg"),
qgS =(bg+tbg+bg+ .. +bqg")+bg"

Bripaxkenus, ctosmue B ckoOkax, paBHbl. [Io3TOMY, BEIUNTAst U3 BEPXHETO
paBEHCTBA HUKHEE, MTOJIyYaeM:

Sn - an= b1 - blq”.
OTcrona

_ n b (1-gn
S(1-q)=b(1-¢), s,=201). @
3aMeTuM, 4To eciu ¢ = 1, To
SI’L :bl +b1 +...+b1 :b]_n, TO CCTBS — bln.
n cj1aracMbix

3agaua 2. Haiigute cymMMy mepBEIX NMATH 4JIE€HOB FeOMETPHUECKOi
nporpeccun 6, 2, %,

/\ B roit nporpeccun b, = 6, q =% . Ilo dhopmyne (4) Haxomum:

1 5
S = 8 )_ 243) _ 6:242.3 _ 242
L= = =

2.243 = 27

2

3 3
o 1

3agauva 3.Breomerpryeckoi Mporpeccun co 3HaMEHaTeNeM q = o Cymma

NEPBBIX MIECTH YJIEHOB paBHA 252. HaliiuTe nepBbIi WIEH 3TOM MPOrpecCum.

A Bocnons3yemcs popmynoii (4):

e
959 2°)

1
1-L
2
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63
Otciona 252 = 2b1(1—J 252="10% b =128 A

3agauva 4. CymMma n nepBbIX Y4JIEHOB F€OMETPUUYECKON MPOTPECCUU
paBHa —93. [lepBbIil wieH 3TOW MPOrPECCUU paBEeH —3, a 3HAMEHATEb PaBeH
2. Haiioure n.

A Hcnons3ys popmyiny (4), nonydaem:

-3(1-2")
93 =—"—5—-
Orcioma —31=1-27, 27=32,25=2"n=5. A
3angaua 5. IlocnenoBarenbHocTh 5, 15,45, ..., 1215, ... —reomeTpuueckas

nporpeccus. Haiiaure cymmy 5 + 15 +45 + ... + 1215.
B sroii mporpecenn b, =5, g=3, b =1215. ®opmyiy CyMMbI /2 IEPBBIX
YJICHOB MPeodpasyeM Tak:
S = _ba-q") _ bl—blq”—lq _ bi-bpg _ bpg-b, )
n 1-q 1-q 1-q q-1
Hcnonb3ys ycnoBue 3aa4u, HAXOIUM:

1215 -3-5 _ 36455 _
S, = =022 -1820 A

Ynpancuenun
401. Haiigute cymMMy 7 MEPBBIX WICHOB F€OMETPUUYECKOM MPOTPECCUU, ECITH:
1)b1=%,q=2,n=6; 2)b,=-2, q=%,n=5;
b =1,a==%, n=4 4)b,=-5 ¢g=-2,n=5s.
402. Haiigute cyMMy CEMU NEPBBIX YJIEHOB T'€OMETPUYECKON MTPOTPECCHUH:
1)5,10,20,..; 2)2,6,18,...; 3) i, %,1,2,

403. B reomerpuyeckoil Mporpeccuu HaanTe:
1)bnb,ecnng=2,8 =635;
2)bwubg,ecnng=-2, S =85.
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404.

40s.

406.

B reomerpuueckoil mporpeccuu HalaUuTe YUCIIO 1 YIEHOB, €CIIH:
1)§ =189,b,=3,q9=2;
2)§ =635,b,=5,q=2;

3)8,=170,b, =256, ¢=-3;

4)S =-99,b =-9, g =-2.

B reomerpuueckon nporpeccuy HauuTe:
)nub ,ecimb =7, q=3, S =847,
2ynub,ecmub =8, g=2, § =4088;
3)ynug,ecom b =2, b =1458, S =2186;
Hhnug,ecmub =1, b =2401, § =2801.

Haiigute cymMMy 4mcel, €ClIU €€ ClaraeMble SBISIOTCS IOCIEL0-
BaTEIbHBIMY YJICHAMU T'€OMETPUUYECKON TPOTPECCUH:

D1+2+4+ ... +128; 2) 1 +3+9+ ... +243;
3)-1+2-4+...+128; 4)5-15+45— ... +405.

407.

408.

409.

410.

170

B reomeTpuyeckoi mporpeccun HauauTe b u S,, ecnu:
1) b,=15, b,=25; | 2)b,=14, b,=686, | 3)b,=15, b,=375,4>0.
['eomeTpuueckas mporpeccus 3agana GopMysIoi #-ro dieHa:

1) naiigure S,, ecnn b = 3-2"";

n
2) naiimure S, €CH b, = _2.(5) .
2
JloKaXuTe TOXKIECTBO:

(x—Dx T +x?r+ .+ 1) =x"—1,
TJIe 77 — HATYpaJbHOE YHCII0, Oobiee 1.

B reomerpuueckoi nporpeccuy HauuTe:
1)b uq,ecomb, =135, 5, = 195;
2)gub,ecub =12, 8, =372.



411. B reomerpuueckoil Iporpeccun HauauTe:

1)g,ecnmu b, =1u b, + b, =90;
2)q,ecmu b,=3ub,+ b, = 60;
3)S,,ecmb —b,=15ub,—b, =30
4)S,ecma b, —b =24wub,—b =624
l
§33. BECKOHEYHO YBbIBAIOLIAS
I'EOMETPHUYECKAS ITPOI'PECCUSI

PaccmoTpum kBajpatsl, n300pakeHHbIe Ha pucyHke 84. CTOpoHa MepBOro
1 1

KBa/[pata paBHa |, CTOPOH BTOPOTO KBAJPaTa PaBHa 5 , CTOPOHA TPETHETO — 2
¥ Tak nanee. TakuM 06pa3oM, CTOPOHBI KBAPaToB 00pa3yloT reOMETPUUECKYO
IPOrPECCHIO CO 3HAMEHATeIeM % :
1 1 1 1
1’ §’ 2_21 2_3’ soey 2’1_—1’ eee (1)
[Tnomtaay 9TUX KBaApaToB 00pa3yrOT FEOMETPHUUYECKYIO TIPOrPECCHIO CO
3HAMEHAaTeIeM %:
11 1 1
1, 7Sl R M= (2)

W3 pucynka 84 BUIHO, 4YTO CTOPOHBI KBAAPaTOB M UX IJIOMIAIH C
BO3pacTaHMEM HOMeEpa / CTAHOBATCA BCe MEHbIE, MPUOIMKAACH K HYIIO.
[ToaTomy mporpeccun (1) u (2) Ha3pIBatOTCS
OeckoHeuHo yObiBatomumu. OtMeTum, 4to y 1
paccMaTpUBaeMbIX MPOTrpeccHil 3HaMeHaTeNnu
MEHBILIE €TUHUIIBI.

PaccmoTpuM Tenmepb reoMeTpUUYECKYIO

IPOrPECCHUIO: 1
1 01 1 vt 2
]_, _g, 3_2, _3—3, ey 3n—_1, s o (3)
1
3HaMeHaTeNb 3TOH MPOrPECCUn ¢ = —% , i
8
b=1,by=-1 by=1 p=-1 =1
accHleHbl b, =1, by=—5, 03=9, 4=—35- (0 1 1 1 1
8 4 2
U Tak jaajiee. Puc. 84.
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C Bo3pacTaHueM HOMEpa 7 WICHBI ITOW MPOTPECCUU TPUOTUKAIOTCS K
Hymo. [Iporpeccuro (3) Taxxe Ha3bIBAIOT OeckoHeuHo yovisaioujeli. OTMETUM,
YTO MOAYJb €€ 3HAMEHATEIsl MEHbINE eAUHUIIBL: |g| < 1.

0 [eomeTpuyeckasi mporpeccusi Ha3bIBaeTcsl OeCKOHEUHO
Yyoviearoueil, eciu MOyJIb ee 3HAMEHATeJIsl MeHbIle eANHULbIL.

3 agavda 1. I[OKa)KI/ITe, 4YTO IreoOMETpHUYCCKas MporpeCCusd, 3afaHHasd

hopmymoii n-ro wieHa b, = 5%, ABNISETCA GECKOHEYHO YOBIBAKOMIEH.

-3 _3
5 25°

TO JaHHAs TeOMEeTpHYECKas NPOrpeccHs ABJIAeTCS OeCKOHEUHO yObIBal0-

HIEN. A

Ha pucynke 85 nzo0paxen kBajapar co cTopoHOH 1. OTMETHM MTPUXOBKOH

b.
ATlo ycloBuo by = % , by OTKyJa ¢ = Ez = % Tak xax |g| <1,

€ro MOJIOBHMHY, 3aT€M IMOJIOBUHY OCTaBILIEHCS 4acTH U Tak fanee. [lmomaau
3aIITPUXOBAHHBIX MPSAMOYTOJBHUKOB 00pa3yl0T 0€CKOHEUHO yOBIBAIOIIYIO
r€OMETPUYECKYIO TIPOrPECCHIO:

111 1 1
2’ 4’8’16’ 32" "'
Ecnu 3amrpuxoBarh Bee Moaydaromecs TakuM 00pa3oM IpsiMOYTOJIbHUKH,
TO IITPUXOBKOU IMOKPOETCS BECh KBaJapar. ECTECTBEHHO CUMTATh, YTO CyMMa
IUIOINAJIEH BCEX 3aIUTPUXOBAHHBIX NPSIMOYTOJIEHUKOB paBHa 1, TO €CTh:

1,1,1,1_,1 =
2+4+8+16+32+"' 1.

B neBoi 4acTu 3TOr0 paBeHCTBA CTOUT
cyMMa O€CKOHEUHOTO YHCIa CIaraeMbIX.
PaccMoTpuMm cyMMy NEpBBIX 7 CllaraeMblX:

1,11 1
e T e
Sn 2 4 8 2n

[To ¢popmyne cyMMbl 7 4IEHOB T€OMETPH-
YECKOM MPOTPECCUU UMEEM:

S l.ﬂzl_L

Puc. 85. 2

172



Ecnu n HEOTpaHWYEHHO BO3PACTAET, TO 2Ln KaK YTOJZHO OIH3KO

.1
NpHOIMKAETCS K HYIIO (CTpEMHTCS K Hy0). B aToM ciydae mumyT: 2= — 0

2
Ipu n - ('-II/ITaeTCSII 2% CTPCMUTCA K HYJIIO IIpU n, CTPCMAMHUMCS K
1

0eCKOHEYHOCTH) MM lim zln = 0 (1MTaeTCA: MPEieN MOCIEIOBATENBHOCTH 5y
n—o0o

pH 71, CTPEMSIIIAMCS K OECKOHEUHOCTH PaBEH HYIIIO).

BOO6IHC, €CJIN IJId TOCJIE€A0BATCIbHOCTHU a, CymeCTBYCT YHCJIIO a TAaKOC,

4dTO IIpHU 71n—00 Pa3HOCTHb a—a— O, TO TOBOPAT, YTO YHUCIIO a ABIACTCA
IpeaCIOM MOCICAOBATCILHOCTH a, (Hpe;[en MMOoCJICA0BATCIbHOCTH a, Ipu 11—00

B€H ¢) ¥ MUIIYT lim =a.
paBeH a) yr lim a, = a

1

1
Tak xak = — 0 mpu n—o0, TO (1 - —) — 1 npu n—o, 10 ecTh § —1
2 211 n

1,1,1 .1,

npu n—o. [loaToMy OECKOHEUHYIO CyMMY %Jrz gtig T3t - cumraror

paBHO# 1.
PaccmoTpum Temephb 00y0 66CKOHEYHO YOBIBAIONIYIO TEOMETPHIECKYIO
nporpeccuto: b, b.q, b q*, ..., b.g"", ..., tme |g| < 1.

Cymmout 6eckoneuno yoviearuieil 2eomempuueckoil npozpeccuu
HAa3b16a10M YUCN0, K KOMOPOMY CHIPEMUMCA CYMMA ee nepevlix UNeHO6
npu n — o,

o b, (1—qgn
Bocnosnb3yemes popmyinoi § = I(T;I) . [lepenuimeM ee Tax:

_ b b g
_ﬁ_ﬁq . 4)

n

Tak xax |g| <1, To ¢"—0, ecniu n Bo3pacraet. [loaTomy T

K Hyno npu n—o. B dopmyrne (4) nepBoe ciaraemoe He 3aBHCHT OT .

b
1-q

blq @™ CTpEMHTCS

CrnenoBarenbHo, S| CTPEMUTCS K YHCITY pu n— 0.
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Takum oOpa3zom, cymma S 0eCKOHe4YHO yObIBawIei
reoMeTpHYeCKOil Mporpeccuu paBHa:

— bl
S=1.- 3)
B wactnocTH, npu b, = 1 nonyqaem S = L 910 PaBEeHCTBO

—-q
00BIYHO 3aNMUCHLIBAIOT TAK:

1+qg+¢*+...+¢" +...=ﬁ
[TomuepkHeM, 4TO 3TO PaBEHCTBO W PaBEHCTBO (5) CIpaBeMJIUBBI TOJIBKO
mpu |q| < 1,

3anaua 2. Haiiqure cymmy GeckoHEUHO yOBIBaIOIIEH reoMeTpryueCKOn

1 1 1 _ 1
MPOTPECCHU 3, %, Jg ~5q+ - -
b. b
Takkak b, =1, b, =—L 10 g=-2=-1,8=_"1 yno sroit hopmyie:
A 1 2 2 6 ’ ? bl 3 —q (b p y
3 _3
S= _s.A

3angaua 3. Haiinure cymMy O€CKOHEYHO YOBIBArOIIEH T€OMETPHUIECKOM

nporpeccum, ecim b, = -1, ¢= %

A [pumenss Gopmyny b = b,g""' nupu n = 3, monydaem-1=b, -ﬁ ,
OTKyZa b1 = -49.
[To hopmyne (5) Haxomgum cymmy S:

_-49 _ g7l
S = - 575. A
7
3Jagaua 4. [loas3ysace Gopmynoit (5), 3anumuTe OECKOHEYHYIO TTEPHO-

aryeckyro apods a= 0,(15)=0,151515... B Bune 00bIKHOBEHHOH APOOH.

CocraBuM CIIEAYIONIYIO TOCIIEI0BATEIBHOCT MPUOTHKEHHBIX 3HAYCHUH
JTaHHOW O€CKOHEYHOU TpOoOu:

— — 15
a,=0,15=-2,
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15
2 =0,1515 =70+ 15,

3 =0, 151515=15 4 15 , 15
100 " 1002 100° "

3anuch NPUOIMIKEHUMN TMOKA3BIBAET, UTO JAHHYIO MEPUOAUUECKYIO TpoOb

MOKHO TIPEJICTaBUTh B BUJIE CyMMBI O€CKOHEUHO YOBIBAIOIIEH reOMETPUUECKOM
HPOTPECCHUH:

412.

413.

414.

415.

a=15 . 15 15 _

100 1002 1003

[To hopmyme (5) momydwm:

Ynpanwcnenuasa

JloKaxuTe, 9TO TeOMETpHYECKass MPOrpeccus ABIsAETCS OCCKOHEUHO
yOBIBAOIIEH:

DL Ld 2 5 3)-81,-27,-9,...;
4)-16, -8, 4,..; 5325 gop  6)86 5 5

BrissicHuTe, SABISETCSA NIM T€OMETpHYECKash Mporpeccus 0€CKOHEUYHO
yObIBaIOIIEH, eclu:

1) b, =40, b,=-20; 2) b, =12, bn:%;
3) b,=-30, b,= 15, 4) b, =-9, bgz—%.
Haiinure cymmy 6ecKOHEUHO y6LIBa}0H1eI?1 reOMETPUYECKOMN NMPOTPECCUU:
D Lggs 2) 61,1, 3)-25,-5, -1, ..

4) _7,_1,_%,_”; 5)128, 64, 2, ...; 6)-81, 27, -9, ...

Haitmute cymmy GeCKOHEYHO yOBIBatOIEel T€OMETPHUUECKOM MMPOTPECCHH,
€CIIN:

l)q_éablz%a 2)q:_%9 b1:99
3)q_%’ b5:é7 4)q:_%9 b4:_%
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416.

417.

418.

419.

420.
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SIBasieTcs JIM MOCIEA0BAaTENbHOCTh OECKOHEYHO YyOBIBawomen
reOMEeTPUYECKOM Mporpeccuer, eciau oHa 3aana GopMysou #-ro dieHa?

1 n-1
Db =3-(2y;  2)b=-3-4, 3) bn=-2.(_§) :

n—1

Haiinure cymmy GeckoHEUHO yOBIBAIOIIEH T€OMETPUUCKOM MTPOTPECCUu:

1)12,4,4,..;  2)100,-10,1...;  3)98, 28, 8,

Haiigute cymmy GeckOHEUHO yOBIBAIOIIEH T€OMETPHUYECKON TPOTPECCUH,
eCIu:

V2. _ 3 _9. V2
1)q b _Ea z)q_Ta b4_§a 3)q_7 b 4

CyMMa O0eCKOHEYHO YyOBIBAIOUICH IeOMETPHUECKON MPOTPECCUU paBHA
150. Haigure:

1) bl, ecinm q :%; 2) g, eciu b1 =15; 3) ¢, eciu bl —15.

Ha ky0 ¢ pedbpoM a mocraBmiau Ky0 ¢ pedbpom % , HA HETO TIOCTaBUIIN KYO

¢ pebpom 1 , 3aTeM Ky0 ¢ pedbpom % u Tak ganee (puc.86). Haiioure

BBICOTY HonquBmeﬁCﬂ burypsi.

A

Puc. 86. Puc. 87.



421.

422.

423.

424.

425.

426

427.

428.

B yroxn, paBubeii 60°, mociuenoBaTeNbHO BIUCAHBI OKPYXKHOCTH,
Kacaromuecs apyr apyra (puc. 87). Pannyc nepBoii OKpy)KHOCTH paBeH
R,. Pajnycel OCTaIbHBIX OKPYKHOCTEH R, R, ..., R , ... . [lokakuTe, 410
OHM 00pa3yIoT OECKOHEYHO YOBIBAIOIIYI0 F€OMETPUUYECKYIO IPOTPECCHIO.
Jlokaxwure, uto cymma R +2(R, + R, + ... + R + ...) paBHa pacCTOAHUIO
OT IIEHTpa MEepPBON OKPYKHOCTH JI0 BEPIIUHBI YIJIa.

3anumuTe 0eCKOHEUHYIO IEPUOAMYECKYIO Ppo0b B BUI€ OOBIKHOBEHHOM
apoou:

1)0,5); 2)0,09); 3)0,12); 4)0,2(3); 5)0,25(18).

Ynpaswcnenua k znase IV

Haiinute pasHocTh apupMeTHUEeCKON MPOTPECCUU U 3AMUILUTE €€
YETBEPTBIN U MATHIN YJICHBI:

1 2 . 1 1 .
14,41, 42, 2)81,8, 21,

3) 1, 1443, 1+243, ...; 4) V2, V2 -3, V2 -6, ....

JlokaxxuTe, 4TO MOCIEN0BATENbHOCTD, 3aJaHHast GopMynoil n-ro dneHa
a =-2(1-n), aBnseTcs apuPMETUIECKON MPOTPECCUEH.

B apudmernueckoit mporpeccun BEIMUCINTE:
1) a,, eciu a1=6, d:%; 2) a, ecna a; =-3=, d:—%;

3)a,, ecmu a,=4,8, d=1,2.

11°

. Haiinute cymmy nBaniaté nepBhIX 4WIEHOB apru(pMETHUECKON MPOTPECCHH,

CClIn:
a,=-1, a,=1; 2)a,=3, a,=-3; 3)a,=-2, a,=6.

Haiinure cymMMy 7 IepBBIX YIICHOB apru(METHIECKON TPOTPECCHH, €CITH:

)a,=-2, a=-60, n=10; 2) @ =%, a,=25%, n=1L

Haiinure cymmy, eciim ee cimaraemble — MOCJIEI0OBATEIbHBIC YJICHBI
aprMeTHIECKOH MPOTPECCHu:

1)-38 + (-33) + (-28) + ... + 12;

2) 17 + (~14) + (~11) + ... + 13.

12 — Asre6pa, 9 kiacc 177



429.

430.

431.

432.

433.

434.

Haiinute 3HaMeHaTeslb T€OMETPUUYECKON TPOTPECCUM U 3aMUIIUTE €€
‘IGTBepTHﬁ Y TSATBIA YJIEHBI:

1 1 1 .
N8, 1,1, . )RS N S 3)3, V3, 1,

45, =5v2,10, ...;  5)16,4,1, ... 6)8, 4,2, ...
Hanumute hopmyny #-ro uieHa reOMeTPHUYECKOM MPOTPECCUu:
-2, 4, -8 .. 2)—3 1, -2, ... 3)-27, -9, 3.

oo

B reomerpuueckoit nmporpeccun Haﬁle/ITe b, eciu:

)b, =2, q=2, n=6, 2) b = 8,q 5, n=4;

3) b, =-38, q=%, n=>=.

Haiigure cymmy 7 nepBbIX 4JIEHOB reOMeTquecxoﬁ IIPOrPECCHH, ECIIH:
1)b—2,q=—4,n=5; 2)b, =2, qg=- ,n=10;
3)b,=10, g=1, n=6; 4)b, =5, —1,n=9.

Hainure cymmy 7 nepBbIX 4JICHOB reOMeTqueCKOﬁ IPOIrpeCCUu:

1) 128, 64, 31, ..., n=6; 2) 162, 54, 18, ..., n=175;

213 = 5. 3 11 -
3) 3290 g0 o N 5; 4) 1905 v N 4,
HOKa)KHTe, 4TO AdaHHad TCOMCTPHYCCKaAsA MPOTrpeCCUud ABIACTCA

0eCKOHEYHO YOBIBAIOMICH W HAUIUTE €€ CyMMY:

D} -dhe DL hofs HTLYL

435S.

436.

437.

438.

178

Haiinure pa3HoCTh apupMETHUECKONH NMPOTPECCUH, ECIH @, —2 1
ag = 23 1
Bam/nnme HEepBbIE MATH WICHOB apu(pMETUUECKON IPOrPECCUH, ECITH:
)a =5, a,=15, 2)a,=8, a,=2;, 3)a,=18, a,=14.
Mexny uncnamu —10 1 5 BCcTaBbTe 4MCIIO TaK, 4YTOOBI MOTYYHIUCH TPU
MOCJIETIOBATENIbHBIX WIEHAa apU(PMETHICCKON POrpeccuu.

HaiinuTte neBsITHaAATBId M TMEPBBIM 4YJIeHB apudMETHUECKOM

POrPECCUH, €CIH:
1)a, =28, a,=38, 2)a,=-6, a,=6; 3)a, =10, a, =0.



1. B apumernueckoit nporpeceun: 1) a, =2, d=-3;2)a, =7, d=2.

2. B nporpeccun: 1) b =4, ¢ = %; 2)b =%, g = 3. Haiinure b, u cymmy

3. Jlokaxxure, 4TO MOCIeN0BaTeIbHOCTE: 1) 1

IIPOBEPBTE CEBA!

Haiinute a, v cymMMy MEPBBIX JICCATH €€ YJICHOB.

IIEPBLIX MCCTHU €€ YIICHOB.

il i2)128.328.

SBJIsIETCS OECKOHEUHO YOBIBAIOIIEH TeOMETPUYECKOM Mporpeccuei.

439.

440.

[Ipr KakoM 3HAYEHUHU X CICAYIOIIME YMCIa ABAAIOTCS MOCIEI0BA-
TENLHBIMH YICHAMH T€OMETPHUECKOM MPOTPECCHU:

1) 3x, x:+2 2x —1; 2) 3x%, 2, llx; 3) x2, 10x, 25?
Hoxaxcme, YTO CJICIYIOIINE YUCTTA SBISIOTCS TPEMSI TTOCIICIOBATEIIBEHBIME
YJICHaMH aprU(PMETHUCCKOH MPOrPeCcCru:

1) sin(a + B), sinacosP, sin(a — B);

2) cos(a + B), cosacosP, cos(a—P);

3) cos2a, cos’a, 1;  4)sin5a, sin3acos2o, sino.

44T,

442.

443.

444.

CKOJBKO HYKHO B35Tb MOCJEN0BATEIbHBIX HEUETHBIX HATYpPaJIbHBIX
quces, HaunHas ¢ 5, 4ToObl MX cyMMa Oblia paBHa 2527

Haiaure a v d apupmeTnueckom nporpeccnu, y KOTOPO¥:

1)a, =40, n=20, §, =-40; 2)a = n =16, S16=—10%;
3)a,=-4,n=11, S11=231.

Jlii reoMeTprYeCcKON IPOrPECCUN BBIYUCIIUTE:

1)b,,ecim b, =4 nqg=-1,

2)b,,ecmab =1lug= NER

Haligure nateiii 4ieH reoMeTpU4YeCKOM IPOrpeccuu, €Cliu:

1)b,=3%, b =16 2)b,=-3, b, =-8l;

6
3)b,=4, b,=1; 4)b,=-L. b, %

3 9
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445.

446.

447.

448.

449.

450.

451.

1. B apudmernaeckoii mporpeccun a, = 3, d = -2. Haligure §

Mexny uncnamu 4 1 9 BCTaBbTE MOJOKUTEIHHOE YHUCIO TaK, YTOOKI
MOJYYHUIOCh TPHU MOCIEAOBATEIBHBIX YJIE€HA T€OMETPHUUYECKOU
IPOTPECCHUMN.

SIBysieTCS M TOCIIe0BaTEAbHOCTh OECKOHEYHO YOBIBAIOIIEH TEOMET-
pUYECKO MpoTpeccuei, ecnu:

1) bn — 5/’l+1; 2) bn = (—4)n+2; 3) bn = ;_2; 4) bn = _3?],%

[TokaxkuTe, yTO reomMeTpUUecKasi Mporpeccus ABIsAETCS OCCKOHEYHO
yOBIBAIOIICH, €CITH:

1) b, =-81, §,=162; 2) b, =33, §,=67,

3) b+ b,= 130, b,—b,=120; 4) b,+ b,= 68, b,~b,= 60.
OTapIxaronuii, ciemys COBETY Bpada, 3aropajl B EpBbIid 1€Hb 5 MUHYT,
a B KOXIBIH MOCIEIYIONNNA IeHb YBETUIUBAI BpeMs peObIBaHUS HA

COJIHIIE HAa 5 MUHYT. B Kakoii eHb Helean BpeMs ero npedbIBaHus Ha
coiHie Oyaer paBHO 49 MUHYT, €CJIM OH Havall 3aropath B cpemy?

Haiinure mepBblil 4ieH U pa3HOCTh apUPMETHUECKOH MPOTPECCUH, €CITU

ata,ta,=15una a,; a,=80.

Haiigure nepBblil WieH U pa3HOCTh apU(PMETHUECKOM TPOTrpecCuu, eciin
_ 2 2 2 _

a ta,ta,=0u af +a; +a; =50.

Yacsl ObIOT OZMH pa3, KorJa MOKa3bIBaIOT MTOJIOBUHY OUEPEIHOIO0 Yaca, U

KBl Yac CTOIBKO pa3, KakoBo Bpems oT 1 10 12. Ckonbko pa3 gachl
npoObIOT 33 CyTKH?

Tecmoeuvie 3a0anus k 2nage IV

101°

A) -9797; B) -9798; C) -7979; D) -2009.

2. B apudpmernyeckoit nporpeccun d =4, S, =5000. Haiinure a,.
A)-2; B) 2; C) 100; D) 1250.

3. B apudmernueckoii mporpeccuu a, = 1, a,,,=301. Haiimure d.
A) 4, B) 2; C) 3; D) 3.5.
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|

10.

11.

12.

13.

14.

15.

B apudmernyeckoii mporpeccun a, + a, = 20. Halinure S .

A) 90; B) 110; C) 200; D) 100.
Haiinure nsaThli 4ieH Mocineq0BaTeIbHOCTH HATYPaJIbHBIX YHCE, TAF0LINX
IpH JIeJIEHUH Ha 8 0CTaToK 7.

A) 47, B) 55; C) 39; D) 63.
Haiinure Homep unena nporpeccuu 1, 8, 15, 22, ..., pasHoro 701.
A) 101; B) 100; C) 102; D) 99.

. Haiigute HOMEp, HaunHas ¢ koToporo wieHsl nporpeccun 1002, 999, 996,

... OyIyT oTpULIaTEIbHBIMHU YUCIAMH.

A) 335; B) 336; C) 337, D) 334.

B apudmernueckoi nporpeccuu a, + a, = 44, a, —a, = 20. Haigure a, .
A) 507, B) 495; C) 502; D) 595.

B apudmernaeckoit nporpeccun a, =7, d=35, S =25450. Haiinure n.
A) 99; B) 101; C) 10; D) 100.

B apudmernueckoii mporpeccun a,,+a =20. Haiinure S,,.

A) 260; B) 270; C) 520; D) 130.

[Tomecture mexay unciamu 1 u 11 takux 99 uyucen, kotopeie BMecTe C
JTaHHBIMHM 00pa3yioT apupmeTnyeckyto nporpeccuto. Haiiaure s stoit
nporpeccuu S,

A) 172%; B) 495; C) 300; D) 178.

Haiinure HOMep, HaYMHAS C KOTOPOTO YICHBI apr(PMETHIECKOM POTrpeccuu
ca,=-20,7, d=1,8 OGyoyT MONOKUTEILHBIMH YHUCITAMH.

A) 18; B) 13; C) 12; D) 15.

B nocnenoBarenbHOCTH Ycen, KpaTHBIX 7, HAWAWTE HOMEP YJI€Ha, PAaBHOTO
3857

A) 12; B) 11; C) 10; D) 55.
B reomerpuueckoii mporpeccuu b, = 2, g = 3. Haiigute S,
A) 1458; B) 729; C) 364; D) 728.

B reomerpuueckoit nporpeccun q = %, § = 364. Haiimure b,.
A) 2422 ; B) 81; C) 1211, D) 240.
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16. B reomerpuueckoii iporpeccun S, = 10%, S, = 42%, b = % . Haiigure gq.

A) 4; B) 2; C)§; D) %

17. B reometpuueckoid mporpeccuu 6 wieHoB. Cymma MepBbIX TPEX YJIECHOB
paBHa 26. Cymma cienyomux Tpex uiaeHoB — 702. Haliaure 3HameHartesnb

IPOTPECCHH.
A) 4; B) 3; C) 5 D) 24/3.
18. B GeckoHeuHO yObIBarOLIEel reOMETPUUECKOH porpeccuu by :i, S=16
Haigure g.
1. 64 . 63 . 1
19. B reomeTpudeckoi porpeccuu q = 73 , b, = 2 /3 . Haiizmre S.
A)2443;  B)3; C) 22 D)2.
z5 IMpakTHyeckue U MeKIpeIMeTHbIE 321241

3agaua 1. CBoOoaHO Majaroliee TEI0 3a MePBYI0 CEKyH 1y najaet Ha 4,9
M, a 32 KaXIyI0 CIEAYIONIYI0 CeKYHIY Ha 9,8 M 0oJibliie, 4eM B TPEIbI Yy,
3a CKOJIbKO CEKYH/] TEJIO yIaJeT Ha 3eMJIt0, €Clii OHO rposereso 4410 meTpos?

A To YCIIOBHIO 3aJ[a4M 3a MEPBYIO CEKYHJY TeJo mpoJjereno a,=4,9,
3a Bropyto a,=4,9+9.,8, 3a tperpto a,=a,+9,8=a +2-9,8 MeTpoB U Tak
manee. 3a n-10 CEKyHAy OHO ynano Ha a =a _+9,8=a +(n-1)9,8 merpos,
TO €CTh PAaCCTOSHHUS 3a KaXIyl CEeKyHAY 00pa3yloT apudmMeTHyecKyio
nporpeccuio. CiaegoBaTenbHO, €CIIU TENO 33 7 CEKyH]I YIano Ha 3eMJII0, TO 1O
(GopMyinie CyMMBI 7 TIEPBBIX WIEHOB apu(METHUECKOW MPOTrPeCcCHr MOIyIuM

2a, +(n-1)d
4410 =a, +ay +a; +...4 a, = 22 DL
2

2.4,9+(n-1)-9,8
= .n.
2

Orkyna u3 ypaBaenus 4,9n’=4410, n*=900, nonyuaem n=30.
OTBer: Teno ynano Ha 3emunto 3a 30 cekyH/. A
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3agauva 2. Bxiaguuk nonoxun B 6aHk b cymoB noJ p% INpPOLEHTOB
TOIOBBIX U uepe3 1 JeT 3a0pait Bce AeHbIH. CKOJIBKO JE€HEr MOJIy4YHI BKIaYHK

gepe3 naBa roaa, ecau b =4 000000 cymos, p=8?
A Ecnu nepBoHavaibHBIN BKJIAL OB b CYMOB, TO 4epe3 rojl Ha CUETY
6yIleT b=b-(1+ ﬁ) CyMOB. {7151 ciieyromux roJoB BO3MOXKHBI CIIEAYOIIUE

BapHUaHTHI:
1) 3a kaxablii CIeAYIOMMUN 0 HAYUCISIOT TPOUEHTHI, UCXOAd OT
HavyaJlbHOTO BKJaza B b cymoB. Torga depes aBa roja Ha cuery Oynet

b b 2
by=b+1+ 2 + P —p.|1+ 2| cymoB u Tak namee, a depes n IeTy
100 100 100

np o
BKJIaYMKa Oynet b, =b-| 1+ —— | cyMoB. Takoii crioco® HauMCIEeHNS MPOLIEHTOB
100

Ha3bIBAIOT npOCmbIM NPOYEeHmom. Torma

b,=4000000-1,16= 4640000 mpu b =4 000000 cymos, p=S8.

2)3a KaxAbIA CIEAYIOMUA TOJl MPOIEHTH HAYUCIAIOTCS HA CYMMY,
HAKOIIJICHHYO 3a MpeAbIaylue roapl. Toraa yepes JBa roga moJy4urcs cymma

2
b, =b, -(1+pj=b-(1+pj A TaK Jajiee, a 4yepes3 n JEeT OHa COCTaBUT
100 100

b, =b .(1 + p) = b‘(l + pj cymoB. Takoii crtoco0 HauYUCIICHUS TIPOIICHTOB
100 100

Ha3bIBAIOT CJIOMHCHBIM NPOYEHNOM.

Ecin b =4000000, p =8, n=2, to b,=4 000 000 -1,08°= 4 665 600
CYMOB.

OTBeT: B cay4ae NPOCTOr0O NPOLECHTA b, =b~(1+$)) cymoB; 4640000
CyMOB; B ClIy4ae CJI0XKHOTO NpOLEHTA b, =b-(1+150] cymoB; 4 665 600

CYMOB. A
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1.

6.

7.

Ynpaxuenus

CBoOomHO majaromiee Tejao 3a MEePBYIO CEKyHIy maaaeT Ha 4,9 M, a 3a
KOKIYI0 CIEIyIONYIo ceKyHay Ha 9,8 M Oombie, 4eM B MpeabIAYyIIYIO.
Kaxkoe paccTosiHre npeoaosiesio Tejo 3a MATYI0 CeKyHay?

B kaxnom ciepymomeM psjay ceKTopa HUpKa Ha OJHO MeCTO OoJblie,
4yeM B npeabiaymeM. CKOJIBKO MECT B CEKTOPE, €CIIH:

1) B mepBoM psizy 8 mecT, a psajoB 22;

2) B mepBoM psany 10 mecrt, a psagoB 21?

Typuctel 3annmanupoBanu npoitu Baosb pexku 140 xm. B nepssiii
JI€Hb OHM MPOIIIN 5 KM, a KaXKbIi CIEeIyIONUN TeHb HA 2 KM OOJbIIe
npeabiaymero. CKoJbKO THEW AIUI0CH UX MyTeLeCcTBUE?

JposxKeBbIe KJIETKH pPa3MHOXAKTCS JeleHueM mormosaM. CKOJIbKO
KJIETOK MOJy4nuTcs mocie 10 KpaTHOTO AeICHUs, €ClIM TepBOHAYATIBLHO
OBLIO 6 KIIETOK?

3apaboTHas miara pabodero 3aBoja B TeUEHHE KalleHAAPHOTO roja
eKeMeCsIYHO TMOBBINIANACh HA OJUHAKOBYIO BeauyuHy. O0mas cymma
J€HEr 3a MIOHb, WIOJb U aBTycT coctaBuia 9 900 000 cymos, a 3a
ceHTsA0pb, OKTO0ps U HOsIOpH 10 350 000 cymoB. Haiinute cymmy
3apaboTHOM TJIaThl paboyero 3a BeCh TOJ.

[Ipu neyeHun BO3ayIIHBIMM BaHHAMU B TIEPBBIM J€Hb NPOLEAYpaA IIUTCS
15 mMunyT, 3atreM exenHeBHO npubaBiasoT Mo 10 MunyT. CKOJIBKO
JIHEW IIIUTCA J€YEeHHE BO3AYIIHBIMU BaHHAMHM 110 JaHHOU CXeMe, €CIIU
nocleaHss npouenypa npoaoixanach 1 yac 45 Munyt?

DnacTUYHBIA M4, OpPOLIEHHBIH ¢ BBICOTHI, KaXAbIH pa3 Mmpu ynape o
3eMJII0 OTCKAaKMBAaEeT Ha BBICOTY, cocTaBisAoulyto 80% oT npenpiaymen
(BpICOTHI). HalinuTe cymMMy BepTHKAJIBHBIX PACCTOSHUN MPOUTEHHBIX

MSY0M BHHU3 M BBEPX, €CIHM OH OBLI OpPOIIEH C BBICOTHI 3 METPOB
(puc. 88).
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Hcmopuueckue 3a0auu

N

1. 3adaua bepynu. JlokaxxuTe, 4TO B TEOMETPUUECKOM MPOrpeccuut
2
C MOJIOKHUTEIbHBIMH WieHaMu: b, =b,-b,, . ;, ecnu uncio

YJICHOB HEUETHO; bk' ka:bl- bZk €CJIM YHUCJIO YJIEHOB YETHO.

2. 3adaua uz nanupyca Axmeca (2000 nem 0o H. 3.). Pacnpedenume
10 mep 3epna mexncoy 10 kpecmovsanamu max, ymoodwvl Kaxicoblil

cnedyrouutl nOYYUI 3epHa Ha % OoublIe, YEM MPEIbI Ty,

Hcmopuueckue ce6edenun

B cBoeit kaure ,[laMITHUKE MUHYBIIUX TOKOJEHUU* A0y
Paiixan bepynu B 3aiade 006 u300peTeHUH MIaXMaT BBIYHCISAET
CyMMy TNEpBBIX 64 4lIEHOB Nporpeccuu ¢ b, = 1 v 3HaMeHaTeneM
g = 2. OH moka3blBaeT, 4TO €CJHM BBIYECTb M3 YHUCIA,
COOTBETCTBYIOIIETO k-OW KJIETKE AOCKH, 4yucio 1, pasHOCTH
OyIeT paBHa CyMMe YHCEJ, COOTBETCTBYIOMIMX BCEM KIIETKaM,
NPEAIIECTBYIOMINUM k-0, TO €CTh J0KA3bIBAET, YTO

g-1=1+q+q¢+..+q""
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ITABAYV. 2JEMEHTHI TEOPUU
BEPOSITHOCTEMN U
MATEMATHYECKOM
CTATUCTHUKHU

§34 COBBITUMA

Teopus BeposATHOCTEM M MaTeMaTU4YeCKas CTATUCTUKA — 3TO HAayKa O
CBSI3AX MEXJy CIYYaWHBIMH COOBITHSIMH, U3yYCHHH WX 3aKOHOMEPHOCTECH H
NPUMEHEHHUH CIEJCTBHUIA U3 HUX TPU PEHICHUN MPAKTUICCKUX 3a]1ad.

1. HeBo3MoKHbI€, 10CTOBEPHBIE U CJAYyUYaiiHbIe COOBITHS.

B &u3HM cOOBITHEM Ha3BIBAIOT JIOOOW TPOUCXONSIINN WU HE
npoucxonanmi mpomecc. Kpome 3T0oro COOBITHSIMU SBISIOTCS JIIOOBIE OMBITHI
WM UCTIBITAHUSI TPOBOIUMBIC JIFOIBMH, PE3YIILTAThI TPOBOIUMBIX HAOTFOICHMIA
U u3MepeHuid. Bce coOBITHS MOXKHO pa3/ieiuTh Ha HEBO3MOKHBIE, TOCTOBEPHBIC
W CIIy4YalHbIE.

Hego3moocnvim cobvimuem Ha3bIBAIOT COOBITHE, KOTOPOE HE MOXKET
HPOU30UTH B IaHHBIX ycioBuUsX. [IpuBenem npuMepbl HEBO3MOKHBIX COOBITHIA:

1) Boma B 03epe 3amep3aet npu +30°C;

2) Beimazienne mudpsl 8§ Tpu OpOCaHWU UTPATHHOTO KyOWKa, Ha TpaHAX
KOTOPOTO Hamucanbl udpst ot 1 10 6.

Jocmosepnvim cobvimuem Ha3bIBAIOT COOBITHE, KOTOpOE 00s3aTeIbHO
NpPOU30IIIET B JaHHBIX ycnoBusx. Hampuwmep, 1) mocne 3umMbl MpuIiia BECHa;
2) mpu OpocaHUM UTPaTbHOTO KyOuKa Beinana nudpa ve 6omipme 6 (kpome 0)

Cnyuaitnvim codvimuem Ha3bIBAIOT COOBITHE, KOTOPOE B JAHHBIX YCIOBHUSIX
MOKET TPOU30ITH, a MOXKET U He Pou30UTH. Cleayroniie coObITHS ABISIOTCS
npuUMepaMu CIyYalHBIX COOBITHH: 1) ciydailHO BBIOpaHHOE HATypalbHOE
gucio ot 1 10 50 nenutcs Ha 7; 2) npu OpocaHUM MOHETHI BBITIAJT Opedl.
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2. CoBMeCTHbBIE 1 HECOBMECTHbIE COOBITHSI.

JIBa cOOBITHS, KOTOpbIE B 3aJaHHBIX YCJIOBUAX MOTYT IMPOU30UTH
OHOBPEMEHHO, Ha3bIBAIOT COBMECTHBIMHU, €CITH K€ OHM HE MOTYT MPOU30UTH
OJJHOBPEMEHHO, TO WX Ha3bIBAIOT HECOBMECTHHIMHU. Hampumep, ,,conmHie
B30IIO™ U ,,JICHb XOJOJHBIA — COBMECTHBIE COOBITHS, a COOBITHS ,,COJHIIE
3amio” W ,,CONHIIE B30HUIO — HECOBMECTHBIE COOBITHS. PaccMoTpum
CIIEAYIOIINE COOBITHSI, CBSI3aHHBIE C UTPATBHBIM KyOukoM: 1) BeImano 3 ouka;
2) Beimaino 4 ouka; 3) BbIMANO OOJbIIEe 3 OYKOB; 4) BBHIMAIO OYKO, KPAaTHOE
TpeM. Cpenu 3TUX COOBITHM MMEIOTCS TPU Mapbl COBMECTHBIX COOBITHH: 1)
u 4) (Tak xak yucio 3 KkpaTHo TpeM); 2) u 3) (Tak kak 4 ouka OGombmie 3); 3)
u 4) (manmpumep, 6 04KoB). A clenyromue coObITHS HECOBMECTHBIE: 1) u 2)
(OIHOBPEMEHHO HE MOTYT BHITIACTh JIBA pa3HBIX 0uka); 1) u 3) (oAHOBpEMEHHO
HE MOJXXET BBITIACTh M OOJbINE 3 OYKOB, TO €CTh 4, 5, 6 0YKOB, U 3 04YKa); 2) U
4) (urcno 4 HEe KPaTHO TPEM).

3. PaBHOBO3MOKHbIE COOBITHS.
PaccMmoTpum npumeps! clieyromux cOObITHA:

AT

—— e
TPesasee” ¢

Puc. 89.

1) mpu ogHOKpaTHOM OpOCaHWKM MOHETHI BBINAJA ,,pelIKa‘ U BbIMAJ ,,0pei‘
(puc. 89);

2) npu OIHOKpaTHOM OpocaHuu KyOuka ,,Bbimano 1 o4yko ,,Beimayno 2
ouka“, ..., ,,BbIMajg0 6 OYKOB*;

3) npu OpocaHuu KyOHKa, OJTHa TPaHb KOTOPOTO BBIKpAIIEHA B CHHUH 1IBET,
a OCTaJbHbIE — B KPACHBIH, ,,BbINIAJl CHHUW LIBET HA BEPXHEW IPaHU‘ U ,,BBINIAT
KpacHBIW 1IBET HA BEPXHEU IpaHu";
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4) u3 xopoOku, B kotopoii 10 Genbix 1 1 YepHBIH 1map, BHIHYIW OJHUH LIap.
,»IIap oKazajcs OenbIM™ | ,,[I1ap OKa3ayucs YepHBIM ™.

B npumepax 1) u 2) Hu 01HO U3 COOBITHI HE UMEET PEUMYIIIECTBO TEpe
JIpyruM (eciiv, KOHEYHO, MOHEeTa M KyOuK mpaBuiibHble). Takue coObITHS
Ha3bIBalOT PABHOBO3MOKHBIMHU COOBITHAMM.

3) u 4) 5T0 — IpUMepHl COOBITHI HE SABJIAIOMIMXCS PABHOBO3MOKHBIMHU.
JleficTBUTEeNBHO, 5 TpaHel KyOuKka KpacHbIe, a OJMH CHHUM, CIeJ0BaTEIbHO,
BO3MOYKHOCTb BBINAJCHUSI KPACHOM rpaHu OOJbIE BOZMOKHOCTU BBINAICHUS
4yepHOU rpaHu. TOYHO TakKe BO3MOXKHOCTh BBIHYTh M3 KOPOOKM Oenblil map
0oJIbIII€ BOBMOXHOCTH BBIHYTH YEPHBIN LIap.

Ynpancunenua

B ynpaxHeHusX TpeacTaBiIeHbl COOBITHSA, TMPOUCXOAIINE B JaHHBIX
ycnoBusix. Onpenenute (YCTHO) AJi KaKJOTO COOBITHS SIBISIETCS JIM OHO
HEBO3MOXHBIM, TOCTOBEPHBIM WJIH ClIy4aiHbIM (452—456):

452. 1)V nByX y4€HUKOB ILKOJIbI OIMHAKOBBIE MIMEHA; 2) POCT BCEX YUEHUKOB
IIKOJIBI OJUHAKOB.

453. HaiineHo TpeTbe CIIOBO HAa JECATOM CTPAHULE CIYyYahHO PACKPBITOrO
yueOHuKa anreOphl. ITo cloBO: 1) ,,BEpOSTHOCTH ; 2) HAYMHAETCH C ,,!“

454. BpiOpaH OMH M3 y4YalIMXCs CIKCKa B )KypHaje 9 kiacca (B HEM ecThb
U JICBOYKH, ¥ MAIBIMUKN): 1) 9TO ManpuuK; 2) BEHIOPAHHOMY ydaIieMycs
16 net; 3) BeIOpaHHOMY yuameMmycs 15 Mecsres; 4) 3ToMy ydareMmycs

OoJIbIIIE 3 JIET.

455. bapomerp mnoxaseiBaetr, 4To cerogHs B CaMapkaHae HOpMalbHOE
atmocepHoe mamieHue. Torma: 1) y Bcex camapKaHICKUX KEHIITUH
BoJa 3akuneina npu ¢t = 70°C; 2) reMmneparypa Bo3ayxa OIyCTHJIACh J10
—5°C, BoJa B 03epe 3aMep3ia.

456. bpomensl nBa UrpalbHBIX KyOWka: 1) Ha mepBoM KyOuke BbImaio 4
OYKa, a Ha BTOPOM 6 OYKOB; 2) CyMMa OYKOB Ha JBYX KyOWKax paBHa
1; 3) cymma 0uKkoB Ha JIBYX KyOukax paBHa 14; 4) Ha KaXIOM U3 JBYX
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457.

458.

459.

460.

461.

462.

463.

464.

KyOMKOB BBINAJIO MO 5 OYKOB; 5) cymMMa OYKOB Ha JIByX KyOHMKax He
Oonbe 12.

OObscHHUTE, KakMe W3 JAHHBIX Hap COOBITHH B CIEAYIOLIUX
yIpaKHEHUSIX COBMECTHBI, a KaKue HeCOBMECTHBI (457-459):

[Tpu urpe B mamku Caonar u lllyxpara: 1) Caonar Bemrpana; [llyxpar
npourpai; 2) Caonat npourpana; [llyxpar mpourpai.

Bbpomen urpanbubiil kyouk. Ha ero BepxHelt rpanu Boinano: 1) 5 oukos;
3 ouka; 2) 1 0YKO; HEYCTHOE YUCIIO OYKOB.

N3 xopoOku ¢ JOMHHO BBIOpaHa OTHA KOCTh, TOTAA: 1) OJHO W3 YUCEN
Oounbie 4, BTOpoe paBHO 6; 2) OIHO YMCIO HE MEHBIIE 5, BTOPOE HE
Oonpime 5; 3) omHO W3 yWcen 5, cymma AByX umcen 12; 4) oba uucna
Oonbmre 4, cymma yucen He OoubIie 9.

13 cnenyronmx coOBITHI COCTaBbTE BCEBO3MOXKHBIC TTAPBI COBMECTHBIX
Y HECOBMECTHBIX COOBITHH: 1) ,,ueT NOXab; 2) ,,Ha HeOe HET HU OJJHOTO
obmauka®; 3) ,,remreparypa Bozayxa +37°C*.

U3 cnenyronux coObITHI COCTaBbTE BCEBO3MOKHBIE MTAPhl COBMECTHBIX
¥ HECOBMECTHBIX COOBITHIA: 1) ,,punuia BecHa™; 2) ,,10 pacHUCaAHHIO
cerofus 6 ypokos*; 3) ,,ceronns 1 suBaps®; 4),,remneparypa Bo3ayxa B
TamkenTe +40°C*.

OnvH U3 YeThIpEX CIIUYCYHBIX KOPOOKOB MYCT, & OCTAIBHBIC CO CITMYKAMHU.
OTKpBUIH OWH M3 CIYYaliHO BBIOPAHHBIX KOPOOKOB. PaBHOBO3MOHBEI
T COOBITHS: ,,KOPOOOK MyCT* U ,,KOPOOOK HEe mycT*“?

VY urpansHoro kyouka: 1) 1 rpanp 3enenas; 2) 2 rpaHu 3eJeHblE, a
OcTaJibHbIE KpacHble. PaBHOBO3MOXKHBI M COOBITHS: ,,BbITIANIa 3€JeHas

I'paHb’ U ,,BbINIaJIa KpacHas TpaHb‘*?

B ypHy monoxunu 6 Oenbix, 6 KpacHbIX, 6 CHHUX M O XKEJIThIX
NPOHYMEPOBAHHBIX MIApOB M mepememanu. CrnydaiiHbIM 00pa3om
BBIOpaM O/IMH map. byayT 1 paBHOBO3MOXKHBIMU CIEAYIOIINE COOBITHS:
1) ,,BeIOpaHHBIN TAp OENBIA U ,,BRIOPAHHBIN IIAp CHHUU; 2) ,,HOMEp
BBIOpaHHOTO mapa 5 u ,,HoMep BeIOpaHHOTO 1mapa 4°; 3) ,,BHIOpaHHBIH

189



map KpacHbIM U ero HoMep 2 U ,,BBIOpAHHBIN 1Iap JKENTHIA U €T0 HOMEp
6“; 4) ,,BBIOpaHHBIN 1Iap KPACHBIA™ U ,,BHIOPAHHBIN IIap HE KPACHBIN
5) ,,HoMep BeIOpaHHOTO Mmapa He Oonbmie 2 U ,,HOMEp BBIOPAaHHOTO
mapa Oomnpiue 27

|
| §35 BEPOSTHOCTDb COBBITHUSA

Berpevasich B )KM3HU € pa3HBIMU COOBITHSIMH, MBI YaCTO OIICHWUBAEM
CTETIeHb BO3MOKHOCTHU MOSIBICHUS 3TOTO COObITHs. [Ipu 3TOM 0 HEKOTOpPBIX
COOBITHUSIX MBI TOBOPUM, UYTO ,,TAKOE HEBO3MOXHO, a MPO Jpyrue ,3TO
00s13aTeNbHO MTPOU30MET™ WK ,,005bIIas BEPOATHOCTH, YTO 3TO COOBITHE
poOu30iIeT™ MK ,,HeOOoIbIIas BEPOSITHOCTh, YTO 3TO COOBITHE MPOU30MILT .
O1eHKa CTETIEHW BO3MOKHOCTH TIOSIBICHUSI COOBITHS CBsI3aHA C TOHATHEM
BEPOSTHOCTH.

Bnepsbie o0mmui moaxonq K pEMIEHHUIO 3agad, CBS3aHHBIX C
BEPOATHOCTBIO 00CyxJajcs B nucbMax (panuysckux yueHelx XVII Beka
bneza Ilackans (1623-1662) u Ileepa Pepma (1601-1665), koTopbiMu
OHM OOMEHMBAIHNCH B XOJI€ PEIICHHS psja MaTeMaTHueCKHX 3axad. bies
[Tackanb B cBoeM nucbme oT 28 okTsa0psa 1654 roga x Ilbepy depma B
YaCTHOCTH THIIET:

,bpocas urpanbHbBIi KyOWK, MBIl HE 3HaeM Kakoe 4Yuciio BhImaneT. Ho
M3BECTHO, YTO BbIMajeHue uucesn 1, 2, 3,4, 5 u 6 umeet paBHbIE BO3MOKHOCTH.
Kpome Toro, BhITIaficHHE OAHOTO W3 YHCEN B pe3yibTare ombita (OpocaHuu
KyOuWKa) sIBISETCS CIydyalHBIM cOOBITHEM. Eciu mpuHATH BEpPOSITHOCTH
CIIy4aitHOTO COOBITHSA 32 |, TO BBINIAJICHUE OTHOTO M3 TUX YHCEN, Hanpumep, 6

(aHAJOTMYHO W APYTUX 4Kceln) OyleT B MIeCTh pa3 MEHbIIE, TO €CTh paBHA é“.

B03MOXHOCTh YCIEIIHOTO MOSIBICHUS TOTO WM WHOTO COOBITHS
MaTeMaTHKH Ha3bIBAIOT 8€POAMHOCHbIO COObtmusa N 0003HAYAIOT OYKBOH P —
110 TTEPBOM OyKBE JIATHHCKOTO ciioBa probabilitas — BEPOSITHOCTD.

Ecnn cobwiTre ,,BBINANO 5 0YKOB® MpW OpOCAHWUU HTPATBHOTO KyOWKa
0003HaUNTh OYKBOW A, TO BEPOATHOCTH COOBITHSA A 0003Ha4arOT P(4). D10

1
3aIUChIBAIOT Tak P(A) = § 1 UATAIOT ,,BEPOATHOCTH coObiTust A paBHa %“.
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3agava 1. Ha oguHakoBeIX KapToukax HamucaHbl uucnia ot 1 10 20 (Ha
Ka)XJI0M KapTouke OHO 4uciio). KapTouku MONoXKUIN Ha CTON YMCIaMU BHU3
U nepememanu. Haliqure BEpOsSTHOCTH TOTO, YTO HA CIIy4ailHO BBHIOpAaHHOM
KapTOYKE HAIKUCAHO 7.

A Tax xak umeercs 20 KapTo4eK M Kaxaoe uuciio oT 1 mo 20 Hanucano
OIIMH pa3, TO MOTYT MPOW30UTH 20 paBHOBO3MOXKHBIX COOBITHH (pe3yabTaToOB
OTbITa, UCXOM0B): 1) BbIMaso uncio 1; 2) Beimano 4yucio 2; ....; 20) BwIIajio
gucyo 20.

3nech COOBITHE ,,BBINAJNIO KAKOE-TO YHUCIO™ SBISETCS CIyYalHBIM.
BepositHOCTB 3TOTO COOBITHS paBHA 1, @ BEPOSTHOCTH COOBITHS A — ,,BHITIAIIO

1
gucio 7 B 20 pa3 MeHblIe, TO €CTh P(A) = 20

OTBeT: 1 A
20

Kpome anemenmaprnvix cobvimuii, pacCMOTPEHHBIX BBIIIEC, MOXHO
paccMaTpuBarh U caodcHble codvimus. Hanpumep, mycTh B 3aaa4e | HYXHO
HAaWTH BEPOSATHOCTH BBIMAJCHUS MPOCTOTO yuciaa. PaccMoTpuM coObITHE
A — ,,BBINIAJICHUE MPOCTOro uucia, He Oomnpiero 20“. 9To coObITHE MOXKET
MPOU30UTH B § cilydasix — Ipu BBIMajeHun uucen 2, 3, 5, 7, 11, 13, 17, 19.
OTHU MCXOJbl HA3BIBAKOTCA Onaconpusmcmsyiowumu coObiTuio 4. U3 Bcex
BO3MOXKHBIX MCX0M0B (MX 20) 8 SBISIOTCS OJAroNpUATCTBYIOIIUMHU COOBITHIO
A, T03TOMY BEPOSITHOCTH COOBITHS A:

8 2
P(A):%:g.

0 Eciu B HekoTOpOM »JKcHepUMeHTEe BO3MOXHO N
PABHOBEPOSITHBIX MOMAPHO HECOBMECTHBIX HCXO0/10B, 717 U3 KOTOPBIX
0JIarONPUATCTBYIOT COOBITHI0O A, TO OTHOLIEHHUE % Ha3bIBAIOT

BePOSITHOCTHIO MOSIBJIEHUSI COOBITHS A M MUIIYT:
m
P(A) =—.
(4)=" (1)
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3amauva 2. Haiiiure BepOsSATHOCThH BHINAJCHUS HEUETHOTO YUCIIa OYKOB
npu OpoCaHUM UTPATBHOTO KyOHKa.

Nmeercs 3 ucxona GaronpusiTCTBYIOMIUX COOBITHIO A — ,,BBITIAJICHUIO
YETHOTO YKCIIa OUKOB® (BbIMajieHue 1, BeIMageHue 3 U BhINIAICHUE 5), TO €CTh
m = 3. A 4ncI0 BCEX paBHOBO3MOKHBIX UCXO/I0B 71 = 6, IIOITOMY

pAay="-3_1
6 2

n

OTBeTzzl. A

3agaua 3. B kopoOke umeercs 6 kpacHbIX 1 4 cuHUX WapoB. Haynauy
BBIHUMAIOT OIMH W3 HUX. Haliaure BEpOsSATHOCTH TOrO, YTO MPH 3TOM BBIHYT
KpacHBIW 1ap.
OmnpiT umeet 10 paBHOBO3MOXKHBIX MCXOJI0B: BbIOpaH 1-i map, 2-ii map,
..., 10-# map, To ectb n = 10. A 4nca0 01ArONPUATCTBYIOLINX UCXOI0B M = 6.
[Toaromy

3
P(A)="=2==.

OTBeT.g—. A

Ha ocroBannu gpopmyinst (1) 0 BEpOSTHOCTH AOCTOBEPHOTO, HEBO3MOKHOTO
U CIIy9aliHOTO COOBITHI MOXKHO CKa3aTh CIEIYIOMIee:

Ecau coObiTne A D0CTOBEPHO MPOM3OMACT, TO BCE HCXOABI OYayT
m
OnaronpusTHBEIMHA, TO €cTh m = n. Torma P(A) = = 1.
Ecnu cobbiTue A He MOXET NPOU30MTH, TO HE CYIIECTBYET
0

0IaronpUATCTBYIOMINX UCX00B, To ecTh m = (. CnemoBatenbHo, P(A) = — = 0.
n

Ecnu ke coObiTHE A sBIseTCS CJ'Iy‘-IElfIHLIM, TO YHUCIIO 6J'IaFOHpI/I$ITCTBYIOH_II/IX

UCXO0I0B yaoBIeTBOpsieT ycnoBuio 0 < m < n. [Tostomy, 0 < P(A) = % <1.
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465.

466.

467.

468.

469.

470.

471.

472.

Ynpancnenua

B npuBeneHHBIX HUXE CIIydasx MEPEYHCIUTEe BCE PAaBHOBO3MOXKHBIC
JJIEMEHTapHbIE COOBITHS, KOTOpPBIE MOTYT Mpou30iTu:1) Opocanue
MOHETHI; 2) OpocaHue UrpajbHOro Kyouka; 3) Opocanue TeTpasupa C
rpaHsMu 0€JIoTO, KPacHOTO, KEJITOTO M CHHETO I[BETOB; 4) KpPy4eHHUE
PYJETKH, pa3aesieHon Ha 6 ceKTopoB, obo3HaueHbix A, B, C, D, E u F.

M3 moaHOTrO KOMILIEKTa JOMHUHO CIy4YailHBIM 00pa3oM BbIOpanu OJHY
KoCcTh. Haliiure BEpOATHOCTH TOTO, YTO HA HEH yMcha:

1)6u5;2)0wul; 3) onmaakoBeie; 4) pa3HbIe.

B xopobOke 4 kpacHbix ¥ 5 cuHux mapos. Haynady BeIOpan ofuH miap.
Haiinute BeposSTHOCTH TOTO, YTO BHIOPAHHBIN HIAp:
1) xpacHbIi; 2) cuHuii; 3) 3eeHbId; 4) KPACHBIA WU 3€JICHBIH.

B kopoOke 3 cuHMX, 4 KeNTHIX ¥ 5 KpacHBIX mapoB. Haymauy BeiOpaH
onuH map. KakoBa BEpOSATHOCTH TOTO, YTO BHIOPAHHBIN IIap:

1) cunuit; 2) xentoiid; 3) KpacHblid; 4) HE CUHUIN; 5) HE KENThIN; 6) He
KpacHBbIN?

Ha onmHakoBBIX KapToukax HamwcaHbl yucia oT 1 mo 12 (Ha Kaxmoun
KapTouKe OJHO 4KcIio). KapTouku monokuiu Ha CTON, YUCIAMU BHU3 U
nepemerann. KakoBa BEposSTHOCTb TOTO, YTO Ha CIIy4aifHO BHIOpaHHON
KapTOYKE HAMMCAHO YHUCIIO:

1) 5; 2) uetnoe; 3) kpatHoe 3; 4) kpatHoe 4; 5) nensmeecs Ha 5; 6)
npocroe?

Huropa 3a6si1a aBe nocieanue nudpel Homepa tenedoHa MOAPYrd U
HaOpauia ero Haynady. KakoBa BeposTHOCTB Toro, uto Huropa nabeper
HOMEp noApyru?

N3 1000 notepeitnbix Ouneros 30 BeiurpeiniHbie. Kynuau oaun 6umner.
KakoBa BEpOsSTHOCTb TOTO, YTO ATOT OUJIET:
1) BBIMTPBIIHBIN; 2) HEBBIUTPHILIHBIN?

CTyneHT npu MOAroToBKE K 3K3aMEHAM HE YCIIeN BBIyYUTh OAMH nu3 30
3aJjaHHbIX OuieToB. KakoBa BEpOATHOCTH TOTO, YTO CTYAEHT BBIOEpET
BbIyYEHHBIH UM Ounner?
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473. MoHety mocieaoBaTelbHO Mog0dpachiBain 6 pa3 M KaxkIbld pa3s
BbIMagano pemka. KakoBa BEpOATHOCTh TOTO, YTO MPHU CIEAYIOLIEM
OpocaHuM BbINAJET peuka?

474. U3 xononbl B 52 KapThl Hayaauyy M3BieKaeTcs oaHa kapra. KakoBa
BEPOSATHOCTH TOTO, UTO ATOM KapToM OyaeT:
1) OyOHOBas miecTepka; 2) BochbMepKa; 3) BajeT KpacHOro npeta; 4)
TpedoBas KapTa ¢ yucioM; 5) OyOHOBasi KapTa ¢ HEYETHBIM YUCIOM?

| §36 OTHOCHUTEJbHAS YACTOTA
CJIYUYAHHOT'O COBBITUS

Onpedenenue sepossmrocmu, TAaHHOE B MPEbIAYIIEM naparpade, Ha3bIBalOT
kaaccuveckum onpeodenenuem. Kiaccuueckoe omnpeneiacHue He TpeOyer
00513aTeNbHOTO MPOBEICHUS UCTIBITAHUS WITH SKCIICPUMEHTA: BCE PABHOBO3MOMKHbIE
¥ OIIaronpusTCTBYIONINE UCXO/IbI ONPENEINSIOTCS TEOPETUUECKH.

[To sTOMy OmpeneneHnto Yucio IEMEHTAPHBIX PABHOBO3MOXHBIX HCXO/IOB
BBIPAJKAETCS KOHEYHBIM ONpeNeNeHHbIM 4uciaoM. OJHako Ha IpakTHKe,
HaIlpuMep, B €CTECTBO3HAHUU, SKOHOMHUKE, MEULIMHE, TPOU3BOJACTBE U JPYTUX
obnacTax, Mpu U3yYEHUH CIYyYAHHBIX COOBITHH, YaCTO BCTPEUAIOTCS OTIBITHI,
KOJIMYECTBO MCXO/I0B KOTOPBIX HEBO3MOKHO OXBATUTh.

B HekoTophIX Apyrux ciydasx, 6e3 nposeieHus: paKTHYECKHUX OIBITOB OYEHb
CIIOKHO VT HEBO3MOKHO OTIPENIEITUT, SIBIISIOTCS JIK UCXObI PABHOBEPOSTHHIMH.
Hampumep, Ha TpPHU3BOACTBE JIAMIIOYEK, IO HEMOCPEICTBEHHOW MPOBEPKU
JaMIoueKk Ha Opak, CIIOKHO TMPEICTaBUTh, SBISIOTCS JIM HCXOJBl TaKOU
NPOBEPKU PaBHOBEPOATHBIMU. [103TOMY, Ha NPaKTHUKE, HApsTy C KIACCHYECKUM
OIIPEIEIIEHUEM BEPOSTHOCTH, HMCIONB3YIOT cmamucmuieckoe onpeoenenue
seposmuocmu. Ilepen TUM ciieqyeT BBECTU IIOHATHE OMHOCUMENbHOU YACHOMbL.

0 Omnocumenvnou wacmomoii coObITUS A B JaHHOW CepHUH
IKCIIEPUMEHTOB HA3bIBAIOT OTHOILIEHUE YMCJA IKCIIEPUMEHTOB M,
NPH KOTOPBIX 3TO COObITHE NMPOU3O0LLI0, K YHCIAY BCeX HCIbITAHUI
N. Ilpu 3TOM yHca0 M HA3BIBAIOT Yacmomoii coobITUsl A.
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OTHOCUTENBbHYIO YAaCTOTy ciiydyallHOro coObiTHs 4 oOo3HauatoT W(A).
Torma no onpenenennro

W(A):%. (1)

3amava 1. B knacce 30 y4yeHHKOB. 6 YUYEHUKOB MNOJYUYUIU IO
IIPOBEIEHHON KOHTPOJIILHOM 5. HaliuTe OTHOCHTENBHYI0 YacTOTY OTIMYHBIX
OLICHOK, TIOJTyYeHHBIX 32 KOHTPOJIbHYIO PaboTy.
[TycTth coObITHE A — ,,TIONTyYeHa OlleHKa 5, 3TO COOBITHE TPOU3OILIO 6
pas3, To ectb M = 6. O0uiee uucio s3xcrnepuMeHToB N = 30, mo3Tomy

6 1
W(A)Z%ZE.

. A

OTBeT:

Ot =

Opanny3ckuii uccienosarenab bropon (1707-1788) mondpocun MoHeTy

4040 pa3, u open Boinan 2048 pa3. 3HauuT, B JAHHOW CEPUU IKCTIEPUMEHTOB,

2048
OTHOCHUTEJIbHS 4YacTOTa BBINIAJIAHUA OpJia pPaBHA W(A)=Mz0,5069.

Anrnuiickuit marematuk Kapn [Mupcon (1857-1936) nmondpocun monety
24000 pa3 u open Boinan 12012 pa3. 3Hauut, B JaHHON CEPUU SKCIIEPUMEHTOB,

12012
OTHOCHTEJIbHS YacTOTa BhiNajanus opia pasHa W(A) = 57000 = 0,5005,

CpaBHuBas pe3ysbTaTsl 3TUX ABYX IPUMEPOB, Mbl BUIUM, YTO 3HAYCHHE
OTHOCHUTEIIbHOW YaCTOTBI MOXKET MEHATHCSA B 3aBUCUMOCTH OT OIPEAEIICHHBIX
JKCIIEPUMEHTOB M UX KoiaudecTBa. OJHAKO, OCHOBHOE CBOMCTBO
OTHOCHUTEIBHOM YacTOTHI CITy4allHOTO COOBITUS 3aKJIF0YAETCS B CIEIYHOLIEM:
IpHU YBEJIHWYEHUU YHUCIa UCHBITAHUNH OHa cTabuimusupyercs, Koaebisich
OKOJIO HEKOTOPOTO 4YHCJa. JTO YUCIO NPUHUMAIOT 3a CMAMUCMUYECKYIo
gepossmnocme ciaydaitnoro coosiTus. Hampumep, B ciryuyae ¢ nondpaceiBaHHEM
MOHETHI, 3T0 4ucio paBHo 0,5. U B skcmepumentax brodona, m B
skcnepuMenTax Ilupcona, moaydeHHble 3HAYEHUSI OTHOCUTENBHONU 4aCTOTBI
onusku k 0,5. 3Hauut, npu MoAOpachIBAHMM MOHETBHI, CTaTUCTUYECKas
BepoATHOCTH Oyznet pasHa 0,5.
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MHorue yueHWe M HMCIEIOBaTENN MPOBOJAMIN OOJBIIOE KOJIHYECTBO
DKCTIEPUMEHTOB 1O HW3YYEHHIO PpAa3JIUYHBIX COOBITUH, TOMOOHBIX
N0/10paChIBAHUIO MOHETHI, HA OCHOBAHUH MX PadoT, MIBEHIIAPCKUI MaTeMaTHK
SAxo6 bepnymmu (1654-1705) o6ocHOBAN 3aKoH GoabwUX HUCE:

IIpu bonvuwom Konuvecmee dKCHepUMEHMO8, OMHOCUMENbHASL YACMOmd
W(A) cobbimus A na npakmuxe mano omiuuaemcs om eeposmuocmu P(A).
To ecmv npu OonbULIOM KOTUYECMBE IKCHEPUMEHMOE MONMCHO CUUMAMb, MO

P(4) = W(A).

3agmaua 2. B ciemyromei Tabnuie NpUBeACHBI CBEICHUS O TYPUCTaX,
NpUuOBIBIINX W3-3a TPAHUIBI U TYpUCTaX BHYTPH HEKOTOPOTO TOCyIapcTBa
(BHYTpEHHUX TYpPHUCTaX):

O011ee YNCI0 TYpHCTOB
T'omer
Yuciio THOCTPaHHBIX TYPUCTOB Yncnno BHYTPEHHUX TYPUCTOB

2014 610 623 403 989
2015 746 224 348 953
2016 822 558 316 897
2017 774 262 346 103
2018 811314 351028

Haiigute OTHOCUTENBHYIO YacTOTY YHCIIa TYPUCTOB BHYTPU CTPAHBI 10O
NPEACTAaBICHHBIM TOMAM.

Yueno TypucToB BHYTPH CTPAHBI:

M= 403989 +348953+316897+346103+351028=1766970,
a YUCII0 UHOCTPAHHBIX TypUCTOB: 610623 +746224+ 822558 +774262+811314=
= 3764981.

OGmmee uucno typuctos: N = 1766970+3764981=5531951.

Torna, M 1766970

OrBeT: W=0,3194.
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Ynpaswcnenuasa

475. 3amonaHuTe MOCHEIHUNA CTOIOE] TaOIHUIIbL:

OtHOCUTENbHAs
Hopsia- Hucio (N) Yacrora 4acTora
KOBBIH OKCIepUMEHT SKCTIepH- CooprTre A coGuITHS A
HOMEp MEHTOB cobObITHs A (W( 4) =)1\,4
N
Brinangenue
1 Bpocanue MOHETHI 150 78
peLKu
Tpenbba U3 Jyk [Tonananue B
) Crpenbba u3 yka 200 orajaHue 182
110 MULIEHH MUIIEHb
bpocanue
3 UIpajgbHOrO 400 Brimanenue 4 67
KyOHKa

476. Omnpocu 920 ropokaH 0 TOM, Kak OHU JTOOWUPAIOTCs 10 PabOTHI, TTONIY-
YUK caenyromue ceenenus: 350 u3 Hux eyt Ha MamuHe, 420 — Ha ro-
poackom tpancnopte, 80 — Ha Benocunene u 70 uayt nemkom. Haiiaure
OTHOCHTEJIbHYIO 9aCTOTY YHUCIIa TOPOXKaH enynux: 1) Ha MamuHe; 2) Ha
TOPOJICKOM TpaHcTopTe; 3) Ha Benocunene; 4) uaynmx MekoM.

4717.

70 u3 5000 mpou3BeCHHBIX TBEP/IBIX TUCKOB OKa3aJIUCh OpaKOBaHHBIMHU.

HaﬁI[HTe OTHOCHUTCIIbHYIO 9aCTOTY 4YHUCJIa 6paKOBaHHLIX JHUCKOB, 3aII1MCaB

€€ B IIPOLICHTAX.
478.

B rpynme roHbIX 0acKeTOONUCTOB MPOBETH YNPaKHEHUS 10 OPOCAHUIO

Msua B KOp3UHY. Pe3ynbTarsl mpuBeneHb! B clienyonen Tabnure:

Ywucno 6pockoB Msiya B Kop3uHY (V)

10 50

100 | 250

500

Ywucno momagaHuii Ms4a B KOp3uHy (M) 6 32

68 155

320

Ms4a B KOp3uny (1)

OTHOCHTEIbHAS YacTOTa MMOMagaHui

3amoyHUTE TOCIEIHIO CTPOKY Tabmumbl. UTO MOXKHO CKaszaTb O
3HAUEHUM BEPOSITHOCTH P momajgaHuil mMsya B KOP3UHY (C TOUHOCTBIO
JI0 OJTHOM JiecsiToM)?
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|
| §37 CJIYUYAWMHBIE BEJIUYUHBI

CraTHCcTHKaA — 3TO HayKa, 3aHUMAIoIIascs cOOpOM M aHATM30M HH(POPMAIIUH
0 Pa3MUYHBIX CITyYalHBIX BEIMYMHAX, & TAKXKE MPEICTABICHUEM dTHX JTaHHBIX
B BUJIe TaONIUII, 1MarpamMmm, rpadyukoB U TaK jajiee.

0 Chyyaiinoii éenuyunoll Ha3bIBAOT BeJIUYMHY, KOTOpasi MOXKeT
NPUHUMATH Pa3jiuYHble 3HAYEHHUS CJOy4YaiiHbIM 00pa3oM B xoae
HA0JII0IeHUS] WJIM NIPOBeJCHHUS IKCIIEPUMEHTA

O Takux BeJIMUMHAX TOBOPST, YTO MX 3HAYEHUSI 3ABUCHT OT CJIydast.

[Tpumepamu cydailHBIX BETMYMH MOTYT CITYXKHTh, HAIIPHUMEP, KOTMUYECTBO
KOCMHUYECKUX YaCTHII, MAJAI0NIMX U3 KOCMOCA Ha IIKOJILHBINA TBOP, KOJIMYECTBO
3BOHKOB, IMOTMAAIOIIUX HA TeIe(POHHYI0 CTAHIMIO, CKOPOCTh MOJIEKYN 4Yas B
nuajie, To, Kakoe 3Ha4YCHHE BBITIAJICT MPH OPOCAHWU MTIPAILHOTO KYyOWKa, U TaK
Jajee.

3amaua 1. [TonOpachIBarOT Ba UTPATBHBIX KyOHKa. MOXHO JIM OTIPEIEIIUTh
¢ HanbosnbIel BEpOSATHOCTHIO, KAaKOM Oy/IeT cyMMa OYKOB Ha JIByX KyOukax?

Haiinem BepoOsSITHOCTh MOSIBICHHS KaXXJOIO0 3HAUEHUS CYMMBI OYKOB.
OO1m1ee KOMMYECTBO 3HAYCHNUHM €CTh KOJMYECTBO BCEX BOSMOXKHBIX CYMM OYKOB,
BBINAIAFONIUX Ha IBYX KyOuWKax: 6 - 6 = 36. CocTaBUM TaOJIHILy CyMMBI OYKOB:

2-0ii KyOuK
1-bI1it KyOHK

1 2 3 4 5 6
1 2 3 4 5 6 7
2 3 4 5 6 7 8
3 4 5 6 7 8 9
4 5 6 7 8 9 10
5 6 7 8 9 10 11
6 7 8 9 10 11 12
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C nomouibio TaOIUIBI OTPEACTIUM 3HAYCHHUE /M — YUCIIO OJIarompusiTCT-
BYIOIIIMX UCXOJOB JJISl KaXKA0TO 3HAYCHUSI CYMMBI:

m, =m12=1, m,=m, = 2, m,=m,= 3,

m,=my=4, m,=m,=35, m, =0.

BeposTHOCTH MOSBIICHNSI TOW MM WHOM CyMMBI TIPH MOAOPACHIBAHUH JIBYX
KyOMKOB MOKHO 0)OpPMHTH B BUJI€ TaOIHUIIBI:

CymMa OuKOB 2 3 4 5 6 7 8 9 10 11 12

BepostHoCTb 1 2 3 4 5 6 5 4 3 2 1
( _ ﬂ) 36 36 36 36 36 36 36 36 36 36 36
n

o 6 1
U3 Tabnuirsl BUHO, 4TO ¢ HAaHOOIBIIEH BEPOSTHOCTHIO — 36 ¢ BPIMazaer
CyMMa OYKOB, paBHas 7/.

OtBet: C HanbombIIeH BEPOSTHOCTHIO BHITIAAET CyMMa OUYKOB paBHast 7. A

B mepBoii 3ajaue cymMMa OYKOB, PHU MOAOPACHIBAHUU JIBYX KyOHMKOB —
cayyaunas eenuyuna. O603Hauum ee 3a X. Torma 3HaueHUsAMH CirydailHOU
BenmuuuHbl X Oynyt wnena X, =2, X, =3, .., X =11, X, =12. B tabmune
MIPEICTABICHBI 3HAYEHUS BEPOSITHOCTER Pv P,..., P, P, COOTBCTCTBYIOIINX
Ka)XXZI0My 3HaueHUI0 X:

C nmoMompl0 3TOW TAOIHIIBI JIETKO OTBETUTh HAa BOMPOCHI, HANPHUMED,
Kakue 3HaueHus X MMEIT OIMHAKOBBIE BEPOATHOCTH; JUISl KAKUX 3HAYECHHUH
X BeposATHOCTH OyneT HamOOJbIIEH, U Tak ganee. JTa TabnuIa Ha3bIBaeTCA
mabnuyel pacnpedenenus BEPOITHOCTEH CIydalHOW BETMYMHBI X — CyMMBI
OYKOB IpHU MOJ0pachIBAHUU JBYX KYOHKOB.
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0 Ta6auua, coaepkamas BepOSTHOCTH A5 KAKA0r0 3HAYECHUS
CJAy4YaiiHOi BeJMYHMHBbI X, HA3bIBACTCS Mmadiuyeil pacnpedenenus
6eposAmHoOCmen CJIy4auUHOU 6eITUYUHDI.

Tabmuuel pacnpeneneHuss BEPOATHOCTEH CIy4alWHOW BEIWUYHHBI
COCTaBJISIFOTCSI HA OCHOBAHUM PE3YJIbTaTOB BBIUMCIEHUN BEPOSATHOCTEH.

Ha mpakTtuke, mocie NMpoBEACHHUS SKCIEPUMEHTOB, CTPOST mabauybl
pacnpeoenenuss yacmom I OMHOCUMENbHBIX YACTOmM 3HAYeHUll CTYYAUHbIX
geruyun. llocme 3TOTo I HATIAANHOCTH, TaOJIWIy pacupeeieHus
NPEJCTABISIOT B BUJIE OUaepaMMbl WU noaueoHa yacmom. Bl TO3HAKOMUITUCH
C MPEICTaBICHUEM JIaHHBIX B BUJE JMAarpaMMbl U MOJUTOHA YacTOT B Kypce
AunreOpsl 8 knacca.

3anaua 2. [l u3y4eHUs YMCIIa COTPYIHUKOB, paOOTAIOIINX B KOMITAHHSIX,
ObLTM cOoOpaHbl JAaHHBIE MO KOJMWYECTBY COTPYAHHKOB B 36 KOMIAHHUSIX U
NIPEACTABIICHBI B BUC TaOIHUIIBI:

23 30 24 25 30 24
32 33 31 31 25 33
23 30 29 24 33 30
26 29 27 29 26 28
29 30 27 30 28 32
31 27 30 27 33 28

Hcmonb3yst 3Tu CBeIeHUs, COCTaBbTe: 1) TaOMMIly pacrpeneneHns 4acToT
(M) n otHOCHUTENBbHBIX YacTOT (W); 2) NOAUTOH YaCTOT.

1) U3 Tabauisl BUAHO, YTO, €CIM YUCIO COTPYIHUKOB OOO3HAYUTH
3a X, To 3T0 OynmeT ciydaiiHas BeJWYMHA. BHUMaTebHO M3y4WB TAOIUILY,
BUJUM, YTO 3Ta Cly4yalHas BEJIMYMHA NMPUHUMAET 3HaueHus ot 23 1o 33 u
MIOJICYMTAB CKOJIBKO pa3 MOSBISIOTCS TH YUCIa B TaOJUIE, CTPOUM TaOIHUITY
pacrpenesieHus 9acToT:

X | 23 24 | 25 26 | 27 | 28 | 29 | 30 | 31 32 | 33

M 2 3 2 2 4 3 4 7 3 2 4
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PazpgenuB kaxayro M3 4acToT Ha 4yuciao N = 36 KOMIAaHWH, MOITYYUM
TaOIHUITy pacrpenesieHus] OTHOCUTENBHBIX YaCcTOT:

23 24 25 26 27 28 29 30 31 32 33

W:W 0,06 | 0,08 [ 0,06 | 0,06 | 0,11 | 0,08 | 0,11 | 0,19 | 0,08 | 0,06 | 0,11

Hanomuum, 4to cymMma Bcex 4acTtor paBHa N =36, a cymMMa Bcex
OTHOCHUTEJBHBIX YacTOT paBHa .

2) Ha pucynke 90 mpejactaBiieH MOJMIOH YacTOT YHCJia COTPYJHUKOB
KOMITaHHH:

[Tonuron gactor

A

M
8
6
4
2
0

20 25 30 35
Puc. 90.
Ecnu HyXHO HallTU CyMMY BCEX 3HAUEHUW HEKOTOPBIX BEIHMYHMH, TO

UCTIONb3YIOT BBeneHHbIN JI.Dinepom 3Hak ). Hampumep, eciau yacrora M
npuHUMaeT 3HavdeHus M, M,,..., M, To munryT:

M+ M+ .. +M=3M.
CyMMa Bcex 4acToT ciay4aiHOW BeTUYMHBI paBHa N:

> M=N.
CyMMa Bcex OTHOCHUTENBHBIX YaCTOT TPOU3BOJIBHOM CITyYaiHOM BETMYUHbI
paBHa 1.

YW =3 Nj vttt
M1+M2+...+Mk_ZM_£_1
N N N
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PaccmarpuBaeMbie B JaHHOM maparpade clydyailHble BEJIUYHHBI
NPUHUMAIOT OTJIMYAIOIMIMECS IPYr OT JApyra 3HaueHus. Takue BETUYHHBI
Ha3bIBAlOT OuckpemuviMu eeiuvurnamu (OT JATHHCKOTO dickretus —
pa3aeIeHHBI).

Ecau xe ciyuaiiHas BelMYKMHA MOXET NMPUHUMATh BCE 3HAUCHUS Ha
OIPEAEIIEHHOM TPOMEXYTKE, TO TAKYI0 BEIMYMHY Ha3bIBAIOT HENPEepul8HOU
cryyaunol eenuyuHol. B Buae npuMepoB HENPEPBIBHBIX CIyYalHbIX BEITUYHH
MOYKHO NPUBECTH U3MEHEHHE TEMIIEPATypbl BO3yXa, BPEMsl, 3aTPaurMBacMoe
Ha MyTh OT JIOMa JI0 IIKOJIbI, BEICOTY PACTYILIETO TOTMOJIs, BPeMs MPUOBITHS
aBTOOyCa Ha OCTAHOBKY M TOMY TOH00HOE.

HecMmoTpsa Ha TO, 4yTO HempepbiBHAs clydailHas BEJIMYMHA MOXKET
NpUHAMATh 0€CKOHEYHOE YMCIIO 3HAUYCHUH, MO)KHO HAWTH €€ pacrpeiesicHue.

JUist 3TOrO0, MPOMEKYTOK 3HAYEHUN HENPEPBIBHOW CIIy4YaHHOMN BEJITUYUHBI
JENST Ha OTPE3KH W BBIUUCIAIOT 4acTOTy (MM BEPOATHOCTH) MOMAJaHUs
CIIy4allHOM BEJIMYMHBI B KaXKIbI U3 OTPE3KOB.

Hanpuwmep, mycTh yUeHHK 3amuChIiBaj MOCEIIEHUE CIIOPT3alia B TEUCHHE
100 nHei, n KaxIpIi pa3 3aHUMalcs B 3aie He Oomnee 1 vaca 15 munyT. Torna,
YUUTBIBAs, YTO MPOMEKYTOK BPEMEHU B MUHYTaX, OTBEJICHHBIN Ha KaXIYIO
TpeHupoBKy [0; 75], pa3nenum €ro Ha 5 paBHBIX BPEMEHHBIX MPOMEXYTKOB,
U 3aluiieM B TaOJluIly YacTOThl BPEMEHHU, 3aTPaueHOro Ha TPEHUPOBKHU:

T(vunyr) | [0;15) | [15:30) | [30:45) | [45;60) | [60;75]

M 1 4 12 20 63

BbrunciivB HENMOCPEACTBEHHO CYMMY 4YacTOT, MOXHO YBHJAETb, 4TO
> M= N =100.

JlaHHBIE 3TON TAOMMILBI — eUcmoepamMmy 4acmom MOXKHO INPEACTaBUTH B
BUJIE cTyneHuaroi gpurypsl (puc. 91). Ecnu anHa ocHOBaHMS KaXK101 CTYNIEHN

M -
h, TO BbICOTa CTylneHU OyIeT paBHa —, 31ech M — yacToTa Cly4ailHOU
BEJIMYMHBI X Ha COOTBETCTBYIOLIEM MPOMEXKYTKe. Toraa Iiomaas CTyleHu

paBHa % -h = M , a niomaab HWXKHEH yactu purypsl paBHa y, M= N.
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M A 63
60 T
40
20
20 T 12
4
1 —
0 > X
[0:15)  [15:30) [30:45)  [45;60) [60;75]

Puc. 91.

Ecau xe Inpu nmoMomu 4YacTtoT 6yI[yT ONpeaAcCJICHbl OTHOCHUTCIIbHBIC
YaCTOTHI:

T(vuunyr) | [0:15) | [15:30) | [30:45) | [45:60) | [60:75]
W= % 0,01 0,04 0,12 0,2 0,63

TOTAa cTymneHdaras (urypa, mHOCTPOEHHas ¢ MX THoMombio (puc. 92),
Ha3bIBACTCS 2UCTNOSPAMMOU OMHOCUMETbHBIX YACIOM.

Wox W= 0,63

0,6 +

0,4 +

W, =0,

02 -+ !

W, =0,12
W, = 0,01 ﬁwz — 004
[0,15) [15,30) [30,45) [45,60) [60,75) x

Puc. 92.

[Tnomanps Kakao# CTyMmeHW TUCTOTPAaMMbI OTHOCHTENIBHBIX YacTOT OyneT
paBHa COOTBETCTBYIIeMy 3Hauenuto W. Torga minomans GuUrypsl moa
rucTorpaMmoii Oyaet pasHa exuauie (). W=1).
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479.

480.

481.

482.

483.

204

Ynpaowcnenua
[Toctpoiite Tabnuiy pacmpeneneHusi BEPOSITHOCTEH P ciydyailHBIX Be-
Au4MH X ,,BBIMABIIUX OYKOB® Mpu OpocaHuu: 1) 0OBIYHOTO UrpajbHOTO
KyOuka; 2) kyOuka, Ha JIByX I'paHsX KOTOPOTo 4ucio 1, Ha JBYX 4HCIIO
2 u Ha IBYX 4ncio 3; 3) kyOuka, Ha TpeX TPaHiX KOTOPOTO YHCIo 3, Ha
JIBYX 9HCJI0 2 ¥ Ha OHOM umuciio 1; 4) kyOuka, Ha IBYX I'paHsIX KOTOPOTO
4yuciio |, Ha Tpex 4ucio 2 U Ha OJJHOW 4uCIo 3.

Ha cron Gpocator nBe MoHeThl. Brinasnenuto ,,opna““ coorsercrnyer 0,
BbINA/IeHNIO ,,petiku’ — 1. [locTpoiiTe Tabnuiyy pacnpeneneHus BeposT-
HOcTed P cirydailHOM BeIMUYMHBI X — CyMMBI 3a/laHHBIX YHCIIOBBIX 3Ha-
YEHUH.

Ha cton oHOBpeMeHHO OpOocCaroT JBa OJMHAKOBBIX TETpadipa, Ha rpaHIX
KOTOPBIX HamucaHbl uncna 1, 2, 3, 4, mpu 3TOM YUCIIO OYKOB OMPEICIISIOT
M0 TpaHu, Jiexarie Ha croyie. MOXHO JIU ONPENeTUuTh HauOOoJIbIIyIO
BEPOSTHOCTB: 1) CyMMBI; 2)IpOU3BEIAEHUS] OYKOB, BHIMABIINX IPHU
OpocaHuu JBYX TETpa’ipoB?

bpocunu nBa urpanbHbIX KyOuka. [locTpoiiTe TabmuIy pacmpeacaeHus
MPOU3BENICHUSI BEPOSATHOCTEH BBIMABIIKX HA JBYX KyOHMKaxX OYKOB.

Brnanenen xade, 9To0br OBICTPO OOCTYKUTH MOCETHTENEH B 00€ACHHOE
BpeMsI, IPAaBUIBHO PACTIPEACTUTh YHCI0 OOCITYKHMBAIOIIETO MepCoHaa
Y MIPaBWIBHOTO TJIAHWPOBATh 3aTpayrBaeMble CPEICTBA, COCTABHI Ta0-
vy dncia obemarontux 3a 50 mHei:

20 27 23 27 26 18 22 25 26 23

23 25 28 26 23 22 21 19 21 29

30 27 26 30 29 22 18 29 22 26

28 27 29 27 22 29 26 27 21 19

25 29 29 21 18 26 20 24 19 27

C momomIpi0 3TOW TAOMUIBl TS CIy4ailHOW BeNMWYWHBI X — dHcla
obenatomux B kKade cocraBbTe: 1) Tabmumy 4yuctoT (M) u Tabmumy
OTHOCHUTEIIBHBIX 4acToT (//); 2) MONHUTOH 4acTOT.



484. Hwxe IpeacCTaBJICHA Ta6m/1ua quciia J€BOYCK U MAJIBYUMKOB ITOCCTUBIINX

48s.

3aKpBITBII\/'I 0acceiin 3a IATh MCCALICB:

Jletu, mocemarorniie 6acceiH
Mecsn
JleBouku Masnbuuku

Arnpenb 311 357

Maii 284 404
Hronb 278 417
Hronb 340 412
ABrycr 322 406

Haiinute 4acToTy, OTHOCUTENIbHYIO YacTOTY M MOCTPOMTE TUCTOrPaMMy
YacTOT CIIY4YalHOM BEJMYMHBI X — YuClla MaJb4MKOB, MOCETHUBIINX
OacceiiH.

[TocTpoiiTe Tabnuily pactnpeneaeHuss 4acToT clydyalHOW BeTUIUHBI X —
yuacTtre nudp B CleAyomux TeaedOHHBIX HOMEPax

1) 916549695, 939749596, 949039391, 913229296;
2) 945539391, 931179396, 913749193, 919 149494.

486. IlocTpoiiTe MOJUTOHBI YaCTOTHI U OTHOCHUTEJIBHOM 4aCTOTHI CITy4aliHOW

487.

BEJIMYMHBI X, pacrpeienieHue KOTOPOH NpeACTaBiIeHO B TabIHIIe:

X 3 5 7 9 11
2 4 6 3 1

1)

6 7 9 10 12

2
) 3 6

N RS

B Tabnune Hanucausl pazmepsl 00yBH 16 ManpunkoB 9 Kiacca:

38 38 39 39 39 40 40 41
41 41 41 41 42 42 42 43

[ToctpoiiTe Tabnuiy pactpenenenus 4acToT Cy4ailHOW BETUYUHbBI X —
pa3mMepoB 00yBH MaJBIMKOB 9 Kitacca.
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§38. YUCJIOBBIE XAPAKTEPUCTUKH CIAYYANHBIX
BEJIUYHUH

Bbl yke 3HaKOMBI C TOHATUSIMHU: MyCTO€ MHOXECTBO, BBHIOOpKA, cpeaHee
3HauYEHHE, MOjla, MeIuaHa, BBeJAeHHbIMU B [V rmaBe yueOHMKa 8 Kiacca
»AITeopa®, MOCBANICHHOW aHAIM3Y MaHHBIX. TOYHO Takue k€ TOHSATHS MOKHO
BBECTH U JIJIS CIIy9alHBIX BEJIMUHH.

B cratuctuke B kauecTBe MHOXKECTBA JJAHHBIX PACCMATPUBAIOT YUCIIOBBIC
3HAYEHUS CIyYyaWHBIX BEJIMUMH C YYETOM HMX 4acToT. [Ipu 3TOM MHOXECTBO
BCEX 3HAYEHUH CIyYalHBIX BEJIMYMH HA3BIBAIOT 2eHEepabHbIM MHOMCECMBOM,
a HEKOTOPYI0 4YacTh 3TOI0 MHOXECTBa — 6bl00pKol. BBIOOPKY Ha3bIBalOT
penpe3eHmamuénoll, €Clii B HEW y4acTBYIOT TOJIBKO ClIy4ailHble BEJTMYMHBI
U3 TEHEPAJIBHOTO MHOKECTBA M €CJIM OTHOIIEHWE YacTOT B HEW MOm00HO
OTHOIIIEHUIO YaCTOT B FeHEPaIbHOM MHOKECTBE.

IIpumep. Ilycts pacnpenenenwe yactor M ciiydyalHOW BEIUYUHBI X
HPECTaBICHO CICAYIONMM 00pa3oM:

X -3 5 9 11

M 5000 2000 7000 3000

U TYCTh BCE 3HAYCHHS ATOW CIIy4alHOW BEIMUYUHBI (3aMETHTE, YTO UX YHCIIO
17000) mpuHATH 32 TeHEpPaTbHOE MHOXECTBO. PaccMoTpuM crieayromue Tpu
BBIOOPKHU:

1-Tabmumna 2-tabnuia 3-tabnnma
X | 3 5 9 11 X |3 9 11 X | 3 5 9 11
M| 5 2 7 3 M| 5 7 3 M| 5 6 7 3
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Pacnipenenenue nannoe B 1-Tabnuiie sIBISICTCS PENpe3eHTATUBHBIM, Tak
KaK B HeW Tak)Ke y4acTBYIOT 3HaueHus —3, 5, 9, 11 ¥ ToJIbKO OHU ¥ OTHOIIEHHE
4acTOT B 3TOW BBHIOOPKE Takoe ke Kak B reHepaibHoM MHoxkecTBe: 5 000 :
2000 : 7000 :3000=5:2:7:3.

Pacnipenenenue Bo 2-tabnuiie He SBISIETCS PENPE3EHTATHBHBIM, TaK KaK B
HEM HE y4acTBYET 3HAYCHUE CIIyYalHOM BEJIMYUHBI, PAaBHOE 3.

Pacnpenenenue B 3-Tabnuile Takke He SBISIETCS pENPE3CHTATUBHBIM, TaK
Kak B HeM He coxpaHeHo oTHomeHue yactot: 5 000:2 000:7 000:3 000£5:6:7:3.

JlanHbIEe CBEOEHUs, HaMpUMep, 3HAYECHUS CIYyYaWHOU BEJIWUUYUHBI,
MHOI/Ia MOKHO ONUCAaTh WJU OLEHUTH C MOMOIIbIO OJHOTO YHCIA. DTO
YHCIIO0 HA3BIBACTCSA Mepoll YyeHmpaibHOlU meHOeHyul CIIy4ailHbIX BETUYHH.
[Ipumepamu Mepbl IEHTPATBLHON TEHIECHIIUU MOTYT CIYXUTh MOJa, METMaHa
U cpeJHee 3HAUYCHHE.

HauGonbinee 3HaueHHE 4YacTOTHI CIy4YailHBIX BEJIHMYMH B paccmar-
puBaeMOM BHIOOPKE HA3BIBAETCA M0OoU U 0003HauaeTcs M.

Hampumep, ecnu BeiOopka uucen coctouT u3 8, 9, 2, 4, 8, 6, 3, 1o ee
Mojia paBHa 8, a Moza BeIOOpKH 5, 6, 11, 3, 3, 5 umeer n1Ba 3HaueHus — M,= 3,
M=5.Y BbiOopku 1, 3, 7, 20, 6, 11 HET MOABI.

Ecnu 3anumem 3HadeHusi BBIOOPKH B MOPsIIKE BO3PACTaHUS, TO YHCIIO,
KOTOpOE JETUT BCE 3JIEMEHTH BHIOOPKH Ha JBE paBHBIC YAaCTH, HAa3BIBACTCS
meduanou v 0003HavaeTcs M. Ecinm 4ucio 371€MEHTOB yIopsa04eHHOM
BbIOOPKHM HEYETHOE, TO MEJMaHa paBHA YHUCIY, HAXOISAIIEMYCS B CEpEelMHE.
Ecnu ke 4ucio 37eMEeHTOB YMOPSAI0YEHHOW BHIOOPKH YETHOE, TO MEIUaHa
paBHa cpeqHEMYy apuU(PMETHYECKOMY JABYX YHCEN, CTOSAMIUX B CEpEAHHE
BBIOOPKH.

3anaua 1. Haiiqute Meauany BIOOPKH CIy4alHBIX BEJTUYMH:

1) 8, 2,0, 5 -5, 4, & 2)8, 5, 3,4, 7, 2.

A 1) 3amumem s1eMeHTbl BBIOOPKH B mopsiike Bo3pactanus: — 5, 0, 2,
5, 4, 8, 8. Mmeem HeueTHoe umucio naHHBIX. CieBa W crpaBa OT yucia S5

PacIoI0kKEeHO MO TPH YUCIA, TO €CTh 5 SBIAETCA CPEIHUM YUCIOM BBIOOPKH,
nosromy M =5.
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2) 3anwumiem 3eMeHTsl BBIOOpKHU &, 5, 3, 4, 7, 2 B HOpsiiKe BO3pACTaHMS:
2, 3, 4, 5, 7, 8. YHucno naHHbIX 4e€THO. 4 M 5 — 4yuUCla, PACHOJIOKEHBI B

cepenuHe BHIOOPKH, Mo3ToMy M, = % =4,5.

Oteer: 1) 5;2)4,5. A

[Ipu u3ydeHun BBIOOPOK Ba)KHOE 3HAUEHUE MMEET €€ OJHO TMOHATHE
— pa3max BBIOOPKH, C KOTOPHIM Bbl TIO3HAKOMMJIMCH B § Kiacce. Pazmaxom
8b100pKY HA3BIBAIOT PAa3HOCTh MEXIY €€ HauOONbIIUM M HANMEHBIIUM

3HaYE€HUAMH U 0003HA4aloT R.
Pa3max BBIOOpKHM MOKa3bIBAET HA CKOJIBKO Pa30pOCaHbl 3HAYEHHS BBIOOPKU.

IIpumep. ComocTaBbTe pa3Max cieayronmx Beibopok: 21, 27, 22, 8§, 9,
15, 19, 21 u 190, 187, 198, 189, 195, 190.

B 1-oii BeIOOpKe Hambosblee 3HaU€HHE paBHO 27, a HaMMeHbIIee — §.
Crenosarenbno, pasmax 1-oi BeiOOpkn R =27-8=19.

Hawubonbiiee 3Hauenue 2-oit BoIOOpkH paBHO 198, a HaumeHbIee — 186.
[TosTomMy pasmax 2-o# BeIOOpKH R,=198-186=12.

WUrak, pazmax 3HadueHwil |-BeIOOpKH uMeeT Oodpmuii paszbpoc Mo
CPaBHEHUIO CO 2-i BEIOOPKOH.

HamomuuM, 4T0 cpednum (unu cpednum apugmemuueckum) sHavenuem
CITy4aiiHOW BETMYMHBI Ha3bIBAIOT OTHOIIEHHE CYMMBbI BCEX YMCEN BHIOOPKU K
ux yucny. CpeHee BceX 3HaUCHMH cilyyaiiHOW Benn4yMHbl X 0003HaYar0T X.

3anaua 2. Haiigute cpeanee 3HayeHUE BBIOOPKH CIy4alHOW BEJIWYHHBI,
pacmpezielieHle 4acTOT KOTOPBIX MPEICTaBICHO B CeAyIOIIe Tabmuie:

Tabnuya 4
3 4 5 7 10
3 1 2 1 3

3~3+4-1+5-2+7-1+3-10:9+4+10+7+3026
3+1+2+1+3 10

X =

OT1BeT: 6.
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Eme ogHuUM U3 BaXKHBIX MOHSATHH ONpEAEISIONMX BHIOOPKY CIy4alHBIX
BEJIMYMH, ISl KOTOPBIX U3BECTHO PACHpPEICIIEHUE BEPOATHOCTEH, SABIAETCA
HOHATUE MAMEMAMUYECKO20 OHCUOAHUSL.

Ecmu BepositHOocTH 3HaYeHun X, X,, ..., X ciydaitHOH BeaWYnWHBI X
COTBETCTBCHHO paBHbl P, P, ...P , TO 4uCIo
E=XP+XP+. +XP (1)
n n

HAa3bIBAIOT MAMeMAmu4eckum 0xcudanuem CIy9aifHOW BETMUMHBI X.
Hampumep, mycTs BEpOSATHOCTH CIydyailHOM BeMMUUHBI X pacrpeneseHbl
CIIeAyIOMUM 00pa3om:

X 6 4 7/ 5

P L s

10 5

1 1

5 10

ulo [w

Torma maTemMaTnueckoe OXKUAAHUE ITOW CIIyUalHOW BEIUYHHBI:

1 \ 6+8+12+14+5 —4,5.

1 1 2 1
_6'ﬁ+4'5+3'5+7'5+5'ﬁ 10

Pa3HOCTBh MEX/y 3HAYCHUEM CITYyYaliHOM BEJIMYMHBI U CPEAHUM 3HAYCHUEM
BBIOOPKH HA3BIBAIOT CPEOHUM OMKIOHEHUEM.

Hampumep, ecnu 3Ha4YeHHe ClyvaiHOW BenuduHbl X = 35, a cpeiHee
3HayeHue X = 32, To cpenHee OTKIOHEHHe X| paBHO X, — X =35-32 =3,

Jlerko moxasark, 4TO CyMMa CPETHUX OTKJIOHEHH BCEX 3HAYECHUI BEIOOPKH
paBHa HYJIIO:

X, - X )+ (X=X )+ (X - X )=(X + X, +.+X)—nX =
X+ X+ 4+ X,
- =

0.

=X +X A+ X )-n-

[ToaToMy, 4TOOBI OXapaKTepu30BaTh 3HAYEHUS CIYYaWHOW BEIUUYWHBI
BMECTO CYMMBbI CPETHUX OTKJIOHEHHH MCIOJNB3YIOT cpefHee apudmernyeckoe
KBAQIPAaTOB CPEIHUX OTKJIOHEHHWH. DTy BEIMYMHY HA3bIBAIOT Oucnepcuei
(B mepeBojIe ¢ JTATUHCKOTO dispersion — pacceuBaHue, PA3I0KEHHE).

Ecnu ke ciryqaiHas BenmnarHa X TpuHUMAeT N PasIndHbIX 3HAYCHUH U e¢
CpelHss paBHa X , TO €e AUCTIEPCHIO HAXOAT MO clienyromei Gopmye:
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X DX D e (X, - X 5
= 5 - )
CnenoBarenbHO, JIUCIEpPCUs paBHA cCpeaHeMy apupMeTHYeCcKOMY
KBaJIPaTOB CPEIHUX OTKJIOHEHUM 3HAYEHUU CIyYallHOW BEJIMYUHBI.
Ecnn 3Hauenus Xl, Xz,..., Xk CIy4alHOW BEIWYHUHBI X TOBTOPAIOTCS
¢ yacroramu M, M,,..., Mk, COOTBETCTBEHHO, TO €€ AUCIEPCUI0 MOXKHO
BBIYUCIUTH TI0 (hopMmyIie:

X, - X)? M, +(X, - X)2 M, +--+ (X, - X)2 M,
My +Mgy +---+ Mk ’

Dt

3)

TIe
XM, + X, My +---+ X, M,
M;+Msy+---+ Mk .

X =

Hampumep, MBI ONIPEIENUIIN, YTO CPEAHEE 3HAYEHHUE CITyYalHON BETMIUHBI
u3 4-tabmunpl X = 6. Terneph BBIYUCIUM JAUCTICPCHIO ATOM BEITMIHHBI:

(X - XM+ (X XMy 4+ (X, - XM,
M1+M2 +~-'+Mk

D

_(3-6)*3+(4-6)*1+(5-6)"-2+(7T—6)"-1+(10-6)"-3 _

3+1+2+1+3
27+4+2+1+4
g 8_82_go,
10 10

Ecnu cnyualinas BenuvuMHa Oyl€T MMEThb HAUMEHOBAHUE €IMHUIIBI
M3MEpeHHs (HapPUMEpP, CAHTUMETP), TO €€ CPEJHEE 3HAaYeHHEe X M CpeaHee
oTKJIOHEeHHE X — X OyayT UMETh T€ K€ eTUHUIIBI U3MEPEHUS (CAaHTUMETP), UTO
U BenuunHa X. YTOOBI OLEHUTH CpeAHee OTKIOHEHHE YNOOHO MOJIb30BaThCA
TEMU K€ U3MEPEHUSIMH, YTO U cilydaiiHasd BesnyrHa X. [loaToMy ucnons3yror

KBa/IPaTHBIN KOPEHb U3 JUCIIEPCUH, TO €CTh 3HaUeHHe VD .
KBaspaTHblii KOpeHb M3 JUCHEPCHH HA3BIBAIOT CPEOHEeK8AOpaAmMuiYHbIM

omkonenuem u 0003HAYANT G, TO ecTh 6= VD .
Hanpumep, MblI y’Ke MOJACYUTAIH, YTO JUCIIEPCUS CTyYalHOW BETMYMHBI U3
4-tabmuner D = 8,2. Eciu Teneps 1Mo KambKyIATOpY HAWTH KBAIPATHBIN KOPEHb
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H3 5TOro yucjia, TO HaigeM CpCAHCKBAIPATUIHOC OTKIIOHCHUC!

o= D = /8,2 =2.,86.

B craructuke aucnepcuro U CpeaHEKBAAPATUYHOE OTKIOHEHUE TaKXKe
Ha3bIBAIOT MEpOi pa3dpoca 3HAYEHUH CIyYalHBIX BEJIMYMH BOKPYT CPEIHETO
3HAYCHHUS.

Ynpancunenun

488. B crnenyromeit Tabauie TpUBEACHO paclpeeeHne 3HAYCHUN CITydai-
HOW BEJIMYMHBI F€HEPATHLHOTO MHOKECTBA!

)
2)
3)

4)

489.

490.

491.

X 8 9

11 b5 16

M 21 49

70 35 14

Kakue u3 MHOXecCTB OyayT penpe3eHTaTUBHBIMU ISl TEHEPAIbHOTO

MHOXECTBA:
X 8 9 11 15 16
M 3 7 10 5 4
X 8 9 15 16
M 3 7 5 2
X 8 9 11 15 16
M 3 7 10 5 2
X 8 9 11 15 16
M 3 7 9 5 2

Haiigure Mony BBIOOpKH:
1)6, 17, 8, 9, 5, &, 10;
3)4, 6, 8,4, 7,6, 5;
Haiinnte Mmennany BeIOOpKH:
1) 18, 13, 35, 19, 7,

3)5, 2,09, 14, 11;

Haiinure pa3smax BeIOOpKH:
1) 18’ _45 163 _35 111 59 43

2)26, 17, 4, 12, 2, 25, 19,

-5,
5

b

1
6

b

9

2)20, 11, 7, 5, 9, 11,
45,7, 4,3,7,2, 5.

2)25, 16, 14, 21, 22;
4)16, 7, 13, 9, 15.
3;

7.
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492. Haiigure cepeTuHy BBIOOPKH:
1) 34, —10, 23, —18; 2)-3, 6, -19, -12, 1;
3)0,5, 0,7, 0,4, 0,7, 0,6, 0,4; 4)2,2, 2,3, 2,2, 1.8, 1.8, 2,3.
493. Haiigure Moxy, MeIMaHy U CepeanHy BHIOOPKH:
H4, -3, 2,0, 3, -2; 2)6,5, 2,4, -5, 0.
494. Haiinure cpennee apupmMeTHUECKOE 3HAUCHUH BEIOOPOK CITydailHOM Be-
AU4YMHBL X IO clietyroliel Tabnuie pacrpeneneHns 4acToT:

D] x| 3] 0| 1| 4 )l x| 3] 1|5
M| 4|6 | s |1 M| 5| 6 |3
N x| 5| 2| 3 Hl x| 2|1 | 2
M| 3 |6 | 2 M| s | 4] 3|2

495. Haiiaure mMaTremMaTuyeckoe OXHJIaHWE 3HAYCHWH ciyyalHOW Belndu-
HBl X 10 crienyrorei Tabnuie pactpeaeeHusl BEpOSTHOCTEH:

1) X | 4 -2 0 1 3 2) | X | 3|2 0 1 2 4
3 1 5 1 1 1 2 3 2 1 1
Pl | 1T || P1T0 |10 |10 |T0 |10 | T0
496. Haiinure nucnepcuio BEIOOPKH:
1)9cm, 11 cm, 8 em, 10 cm; 2) 18 kr, 16 kxr, 15 kr, 19 KT}
3)8¢c,11¢, 8¢, 9c¢, 9¢; 4)1IMm 9m, 4M, 8M, 8M.

497. HaiinuTe qucnepcrio MHOKECTBA 3HAUEHU CITy4ailHOM BEIMYMHbBI X 1O
cleyroliel Tabnuie pacripeaeneHns 4acToT:

HDiX]1]2[3]S5 ) | X[2])-1]1[2]3]4
M| 2|3 ]|3]2 M1 |3 [2]1[2]1

498. BpruucinTe CpeIHEKBAaJAPATUYHOE 3HAYEHHUE, HCIOJIb3Yys CpeaHee
3HauY€HHUE JIEMEHTOB BHIOOPKH:

1)4r, 5t, 81, 31, 513
2)9cm, 12cm, 7cem, 10 eMm, 12 cm.

499. HaiinuTe cperHEKBaApaTUYHOE OTKJIOHEHHUE CIYYailiHOM BEIUYnMHBI X 1O
cleyroliel Tabnuie pacripeaeneHus 4acToT:

Dix|-1][2]3]s ) [x]4|l2]1]4
M{3]2]2]1 M[{1]|4]3]2
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500.

S01.

502.

503.

504.

50sS.

506.

507.

508.

Ynpanwcnenusa k znaee V

(YctHo). HaszoBuTe Bce nneMeHTapHbIE COOBITHS, KOTOPBIE MOTYT
MPOM30UTH: 1) TIPU TIEPEUNCIIEHUN MECSIIEB B CIIyYallHOM MOpSAKe; 2)
npu OpOCaHUU IBYX MOHET U ONPEJIeIEHUH BBIMABIICH CTOPOHBI; 3) TpH
MEPEUUCICHUN MPOCThIX uKcen, MeHbmux 50; 4) npu nepeurcieHuu
CITy4alHBIX IBY3HAYHBIX YHCEN KPATHBIX 3.

B kopoOke 4 uepHBbIX, 5 KpacHBIX U 6 cuHuUX mapoB. CiyyaiftHeIM 00pa-
30M U3 KOPOOKH BBITACKMBAIOT OJIMH wap. Haliaure BepoATHOCTDH TOTO,
4TO ATOT 1ap: 1) YepHbId; 2) KpacHblii; 3) cuHMii; 4) HE YepHBIH; 5) He
KpacHbIif; 6) HE CUHMIA; 7) 3€JIeHbId; §) UM YEPHbIM, UM KPACHBINA UITH
CUHHU.

Hayran Ha3zBaHo oqHO U3 HaTypaibHbIX yucen ot 1 go 50. Onpenenure
BEPOSITHOCTH TOTO, 4TO 3TO uucio: 1) 7; 2) ne 7; 3) kpatHo 7; 4) kpaTHO
10; 5) He sBIsETCS MPOCTHIM YnCiIoM; 6) He Oonbiie 30.

Ha cton Gpocaetcst urpaibHblii KyOUK U MOHeTa. Haiiure BeposSTHOCTH
TOTO, 4TO 1) BBINAJET 5 OYKOB M peIlKa; 2) BBINAJET MPOCTOE YUCIIO U OpE.

HaitnuTe pasmax, Momy, MenuaHy u cepenuy Beioopku (504-507):

)2, 6, 6,9, 11;
2)4, 10, 13, 13, 19.

1)-7, -7, -4, -4, 1, 3;
2)-3, -3, 1, 3, 10, 10.

1)0,13,-5, -6, 14, -1, 11, -1, -8;
2)5, -9, 14, 9, -5, -2, 0, 14, 5.

1)-4, —14, 13, -6, 9, 14, 0, —6;
2)15, 3, -9, 9, 13, -7, -3, 10.

Haﬁnme JUCTICPCUIO U CPCAHCKBAAPATUIHOC OTKIIOHCHHUC BBI60pKI/IZ

)6, 11, 8, 9 2)9, 12, 8, 14;
3)6, 3, 5, 4, 4; 44,3, 2,2, 6;
S)1, -2, 2, -3, 4; 6)-3, 3, 4, -2, 5.
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509. HaiiguTte aucrnepcuro U CPeJHEKBAIPATUYHOE OTKJIOHEHHWE CIy4YailHOU
BEJIMYMHBI Z IO CIEAYIONIe TabiuIe pacupeaeaeHus 4acToT:

Hh [z]-1JoJ274 ylz]2]1 475
2 [ 1 [ 31 1 [21]3

510. CpaBHHTEe qUCTIEPCHH BBHIOOPOK:
4,5 7,5 9u6,9, 7,8 2)-2,2, 3u-3, -1, 1, 3, 4.

S511. Haligute MaremMaTH4ecKkoe OXHAaHUE CIy4alHOW BEIUUYMHBI X TO
CIIEAYIONIeH TaOIuIle pacTpeieIeHNs] BEPOSTHOCTEH:

1) 2 -1] 2|3 2) 3|20 1]3
P lo2]03]04]0,1 P lo2]02]03]02 0,1

Tecmoevie 3a0anusn k 2nage V

1. Ha onnHakoBBIX KapTO4yKax HamucaHbl yucia oT 1 mo 15 (Ha kaxmon
KapTOUKe MO OJHOMY 4uciy). KapTouku MONOXUIU HA CTOJ YMCIAaMU BHHU3
1 nepememanu. Haiigute BepoSTHOCTh TOTO, YTO HA CIy4ailHO BHIOpaHHOM
KapTOYKe HAMKUCAHO MPOCTOE YUCIIO.

2
A)g;

1 7 3
B) z; O 15; D) .

2. B xopobxe 3 Genbix u 7 uepHbIX mapoB. CiaydaitHeIM 00pa3oM U3 KOpoOKu
nocTany oAuH map. Haiiinte BeposTHOCTB TOTO, YTO 3TO Oy/eT Oenblii map.
A) 0,5; B)0,7; C)0,3 D) 0,1.

3. U3 27 ywammuxca kinacca 15 manpunkoB. B kiacce npunuim oJuH MallbuuK
U B¢ neBoukd. Kak M3MEHUTCS OTHOCUTENbHAs YacTOTa CIy4yalHOMH
BEJIMYUHBI X — YHUCIIO MAJIBYUKOB B KJ1acce?

1. 1.
A) yBenuuuTCs Ha 47 B) ymenbmmnres Ha 5 ;

2. 2
C) yBenuuurcs Ha oz ; D) ymenpmmntTcs Ha o7 .
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. Haiimute cymmy MOIbl U MeAMaHbl Clenyrolied BEIOOPKU 3HAYEHUU CIly-
yaiiHo# BenuuuHsl: 10, 4, 2,7, -3, 6, 10;

A) 14; B) 17, C) 16; D) 13.

. HaiinmuTe mpousBeneHne MOl U METMAHbI CIEAYIOIIEH BHIOOPKH 3HAYCHU I
ciydvaitHou Benwuunbl: 2, 0, 1, 4, -1, 2.

A) 2; B) 3; C) 0; D) 4.

. Haiinute cpennee 3HadeHWe BBHIOOPKHM CIy4yalHOW BENMYUHBI X O
clenyrolen Tabnuie pacnpeaeneHus: 4acToT:

X | -1 0 1 3 5
M| 2 1 3 1 2

A) 12; B) 13 C) 1g; D) 1.

Haiinute maTeMaTuyeckoe OXKHUJaHUE CIYyYallHOW BEIWYMHBI X TIO
ClIeAyIoIIel TabuIle pactpeieieHus] BEPOSTHOCTEH:

—1 2 3 5 7
1 2 3 2 1
9 9 9 9 9
25 26 29 30
A) 5 B) 5 C) 5 D) 7.

. Hailigure cpenHekBagparnyHOE OTKJIOHEHUE CIy4YalHOW BEJIMYMHBI X 1O
cliefyromiel Tabauile pacupeieieHus 4acTor:

X —1 2 3 5 6
M 1 3 2 2 1
A) 1 B) 1,5; ) 2; D) 2.5.

. Halinure nucnepcuro ciydaitHOW BeqWYHHBI X 1O ciexyromen Tadmuie
pacnpeeseHus BEpOsITHOCTEH:

X 2 3 5 7
P 0,1 0,5 0,3 0,1

A) 2.9; B) 2,09; C) 2,99; D) 0,29.
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g HpaKTI/I‘leCKI/le U MEKIIPEAMETHBIC 3aJa4H

3anauya 1. B nmorepee passirpeiBaeTcsi aBTOMOOMIL cTomMocThio 5000 y.e.
(ycrmoBHBIX enuHHMI), 4 TeneBu3opa mo 250 y.e. © 5 COTOBBIX TeneOHOB TO
200 y.e. B oGmeit cnoxxnoctu npogaercst 1000 6uneros no 7 y.e. [locrpoiite
TaONUIy pacmpeneieHus YUCTOTO BBIUTPHIIIA YIaCTHUKA JIOTEPEH, KYTUBILETO
| GuiieT ¥ mocyuTalTe MaTeMaTu4eckoe OXKUIaHKE.

A [Tycte X—4MCTBIN BBIMTPBILI ¢ OJHOTO OMJIETA, TOTJA €T0 CTOUMOCTD:

€CJIM He BhIMajeT Bpurpam, 0—7=-7;

€CJIM BBIMAZIET COTOBBIN Tenedon, 200 — 7 =193;

€CJIM BBIMAJET TeJieBU30p, 250 — 7 = 243;

eciu BeImazieT aBToMoOmib, 5000 — 7 = 4993 ycI0BHBIX €IUHUII.
VYuuteias To, yto 990 6mnetoB u3 1000 HeBbMrphIIHbIE, @ 5 +4 + 1 =10
OUJIETOB BHIMTPBILIHBIE, UMEEM TI0 OMPEAEICHUIO BEPOSTHOCTH:

BeposTHOCTB TOTO, YTO CilydaiiHas Bedu4nHa X'
990
NpUMET 3HaYeHue — 7 paBHa —— = 0,990;
1000
5
npumeT 3HayeHue 193 paBua ——=0,005;
1000
4
npuMeT 3HaueHue 243 paBHa To00 0,004;

npumet 3HayeHue 4 993 pasna $=0,001;

CrnenoBatenbHO, Tabnuia pacmupeqeneHus] BEpOSTHOCTEH clydaiHON
BEJIMYMHBI X UMEET BUJIL:

X =7 193 243 4993

P 0,990 0,005 0,004 0,001

OcHOBBIBasSICH Ha Ta6J'II/II_[€ pacinpCaciICHusd MOXKXHO BBbIYUCIHUTD
MaATEMAaTHYCCKOC OKHUIAaHUC:
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E=(-7)-0,990 + 193 - 0,005 + 243 - 0,004 + 4 993 - 0,001 =0,
TO €CThb, CpeaHee 3HaueHue BbIUTpblIa paBHO 0. J[aHHBIA pe3ynbTaT
MOKAa3bIBAET, YTO BCE JIEHBI'U C MPOJAAXKHU JIOTEPEHHBIX OUIETOB YHIYT Ha
OILTaTy BBIMTPBILIECH.

OTBeT: TabnuIa pacnpeieeHus:

X =7 193 243 4993

P 0,990 0,005 0,004 0,001

A MaTeMaTH4ecKoe oxuaauue £ = 0.A

3agaua 2. Ha BakaHcuio mepeBojuunka B (uUpMy MNPETEHIYIOT ABa
Kanauaara. M OblT mpefocTaBieH paBHBIA CPOK M BBIJAH OJIUH U TOT XKe
TekcT Ha 125 crpanunax. B tabmuie HMKe yka3aHO KOJUYECTBO CTPaHUII,
KOTOPO€E Ka)/bIi U3 HUX NEPEBOAMI KaXKIbIA JIEHb:

KonuvectBo cTpanuiy 3a 1 1eHb
JHu Hepenu
1-p1ii kanaUAAT (X) 2-oit kanauaar (Y)
[TonenenpsHUK 24 25
BropHux 26 31
Cpena 25 27
UYerBepr 23 22
[Taranma 27 20

Kakomy kangmpaty OymeT OTIAaHO TPEANOYTEHHWE TOCIE TOTO, Kak
paboTranarenb MPoaHANU3UPYET JaHHBIC TAOTHUIIBI?

A Kaxapiii kanauaar nepesen 125 ctpanuil 3a 5 THEH, 3HAYUT CPEIHSAS

MMPOU3BOAUTCIIBHOCTD TPpyAda KaXKJA0Iro KaHauaara:
125

X=Y= —5=125(crp./ncHs).
Monsl y o6eux ciaydaiHbix BeduuuH X U ¥ HEeT, a X MeJHaHbl OJJMHAKOBbIE
(25 u 25). Kaxkoro ke kaHnuaara BeITOIHEE B3SATh Ha paboTy? B aToMm ciydae
CJIETyEeT CPAaBHUTH ycmouuusocms OOIIeH MPOU3BOIUTENBHOCTH Tpyaa. Jlis
ATOTO CIEAYET CPABHUTh CYMMY KBaJpaTOB OTKJIOHEHUH WM AUCTIEPCUU:
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Jlenb Henenu

3HaueHue CiydaiiHoOI

BCJIMYMHBI

OTKIIOHEHHE OT
CPEIHEero 3HauCHHS

KBaI[paTLI OTKJIOHCHUSA

X =Y =25
X Y X-X Y-Y | (x—x» | (v-71)
TlonenenpHUK 24 25 —1 0 1 0
BropHuk 26 31 1 6 1 36
Cpena 25 27 0 2 0 4
YeTBepr 23 22 -2 -3 4 9
TIsaTHAIBD 27 20 2 -5 4 25
Bcero 125 125 0 0 10 74

Kak Mbl BuanM, cymma KBaJpaToB OTKIOHeHHH ans X paBHa 10, a ans ¥V
paBHa 74, WK XK€ BBIYUCIUM JTUCTIEPCUH:

X=X+ G-+ -+ (K= FP 10

D(X)= - =)
D(Y)ZWI?Y) +(Y2*Y)5+"'+(Y5*Y) :§:14,8.

Wrak, nqucniepenst cirydailHOM BeIMYMHBI X MEHBIIE JUCIIEPCUU CIIyYaiHOM
BeanuuHbl Y. Ha mpakTuke naHHBIA pe3ysNbTaT MOKa3blBa€T OTCYTCTBUE
YCTOWYHMBOCTU MPOU3BOAUTEIBHOCTH TPY/Ja BTOPOrO KaHIUaTa: B HEKOTOPbIE
JIHU OH HE MOJIHOCTBIO UCIIONB3YET CBOM BOBMOKHOCTH, B IPyTHe JTHU CTapacTCs
paboTarb 0OJbIIIE CBOMX BO3MOXHOCTEH, YTO, KOHEYHO XK€, OTPHUIATEIHHO
CKa3bIBaeTCs Ha KadecTBe paboThl. OYeBHAHO, YTO B3SATH HAa PaboTy cleayeT
NIEpBOTO KaHUara.

OTBeT: npennoYTeHHE OTAAETCS IEPBOMY KaHIUJATY. A

3agaua 3. Huwxke npuBeneHbl TaOMUIBI pacnpeieseHUus BEPOSITHOCTEN
CIIydaiHBIX BeTUYMH X ¥ Y — momagaHus B MUIIEHD JIBYX JIYYHHUKOB:

Jlist mepBoOro JiygyHuka

X 0 1 2 3 4 5 6 7 8 9 10

R 0,15 | 0,11 | 0,04 | 0,05 | 0,04 | 0,10 | 0,10 | 0,04 | 0,05 | 0,12 | 0,20
I[J'ISI BTOPOI'0 JIy4HUKaA

Y 0 1 2 3 4 5 6 7 8 9 10

P 0,01 | 0,03 | 0,05 | 0,09 | 0,11 | 0,24 | 0,21 | 0,10 | 0,10 | 0,04 | 0,02

Kaxoii 13 my4HHKOB CTpessieT TouHee?
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A SICHO, 4TO MyYIIMM CTPEJIKOM M3 JIyKa CYUTAETCS TOT JYYHUK, YHCIIO
HaOpaHBIX OYKOB KOTOPOTO OoJjbIie. [103TOMy BBIYHCIMM MaTeMaTHYECKOe
OXHJIaHUE CIy4YalHbIX BEJIUYUH X U V-

EX)=0-0,15+1-0,10+2-0,04+-+9-0,12+10 - 0,20=5,36,
E(Y)=0-0,01+1-0,03+2-0,05+-4+9-0,04 +10-0,02 =5,36.

OTcrona ciemyer, 4To CpeAHUN pe3yabTarT MOMaJaHui B 11eJb OJMHAKOBBIM.
Borunciium teneprs AUCHEPCUIO U CPEAHEKBAIPATUYHOE OTKIOHEHUE X U Y:

D(X)=(0-5,36)* 0,15 + (1 - 5,36) - 0,11 +=--+
+(10-5,36)* 0,20 = 13,6,

o(X)=+D(X)=3,69;

D(Y)=(0-5,36)2- 0,01 + (1 - 5,36)2- 0,03 +-+
+(10 - 5,36)2- 0,02 = 4,17,

o(Y)=D(Y)=2,04.

Taxum oOpa3omM, HECMOTpPS Ha TO, YTO CPEAHUE 3HAUCHUS PE3yTbTATOB
nonajnaHus B uenb paBHbl E(X) = E(Y), nucnepcus y BTOPOro Jy4YHHKA
MmenbIne yem y nepsoro: D(Y) < D(X), To ecTh pa30poc 04KOB OTHOCHUTEIHHO
HleHTpa® (E(Y) =5,36) y Broporo JiyuHuka MeHblie. [pyrumu cioBamu,
€ro 04K HE€ HAMHOIO OTIHMYarTCs OT 5,36, IO CPaBHEHUIO C IEPBBIM
ayyHnukoMm. CregoBaTeilbHO, YTOOB HOCTUTHYTH 0O0Jiee BBICOKHX
PE3yIbTaTOB, BTOPOMY JIYYHUKY HYKHO JIy4IlI€ MPULIETUBATHCA U CTapaThCA
nofauaTh E(Y) BhIlIe.

OTtBeT: HCpBBIfI JIYYHHUK ITOIIaJacT B LECJIb JIydIIC. A

3agaua 4. B tabnuie naHo pacrnpeiesieHHe 4acToT uuciia X 3a0UThIX
rOJIOB UTPOKaMH (yTOOILHOM KOMaH/Ibl B BOPOTA MPOTHBHUKA:

X 0 1 2 3 4
Y 3 3 2 1 1
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Beruucnure CPCAHCKBAAPATUIHOC OTKIIOHCHUC OT CPCAHCTO 3HAUYCHU
Yucia BCeX 3a0MTHIX TOJIOB.
A I[JISI HavalJia BBIYUCIIUM CPEAHCC 3HAUCHUC!
}—(: XiM; + XoMg +---+ Xy My _
M1 _|_M2 _|_+M5

_03+1.3+2.243.1+4.1_0+3+4+3+4 14 _ ,
3+3+2+1+1 10 0

Pe3y.]'IBTaTBI CICAYIOIINX BBIUMCIICHHUIN IIPUBCICHLI B Ta6J'II/II_[eI

X 0 1 2 3 4
M 3 3 2 1 1
XX -1,4 0,4 0,6 1,6 2,6
X-X ) 1,96 0,16 0,36 2,56 6,76
X-X )2 M 5,88 0,48 0,72 2,56 6,76

Torma mucmepcuio W CpeIHEKBAJAPATUYHOE OTKIOHEHUE BBIUUCIAIOT
CJIEAYIONIMM 00pa3oM:

b X=X M+ (X5 = XMy 4 (X5 = XM
M1_|_M2_|_...+M5

 5,88+40,48+0,72+2,56+6,76 16,4

=1,64,
10 10

o=+D=11,64~1,28.
OtBer: o ~ 128. A

Ynpaswcnenua

1. Pe3ynbraTbl MHOTOJIETHUX CTaTUCTHYECKUX MCCIIEIOBAHUM CIy4aliHOW Be-
JUYMHBl X — 4YHUClla MaJBYMKOB B CEMbSX C 4 NETbMHU — IPEACTABICHA B
ciiefyromiel Tabnuie pacrpeaesieHus: BeposiTHocTel. Beiuucnute marema-
TUYECKOE O’KUIAHUE U AUCIEPCUIO CITYyYaliHOM BEIUYMHBI X.

X 0 1 2 3 4
P 0,055 | 0,235 | 0,375 | 0,265 | 0,070
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2,

Crenyromasi Tabiuiia coaepKUT 0aslibl, MOCTaBIEHHBIE TBYM I'MMHACTKaM
9 cyabsimu 1o 10 GanbHOM 1IKaje:

Homep Homep cynbu n mocrapieHsli 6an
TUMHACTKU 1 ? 3 4 5 6 7 8 9
1 87 |88 |89 |89 ]87]92|89] 96|88
2 90191190 (88 ]385([89]90](90]09,1

PaccmarpuBasi moJyueHble TUMHAcTKaMu Oajijibl Kak clydalHbIe
coOpiTust X U Y, BBIUUCINTE MaTeMaTHYECKOE OXHUIAHUE, TUCTIEPCUI0 U
CpPEIHEKBAAPATUYHOE OTKIIOHEHHUE U CPABHUE HX.

CTyneHT, 3aHUMAIONIUICS U3ydeHneM TpeOOBaHM MOKymHareae K Kade-
CTBY 00yBH, B TeueHHE 25 THEN 3amHMChIBaj YUCIO MPOAAHHBIX Map o0yBH.
[Tycte X| uncno map o0yBu, IPOJAHHBIX B TIEPBOM Marasuue, X, 4ucio nap
00yBH, MPOIaHHBIX BO BTOPOM MarasuHe. Vcrnosn3ys JaHHBIE CIIEAYIONNX
TaOIHIl BBIYMCIUTE MAaTEMaTHUYEeCKOE OXKHJIAaHUE U CPEIHEKBaJApPaTUIHOE
OTKJIOHCHHE IS CIy4alHbIX BeMnduH X, 1 X,. Tlomb3ysck momy4eHHBIMH
pe3yabTaTaMu, CpaBHUTE MPOJIaKy 00yBH B MaraznHax.

X, 1 2 3 4 5 6
Y 2 7 4 7 2 3
g 1 2 3 4 5 6
Y 3 5 4 7 5 1

C noMomIpI0 ABYX Pa3IMYHBIX U3MEPUTENIBHBIX TPUOOPOB OBLIH U3MEPEHBI
JTHaMeTpbl OCHOBaHUK 20 CTaJbHBIX 3arOTOBOK IHJIUHAPHUUYECKON (HOPMBI.
PesynbraTel u3MepeHuit nepBsiM MpruOOPOM (C TOUHOCTBIO 10 1 MM), npu-
BEJ/ICHBI B JIEBOW Ta0MIIE, @ BTOPHIM — B IPABOM:

d 58 | 59 | 60 | 61 | 62 d.

1 2

59 | 60 [ 61 [ 62

M|l 2|48 ]| a]2 M| 410 a]-2

1 2

CpaBHuTe IMCIIEPCHH CITyYalHBIX BETUYUH d, ¥ d,.
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YIIPA’KHEHUA OJ14 TIOBTOPEHUSA
KYPCA ,,AVI'EBPbI* 9 KIIACCA

512. Tlocrpoiite rpaduk HyHKIUU:

Dy=x+6x-9;  2)y=x"-1; 3y =x— 12x+ 4

4)y =x*+3x—1; 5)y =x*+x; 6) y = x*—x.
513. (YcrHo.) Ucnonb3ys rpaduk QyHKIWH y = ax’+ bx + ¢, BBISICHUTE €€

cBoiicTBa (puc. 93).
7 A YA

7 0\\1 TN

a) b)

3 4

Puc. 93.

514. Tloctpoiite rpaduk GYHKIIUK U yCTAHOBHUTE €€ CBOWCTBA:
1) y=-2x>-8x-8; 2) y=3x*+12x+16;
3) y=2x*-12x+19; 4) y=3+2x—x"

515. Ha onHo¥ KOOpAMHATHOW TJIOCKOCTH MOCTPONTE Irpadukul HYHKIIHIMA:
1 2 1 9 5 5
Dy=3X my=-3%%5 2) y=3x"u y=3x*-2.

Pemute nepaBenctso (516-519):

516. 1) (x—5)(x+3)>0; 2) (x+15)(x+4)<0.

517. 1)x2+3x>0; 2) 2% — x5 < 0; 3)x2—16<0;
4) x>—3>0; 5)x*—4x < 0; 6) x*—7>0.

518. 1) x*—8x+7>0; 2) X2+ 3x — 54 < 0;

1
3) ¥ +0,5x-1>0; 455249 5¢1<0.
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519.

520.

521.

522.

523.

524.

525.

526.

527.

528.

1) x*—6x+9>0; 2) x2-24x+144<0;
3) - 4x +8 < 0; 4) 5% +4x+1220.

Pemute MeToom nHTEpBaIoB HEpaBEeHCTBO (520-522):

1) (x+3)(x—4)>0; 2) x—% (x +0,7) < 0;

3) (v—2,3)(x+3,7)<0; 4) (x+2)(x—1)<0.

1) (x+2)(x—1)=0; 2) (x+2)(x—1)*<0;

3) (x+2)(x—1)>>0; 4) (2—x)(x+3x)*>0.

D=0 2) 2 <0 3) D o,

[Tnomane Tpaneruu Oonbine 19,22 cm?. Ee cpennss nuHWs B 1Ba pasa
Oosnble ee BHICOTHL. HaliuTe cpeHIO0 JTMHUIO U BHICOTY TpaIeluu.

Cropona mapasienorpamMma Ha 2 c¢M OOJbII€ BBICOTHI, OMYIIEHHON
Ha 3Ty CTOpoHy. Haigure AnmMHYy 3TOM CTOPOHBI, €CIH ILIOIIAIb
napauiesorpamma oombine 15 cm?.

Pemure MCETOAOM HMHTCPBAJIOB HCPABCHCTBO:

3x—1 n x—3 > 9
3x+1 x+3 ’

1) (e +2)(x+5)(e— D(x+4)>0; 2)

Haiinure ko3 GUenHTs! p 1 ¢ KBaJpaTHOTO TpexwieHa x>+ px + ¢, eciu
3TOT TpexwieH npu x =0 mpuHUMaeT 3HaYeHHE, paBHOe —14, a npu
x =-2 npuHumaet 3HaueHue —20.

Haiinure p—q, ecau mapabona y = x>+ px + q:

b

ol

1
1) mepecekaeT och aOCIHMCC B TOYKAX X = Ty MX=
2) xacaeTcst OCH a0CITUCC B TOUKE X = —7;

3) mepecekaeT och abCIHCC B TOYKE X =2 U OCh OPAUHAT B TOUKE ) =—1.

3anumuTe ypaBHEHHE Mapaboibl, €CIM M3BECTHO, YTO OHA TEpPECeKaeT

0Ch abcIuce B TOUKE X =15, a €e BEpPIIMHOM SBISETCS TOUKA

z§;101].
4 8
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529.

530.

531.

532.

3epkaiio oTpaxkatelns Teseckorna (pedaexropa)
MMEET B OCEBOM CEUECHUH BH]I TTapaboIisl (puc.
94). Harumure ypaBHEHUE 3TON MapaboIIbI.
Haiinute ko3pdunueHTsl KBagpaTHIHON
GyHkumn y =ax’+bx +c, ecnu ee rpaduk
MPOXOJIUT Yepe3 TOUKH:

1) A(-1; 0), B(3; 0) u C(0; —6);

2) K(-2;0), L(1;0) u M(0; 2).

I[OKa)KI/ITe, YTO IJId JHOOBIX HEOTpHULIATCIIbHBIX
yucen a u b CIIpaBCaJIMBO HEPABCHCTBO!

1) a®+b*<(a+b)
[Toctpotite rpaduk GyHKINH:

V4

2) a®+b*< (a+b).

1) y = Jx'; 2) y=|x=1};

3) y =+Jx* —6x+9;

4) y=+x* +4x+4.

533. HaiinuTte neiicTBUTENbHBIE KOPHU YPABHEHHUS:
1) x*—|x|-2=0; 2) x*—4|x|+3=0; 3) *—x|=2;
4) | +x|=1; 5) x*=2|=2; 6) |x*—26]=10.
534. W3Bnekure KOpeHb:
L) TR Y PN T
D72 2 \/;9’ D Va4 470 D {an y>0.
535. VYmpocrure:
1) 820 +7V15 —5): V5; 2) ®7 — 14 + Y56): 7
3) 2\/§+\@_3\/§; 4) 7 1§—ﬁ+0,5\/343.
536. CpaBHHTE 3HAYECHHS BBIPAKCHUMN:
\/5—1/3 \/5—1/2
D3] #nlz) 2) (240,5)* i (240,57

537.
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538. BreiHecuTe MHOXKUTEIb U3 MOJ1 3HAKa KOPHSI:

1) V9a®b, tie a <0, b>0; 2)v25a%b%, rie a >0, b > 0;
539. BHecuTe MHOXHUTENb MO/ 3HAK KOPHS:

1) 2v5, t1e x > 0; 2) 243, e x < 0;
3) —a+/3, rge a > 0; 4) ~a5, e a < 0.
540. BrisicnuTe, IpUHAUICKUT JIU TpaPUKy QYHKIUUA Y = —% TOYKA:

1) A(5; —55); 2) B(—5v2; 5v2); 3) C(0,1; 250).

541. BeolisicHuTe, IPUHAUICKUT U TpaduKy GYHKIHHA y = v/1 — 2x TOUKa:

1)0[1-£]; 2) [1;1;15(4;3).

4’ 2 2

542. Tlocrtpoiite rpaduk GpyHKIUU:
1) y=x>+6x+10; 2) y=—x*-Tx—6.

543. Ha3oBuTe HECKOJBKO YIJIOB MOBOpOTa, MpH KoTopwix Touka P(1; 0)
nepemeniaercs B Touky: 1) 4(0; 1); 2) B) (0; —1); 3) C(—1; 0); 4) D(1; 0).

LT T T A T
sin— + cos= — tg— cos—+sin— —tg—
3 3 4 6 4

544. Beiuucaute: 1) N P 2) oF T 1.
C g(;*SlIl(j*COS4 C g4 —COS3—Sln4

545. BpisicHUTE MOJOKUTENBHO WK OTPULATEIEHO YUCIIO:

.M. 4T T i T
L ' 1P sinacos(m + a)tgo, 0 <o < <.
1) singsin=—cosg; 2) B
546. JlaHO: sina = 0,6, sinf = —0,28,0 < o < g T<B< %’t
Beauciure: 1) cos(a—B);  2) sin(a+p);  3) cos(a+P).
547. Paznoxute Ha MHOXUTEIU:
1) sin2a — 2sina; 2) sina +sin%;
3) cosa — sin2aq.; 4) 1 —sin2a — cos’aL.
548. BrpruuciauTe sinol, oSO, €CIH:
o 8 .o . o 5 o
1) cosg=—1 Hs1n§<0, 2)s1n2— 13Hcos2<0
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549.

550.

551.

552.

553.

554.

555

556.

557.

S58.
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Beraucnute »- bl 9i€H U CyMMY 7 TIEPBBIX WIECHOB apu(PMETHUYECKOU
HpOTPECCHH, ECIN:

1) a,=10, d=6, n=23; 2) @ =42, d=3, n=12;

DO | =

3) a,=0, d=-2, n=T; 4) =5 d=3 n=18

Haiigute cymmy # mepBbIX 4J€HOB apu(pMEeTHUUECKOM POTpeCcCuu, eciiu
a =2,a =120, n=20.

JlokaxxuTe, 4TO MOCIENOBATEIBbHOCTD, 7-bId YJIEH KOTOPOW paBEH
a, = %, SBISICTCS apu(METHUECKON MPOrpeccuei.

B reomeTpudeckoi nporpeccuu HauIuTe:
1)b,,ecm b, =5nq=-10;
2) b,, eciu b, = -5000 u g = —10.

Bbruncnure n- bl WIEH U CyMMY 7 MEPBBIX WIEHOB I'€OMETPUUYECKON
IIPOrPECCHH, ECIIN:

1)b,=3,9=2, n=5; 2)b =1, qg=5, n=4.
Haligute cymmy n nepBbIX 4WJIEHOB T€OMETPUUECKON MPOTPECCHUH, ECITH:
1) b,=4.q=2,n=6;  2)b =+,g=-5 n=5.

Haiinute cyMmmy GECKOHEYHO YOBIBAIOIIEH TeOMETPHUECKON TPOTPECCHH:

D6 45 i 5L 3L g e

BrlHecHTe MHOXKHUTEND U3 1107 3HaKa KOPHS:
1) ¥20a*b, rae a<0, h>0; 2) J@—1)?, rea<l;

VYpocTtute BeIpakeHHE:

[ [ 132
1) Ll;)z, rae a>b; 2) (a—?,lme b>a.
a-— a—

Uckmrounte HPppaiMOHaJIbHOCTD U3 3HAMCHATCIIA:

1 1 . .
D% %% Ve VG



559. Yopoctute BhIpakeHue:

N Jab¥a o’ 4, 2 Ja  Na | b-a
@i ¥ap? a® -4 b+Jab b—-ab) 2Jab’

560. Pemute ypaBHEHUE:!
1) Ve —2=4; 2)Jx+3=8; 3)V2x+1=+x—1.

561. Ympocture BbIpaKeHHE:

tg2o 1+ctglal tgo—tgp

1) 1+ctg20c; 2) ctg?o 3) ctgo+ctgh’

4) (tga + ctga)’— (tgo — ctga)’;  5) (sina — cosa)? + 2sinacosal.

562. Pemnte ypaBHEHHE:

1) 1—cosx—2sin%=0; 2)1 +cos2x+2cosx=0.
563. Jlokaxxute TOXIECTBO:
1 tg(o—B)+tgB  cos(a+P). ) sin(o4-B)+sin(o—B) too
) tg(a+p)—tgf ~ cos(a—B)’ cos(o+B)+cos(a—B) ga.
564. JloxaxxuTe TOXIECTBO:
. . 2T O ol _9uin2|F_ ¢
1) 1+ sino = 2cos . 2], 2) 1—sino = 2sin . 2].
5 65

565. B apudmeTnueckoii mporpeccun @ +d; =33 d3dy = . Haliqure cymmy
nepBbiX 17 4I€HOB MpOrpeccu.

566. B reomerpuueckoit nporpeccun naiinure b, u b, ecim g= 3, S, = 1 820.

567. CymMma GeckoHEYHO yOBIBAIOIICH TeOMETPUUYECKON MPOTPECCHH pPaBHA, a
BTOPOM 4JIEH PABEH —%. Halinure TpeTuil uieH nporpeccuu.

VYIpocTUTE BBIpaXKCHHE:

568. 1) V5+~21;  244++7;  3)V5+2V6;  4)+/8-215.

. . 12
569. Brruuciure sina 1 cosa, eciu: 1) tg% =-2,4;2) s1n% Tt
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OTBETbI

2.2) X, = 0, x2:1; 4) HeT TakuX JAEWCTBUTENbHBIX 3HAYEHUN X, PU KOTOPBIX 3HAUEHUE AaHHOMU

3 3 .
byHKIIK paBHO —5- 3.2) % =17 x,=-1; 4) x,=0, x, = 1 4. 2) 0; 4) 1. 5. 2) Hyneii Her;

2

4) x, = 3> Xy = %; 6) Hyneii Het. 6.2) p=3, g=-4;4)p=-2, q=-15.7.x,=+42.9. B

C.12. 2) (\/g; 5), (—\/3; 5); 4) (0; 0), (2; 4); 6) (1; 1). 13. 2) a. 14. 2) [a; 4) Hert. 16. 1)
x<-3,x>3; 2) 5<<x<5:3)x<4,x>4; 4)-6<x<6. 20.2) (-3;-4)5), (2; —2). 21.
2) Ha; 4) metr. 22. 1) Bospacraromas; 2) yOsiBatomasi; 3) Bo3pacTaromas; 4) He sBIsSeTCS HU

11

§;Ej'27' D) x=-2;4)x=2

BO3pacraroliei, Hu yobiBaroreit. 23. 3 m/c% 26. 2) (0; —5); 4) (

3 4.
6) x = 1 28. 2) Het; 4) Her. 29. 2) (1; 0), (0,5; 0), (0; —1); 4) (0; 0), (§’ 0) . 30.y=x"—
2x+3.32.2)k=—10.34. 1)y=2(x—3)%2)y=202+4;3) y=2(x + 2)*— 1;4) y=2(x —1,5)+ 7 3:5-35.
2) [—g; 14—1) - 4) (g %] .36. 2) (1:0), (-5:0),(0;10): 4)(0; 14).40.7,5+7,5.41.5 u 5. 42. Cropona,
napatenbHascTeHe, 6 M; ipyrue ctopoHbino 3 M. 43. Her. 44.2) [Tpn x= 1 HamMeHbIIee 3Ha9eHHe Yy =—5;

4) npux=1HauMmensuiee 3HadeHne y =—2.45.1)a>0,5>0,c>0;2) a<0,b>0, ¢< 0. 46. 1) Uepes

5 ¢ nanbouburas Beicota paBHa 130 M; 2) (5 +V26) . 48.2)3x—x—1>0;4) 2x>+x—-5<0.

50.2)3 <x<11;4)x<-7,x>-1. 51.2)x<-3, x>3;4)x<0, x>2.52.2)-2<x<1;4)
1 1
x<-3,x>1;6)x<-1,x>3.53. 2) x=6 ; 4)x<-4, x>2.56. [lonoxutenbHbic 3HAYCHUS B

MPOMEXKyYTKaxX x <—3,x>2, oTpuLaTelbHble 3HaueH!s Ha uHTepBaie —3<x<2.58.2)x<-1,x>4;
4)—-1<x<4.59. 2)x< f% , x>2;4)x<-0,25;x>1.60. 2) x =7; 4) ner pemenuii. 61. 2) Her

PpELIEnHit; 4) HET peleHuii; 6) x — M000e NeHCTBATENBHOE YHCIIO. 62.2) x< —V 1 x> \/? ;) x<-2;
5 5
x>0.64.2) x< ~3 x> 3;4)-1 <x<4;6)x - moboe NeicTBUTEILHOE YUCIIO. 65. 2) x — moboe
1 1
JeicTBUTENbHOE UnCIo; 4) x# 7 5 6) ~3 <x<0.66.2) Her pewenmuii; 4) -0,5 <x <3.67. 2)x=1;

4) x —moboe AeHCTBUTEIBHOE YUCITO. 69. -6 <r<2.71.2)-5<x<8§;4) x<-5,x> 3 % ©72.2)x<0,
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x>9;4)3<x<0;6)x<-1,x>3.73. 2) —% <x<<0,x>%;4) —2<x<2,x>5.74.2)-7<x<T7,
44 <x<4, x>4.75. 3<x<4;4)-35<x<7;6)2<x<-1, x>3.76.2)x<0,5, x>1;
4)x< —3.0<x<E.x>3.70.2) 4<x<2x>34) 3<x<-1,4<xr<5.78.2)x<-2,
2<x<6;4)x<-3,-1<x<2,x>4.79.2) —15 <x<-3,0<x< 15 80. 1)-8<x<—1;2)

x<-5,x>2;3)-1 <x§—§,81.2)y: lopux=2;y=5npux=0yux=4;y=10nmpux=—lux=>5;
1
y=17npux=-2ux=6.82. 1) y(-2) = -1, (0) =-5, y[§]=f11, y(3)=4;2)y=-3 npn

x:_%;y:f2npnx:fl;y:13 npu x:%;y:19npnx=%.84.2)x§2,x25;4)72§x
<3.85. D) y3)=3,yDH)=Ly(D)=-1,y3)=1,2)y="2npux=2;y=0npux=0ux=4;
y:2npux:—zHx:6;y:4np1/1x:—41/1x:8.86.2)x¢—l'5)—1 <x<1,x>4;6)-5<x<1,

x>2.87.2)da;4) na. 93.2) x=16; 4) x=1L. 6) X

6 .95.2)x=32;4)x=8.98.2) Heuernas;

243
4) He ABISETCS HU YETHOM, HU HedeTHOH. 99. 2) HeueTHast; 4) nHeuetnas. 108. 2) x =0. 109. 2) (—1;
0). 110. 2) x <3;4) y<<5;6)x <-5,x>5.111. 2) Pebpo kyda 6onsmmre 7 qm. 114. 2) x = 10; 4)
¥=5.115.2)x =2, 4 ¥ =2x=-7.116.2) x=4; 4)x=02.117. x=7-118. 2)x>-3;4)x <
26)x<1Lx>7.120. 9y = 5. 4)x =1;x,= 3.121.2)x=2.25.122.2) x = 1;4)x=5.123.2) x
=4.124.2)2<x<3;4) 1 <x<  <£2;6)x>1.125.2) x, =2, x,=0,5; 4) HET TAKOIO 3HAYECHHS X.

126.2)x <6, x>6.127.2) (5;0), (~2; 0, (0; 10); 4) (1; 0), (f%; 0] ,(0;-11). 128.2) (—1; 4);
4) (—1-1] 130. 150 Mul50 M. 131.2) p=1,¢=0.132. 1) x, = 1, x2==75;2)xl:0,x2=1,x3=

2.133.2)x<2,x>4;4)x<3,x>4.134.2) x <—6,x > 6; 4)— 4 <x< 1.135.2)x< l,x>4;4)

1 1
—2<x < 3 .136. 2) Her pemmennii; 4) HeT pemenuii; 6) HeT pemennid. 137. 2) x <—1,1 <x<4;4)x<-75 ,

1 3
4<x<T7; 6)x22,—§ <x<1.138.2)x < —;,x271;4)x: 3.139.2)-1<x< 5,7 <Xx<2

1 1. 1
L <2140, ne menee 12 km/u, 142.2) | — L —2|, [=1; J2].
7 )[ ¥ ] [ 2 ]

143.2) (-1;-1); (15 1). 144.2) x> 2, 4) x < 2. 145.2) x = 16. 146.2) %1 = 3. X =+ 147.2)
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x — ro6oe uncno; 4) 2 <x<11;6)x <-7, -3 <x<-1,x>3. 148. 2) VYobiBaer; 4) yObiBaeT. 149.
2) HedeTHast; 4) He SBISETCS HU YeTHOW, HM HEYETHOM- 150. 2) —2<x< % ASL.2)x, =1, x,=
7,4 x=81.152.1) y <—1,x>9;2) -1<x<0,3 <x<4; 3) §§x<6 14)x>4.153.2) (4; 1);

4) (0,5; 3). 154. 2) (7;-5), (=4; 6); 4) (=1; —1), (7;23). 155.2) (4; =3); (17;10); 4) (4; 1), (~I;
—4).156.2) (1; 7), (7; 1); 4) (<2; =5), (=5;-2).157.2) (4;—1); 4) (3; 1). 158.2) (2; 5), (5;2),
(<2;-5), (-5;-2); 4) (1; 5), (5; 1), (=1;-5), (=5;—1).159. 5 u 13. 160. 4 u 36. 161. 2) (7; 1),
(—1;7). 163. 1) (4; 1) (=1; —4); 2) (2; 4), (4;2); 3) (2;2). 164. 300 M, 200 m. 165. 2) (4; 5) u (5;
4).166. 2) (1; —2) u (3; 0). 167. 2) (9; 4). 168. 2) (3; 4), (4; 3), (-3; —4), (—4;-3). 169.2) (2; 5)
u(5;2);4) (1;3) u (19;-3). 170. 2) (35 5), (5:3), (-3;-5), (-5;-3);4) (1;7), (7; 1), (-1;-7),

(=7, -1). 171. 2) (20; 4) n (-20; —4); 4) (3; 6) m (6; 3). 172. 2) (=15 1) (15 1) [—?;2], 2) [g;z];
4) (-5;-2), (-5;2), (5;-2).173. 2) (5; 1). 174. 2) (-5; —1), (-3;-5), (3; 5), (5;3), 175.(1;9)

1 (9;1).176.2) Cucrema He umeeT pemieHnid. 177.2)-9<x<3;4) 6 <x<2. 178.2.—0o <x<-3
n2<x<+4+w 179. 3<x<-2val1<x<2. 180. -7<x<0.181. -1 <x<0. 182. 2) &. 19%4.
(=1; —4) u (4; 4); 2) (2; -2) u (9; 5). 195. 2) (-5; 6) u (6; =5); 4) (—1; 10) u (10; —1). 196. 2)
(6;-2);4) (3,5, -1,5).197. 2) (-2; -3) u (2; 3); 4) (2; 6) u (6; 2). 198. 2) (—1; 3) u (3; —1). 199.

2) (43; 1) u(1; 5). 200. 2) (-2; Du (2;1); 4) (—1:4) u (24; 0,6). 201. 2) (4: /3 ) u (4; /3 );
4) (-6, -2), (-6:2), (6:-2), (6:2).202.2) (1;-2) m (2: —1); 4) (2: 1). 203. 2) [_z 4@; \/g] "

[—2 ‘%/%; \/g] .204.2)(4;1);4)(100; 4). 205.2) 24.206. 2) Inuna 1,2 cm 1 mammaa 0,8 cm. 207.
2n 51 8w n
2)5<x<-3;4)1 <x <2.208.2)8.209.2)27;4) 1. 213. 2) 3 4) 6 36) 45:8) 9 -

720 ° 324 °
214. 2) 20% 4) 135% 6) || 5 8) |~ | . 215.2) 4.71; 4) 2,09. 216. 2) 21 < 6.7;
T T

4) 3?“<4,8 ; 6)—3?”<— 10. 218. 0,4 m. 219. 2 pan. 220.%c cm?. 221. 2 pan.

222. 2) (—=1; 0); 4) (0; —1); 6) (1; 0). 224. 2) Bropas yerBepTh; 4) 4yeTBEpTasl YETBEPTh;
6) BTOpas uetBepTh. 225. 2) (0; 1); 4) (—1; 0); 6) (0; 1). 226. 2) 2nk, k=0, +£1, £2, ...; 4)

§+2“ka k=0, £1, £2,.. 227, 2) Bropas uerBepTh; 4) yeTBepTas yeTBepTh. 228. 2) x = 1,87,
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k= 44)x——n k= 36)x—*ﬂk 2.230.2) (0; 1);4) (0;-1). 231.2) ¢ + 27k, k=0, 1,
o4 3" T omk k= 0,51,42, ... 232.2) —%;4) —1;6)—1;8)$.234.2)—1;4)—1;6)1.

\fg

235.2)0;4)—1.236.2) . 4) —1.237.2) x:§+nk,k=0,i1,iz,...;4) x:g+2nk,

1+\f

k=0,41,%2,...239.2) — 2 4) .240.2) x=1+ 21k, k=0, +1,%2, ... 4) x=1 + 21k, k=0,

1, 42,.56) x=2hm k=0,%1,42, ... 241.2) x=2mk— 1, k=0,%1,+2, ; 4) x=kn — 1, k=0,

_ an

+1,42, .., 6) X = +1 k=0, +1,+2, ... 242. 2) Bropas deTBepTh; 4) BTOpas 4eTBEpPTh;

6) Bropas uerBepTh. 243. 2) Ilmtoc; 4) mmoc; 6) mitoc. 244. 2) Munyc; 4) MuHycC; 6) MIIIOC.
245, 2) Ilnroc, witoc; 4) MUHYC, MUHYC; 6) MHHYC, MHHYC;, &) IuIoC, mioc. 246. 2) sina < 0,
cosa > 0, tga<0, ctga < 0;4) sina>0, cosa > 0, tga>0, ctga> 0. 247. 2) sin3>0, cos3 <0,

tg3 < 0; 4) sin(—1,3) < 0, cos(—1,3) > 0, tg(—1,3) < 0. 248. 2) Munyc; 4) mitoc; 6) IUIOC;

8) munyc. 249. Ecnu0<06<g yumTC<O€<3?n, TO 3HAKM SINCL U COSCL COBMAJAIOT;

T 3n .
eciu o <O<T unm Y <0 <27, To 3HAKHU SINOL U COSOL TTPOTHBOMOJIOKHEL. 250. 2)

Munyc; 4) mmoc. 251. 2) cosl,3 > cos2,3. 252. 2) X = g +ERT, k=0, +1, 42, ...; Hx=m+

+2km, k=0,+1,%2, .... 253. 2) Bo BTOpoii uetBepTu. 254. lhcgjga 255.2) coso = —% , tgo = —g ;
J21 2 J21
cosoL = —~"—, tgo=-~—, = ; ino,=——1_ - 3
4) : g N ctgo 5 6) sino TR cosa. TR 256. 2)
9 _ 210 1
Boinonnsiercst; 4) BeimonHsercs. 257. 2) BuimonHsiercs. 258. cosol = 11’ tgo = o -259.35.
260. cosoc::i:% . 261. sin(x::t%, 262.2) ;4)2.263. 1) % ) —.264.1) x =Tk,

k=0, £1, £2, .5 2) ¥=—3+2mk, f=0,£1,42, .;3)x=2nk, k=0,%1,%2,..;4) T4k,
k=0,%1,42, ... 266. 1) 0; 4) 1 + sinc.. 267. 2) 3; 4) 4. 271. 2) f 272. 2 273 125 274. 1)
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x=7k, k=0,%1,%2,...;2) X = g +2nk [ k=0,+1,+2, ... 275. 2) é ;4)—3.276.2) 2cosa; 4)

2.278.2)2. 279. 2) —2cosa. 280.2)—%;4) —é. 281.2) f 4)-1. 282.2) 4= J— .283.2)
. . . ﬁ 2+\/_

cos3f; 4) —1. 284, —sino.—sinf. 285.2) 5 ; 4)1.286.2) — . 287. 2) —sina.— cosf; 4)

sina— cosp. 288. COS(OHB)——; cos(a — B)—— 289.2) "4 . 290.2) 0; 4) tgo— tgP.

é 3 1 24 7 1. 2
203.2) 5 34) - 294.2) 5 :4)-1.295.2) 5 .296.2) 1= .297.2) ,Sin20.;4)1.298.2)

V3

8 1 1 15 J3
2ctga; 4) ctg’al. 300.2) o . 302.2) N 3 4) 5 303.2) cos6at; 4) gina - 305. g .306.2) V3 .

307.2)0;4) 0; 6)—1.308. 2)%;4)%;6) ( .309. 2)f 4y~ f .310.2) % 4)

6) V3 .311. 2) —/2;4)-1.312.2) cos2a. 313.2) — M 4) 556) 53[

1.
2’

1
.314.2) 1;4) ~ oosor -

317.2) =% 4 2mk k=0,1,42, .. 4)x =1+ 2k, k=0, %1,42,....318.2) J2sinp ; 4) sin2a.

f f

319.2)0:4) — Y8 6) Y° 320.2) 4sin

cos[—+ ] 4) ZSIH[ ]005[5—3]322.2)
2 2 4 2 4 2

12 2 12

2sina. 325.2) 243 s1n s1nf 326.2)0.327. 2)2cosacosa—1); 4) (sino +cosa) - [1+

cosoc]

328. 2) Bropas yetBepth; 4) BTOpas 4eTBepTh; 6) Bropas 4eTBepth. 329. 2) 0; 1; 4) 1; 0; 6) 0;

2 1 1 J3
1330 )2, 4) -1 331.2) 73 4) 5. 33393 4) e 334.2) T3.335.2) — 5

V2(3+1) Js

e S . 4y L E N R B
4) £ 336.2)5in20:4)120.337.2) 13 4) — 1. 338.2) 1y 54 5339

1
2) cos0 > sin5. 340. 2) ILutoc; 4) munyc. 341. 2) \/5(\/571) ;4) \/g-\/é ; 0) _ﬁ .342.2)
4

4

. 45
-~ 343.cosa=—2 ’cgoc:—ig - tga=—£~ sin2o0=—=% . cos20.= —1 344,
sino . 3 2 > 2> ’ 9

232



2) tgo.. 345. 2) ;4) —

sindo

.2)5,8, 11;

1 1
4) g 0, , 6)—1,-8,-27.352.2) dsnsercs; 4) spnsercs. 354.2) n=9. 360.2) -3, —1,1,3,

5.362.2)79;4) —42.363.2)a =29 —4n;4)a =6 — 5n.364. 12. 365. Jla, n = 11. 366. n = 11,
Het. 367.2) 0,5. 368. 2) —13. 369. 2) —100. 370. 2) a = 5n —17.371. n>9. 372. n < 25.373. 2)
a,==57,d=7,4) a,=—1,d=—15.374. 30. 375. 60. 376. 2) 10050; 4) 2550. 377. 4850. 378.

4480. 379. 2) —192. 380. 2) 204. 381. 2) 240. 382. 4905; 494550. 383. 2) 2900. 384. 10. 385. 2)

ag = 15% d= % .386.2)a, =—88,d=18.387.78.388.44.389.a,=5,d=4.392.2) -3, 12,
—48, 192, =768. 394. 2 L'4 + 395. 2) b, =3:| 1 "‘1.4 b, =32 & 396.2)5;4)8
P 5 . ')16’)81' - 2) n_'g a)n_'fg o .2)5;4)8.

397.2)3;4) —; .398.5,=2374,n=5. 399. b, =33, 4= %..400. b,=6, b =302 wm

31,
b, =6, b = —30%. 401. 659100 cym. 402. 0,25 cv’. 403.2) ~ o> 4) _7’ 6) —400.
404.2) 2186. 405. 2) b =—1,b,=128.406.2) n=7;4)n=5.407.2) n=9, by =2048; 4) n =15,
g =7.408. 2) 364; 4) 305. 409. 2) b, ==4802, S, = 800. 410. 2) _1* 412.2) g =35, b,=300

wm g =—6,b,=432.413.2) g =2 nmm g = —2;4) §,= 781 mim S, = 521. 415. 2) [la; 4) na. 416.

2)7,2;4) —8=. 417. 2) + 4) 2.418.2) Her; 4) na. 419. 2) 902%. 420.2) 6 +44/3. 421.

=1 4-2.a,=111 9

2) 1 .422.2a. 423. R, 90

1
d=-3, 8, =N2 -9, a;=~2-12 427 ~5. 428.2)-1080. 429. 143. 430. 2) —22. 431.

2 g=-1, by=—. b= 4) =2, b =-10V2, 5-20 432 2) b ~05-

1
32

(-2 433.2) b, = 12%. 434.2) Si0 =152 4) 5,=5. 435.2) 242; 4) B 436.2) -4
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437. 2470 438.2) 14, 11.8,5,2.439. — 5. 440. 2) @, = 0,a, = —108. 441.2) %, =iy,
—4.443.14.444.2) a1 = —12, d=— 2. 445.2)27.446.2) 27 4) T 5 447.6. 448,

2) Her; 4) na. 450. B cpeny. 451.a, =8 d==-3nma, =2,d=3.452.a =5,d=-Suma, = =5,

d = 5. 453. 180 pa3. 453. 2) HeBosmoxHoe. 454. 2) Cnyuaiinoe; 4) nocroBepHoe. 457. 2)

1 3 5 1
HecoBmecTHoe. 462. He paBHOBO3MOXKHOE. 466. 2) §; 4) e 467. 2) 5: 4) 1. 468. 2) E; 4)

3 7 1 1 5 29 1 1
~36) 75 12" 469.2) 5 5 4) 4, 6) 1o 470.0,01.471.2) 0,97. 472. 7~ 473. —, 474.2) 733

9 21 7
2) 52" 476. 2) E; 4) 99 477. 1,4%. 482. 2) MoxHo, 4 ouxa. 488. 3-s BeIOOpKa. 489. 2) 11;

3 3
4)517.490.2)21;4) 13.491.2) 24.492.2) -5.4:4) 2,1.494.2) =5 4)7.495.2)0,1. 496.2)

2,5 k%, 4) 6 M. 502. 2) 0,98; 4) 0,1; 6) 0,6. 503. 2) 0,25. 505. 2) 13, -3 u 10, 2 3. 511. 2) —0,5.

516.2)-15<x<2;4)x<12,x>12.517. 2) 0<x< \/5; 4) x<-3; x> 3. 518.2) -9 <x<6;
1
4)2<x<0,1;6)x< g x>2.519.2) x=-12; 4) x —mr000€e IeUCTBUTEITFHOE YHCIIO0; 6) HET PEIICHHI.

1
520.2) -0,7<x< 3% 2) 2<x<1.52L.2)x<—2,x= 1;4)x< -, 0<x<2.522.2) 0,5 <x<2.

523. Breicora Oomnbiiie 3,1 cM, cpemHsis nuHus Oobiie 6,2 cM. 524, Bonbiie 5 cm. 525.2) x <7,
1

~1Sx<2;4)-1Sx< g, x> % 526.p=5,q=—14.527.2) p=14,q=49.528.y = —2x* +

+11x—5.529. ¥ = r%xz. 530.2)a=-1,b=-1,c=2.531. Vkaszanue. 1) O603Ha4nB % = A3,

S

(&

3 — 3 3 3
—=B"’—= C” u, yuntsiBas, uto ABC = | nepenuiiem JaHHOE HEPABEHCTBRO B Bzl A°+ B® + (>

o

>3A4BC, npeobpasyem ero (4 +B + C)(4*>+ B>+ C*—AB—AC— BC) > 0. HepaBenctBo (4> + B*+
C?> AB+AC+BC nony4aetcs NpH CIOKEHUN HepaBeHCTB A2 + B2 >2A4B, A*+ C*>2AC, B>+ (*>

bc a
> 2BC; 2) cnoxuTe Kak cpeiHee apupMeTHIeCKoe U CpeiHee reOMeTpHYecKoe: — + - 2 2c
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% + 2 2a, a_b + 25 9p, ; 3) BeluTHTe NpaBylo YacTb HEPABEHCTBA U3 JEBOM U 3alULINTE B
Bugie: (a +b)(a—b)* +(b+i)b—cy+(atc)a—c); 1)x ,=+2;2)x,,=+1;3) x, =+3;3)x =—1,x,

-1+5 5
=2;4) %12 = T;5)x1:0,x2’3:i2;6)xl,2:i4,x3’4:i6. 534.2) 2§;4) 5.535.2) 3—\/5;

4) 647 .536.2) @240,5) < @0,5) " .537.2) Vx :4)9b*.538.2) 5ab /b .539.2) ~V3x®

4) \5a® . 540. 2) Her. 541. 2) Her. 544. —1. 545. 2) 190. 548. 2) —0,8. 547. 2) 2sin%cos% ;

o sino — 240 _ 161 240
4) sina(sino. — 2cosa). 548. ~ 289, COSQ = —5o0, WBO="757.549. 2) q, = 47.5,

S,,=537;4) @y =112 S, =108.550. 1220.552.2) b, =5.553.2) b, = 125, 5, = 156: 4) b, = 81

3 1 4
S,=61.554. 157 555.2) 455 4) 1;6) ~2@++5). 557.2)-134) —% .558.2) M :
o

4) 0,15 - 5)5 + /5. 559. 2) —%; 4) Ja ++b . 560. 2) x = 61. 561. .2)

x=Z4nn, x=mn+2n,ncZ. 565 39%. 566.b =5, b =405 567. 2. 561.8, 13, 18 yoki

20,13, 6.568. 1) 37 . o) VT 560, sing =_%, cosa =—%.

V2 J2

OtBeTnl Kk 3aa1anusam «IlposepbTe ceds»

Imapal. 1.x,=0,x,=2.2.y>0npn—1 <x<1,y<O0mpux <-1;x>1.3. 1) [Ipu x> 0
¢yukuus Bo3pactaeT; npu x < 0 ¢pyHkus yosBaer. 4. 1) x> 1; 2<x<0.5. 1) x#1;2) 3 <x
<3.6.1)x=28;2)x=1.

. f
I'mapa. I11.1.1) cos+ z—%, tga:—%, s1n20c:— 2.1)1;2) — [ 14)— 3
; 5) g . 5. 1) sinacosp; 2) cos’a; 3) 2sina.
Dnaga IV. 1. 1) a, =25, 5, =-115.2.1) b, =1, S, =77 3. 1) ¢= 1 s-15.
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OTBeTBI K NPAKTUYC€CKUM U MEKINPEAMETHBIM 3al1a4aM

I'masa I. 1. Cxopoctb He nosmkHa npesbimars 60,01 km/4. 2. n<30. 3. 2 mun. 4. 125. 5. 1) 135;
2)17739; 3) = 4,9 mec.

I'naga II. 1. 2) 20 psos. 2. B nepBoit 6purazne 8, a Bo Bropoii 12 pabouux. 3. 2) 16%. 4. 2) 4
au 12 1. 5. B 6e3BeTpeHHYIO MOTOY.

Inasa I11. 1. 4)=33542 km; 5) =2243,3 km. 2. ~11,3°. 3. 1818 m. 4. =12,8 m.
I'naga I'V. 1. 420. 2. 10 xm. 3. 3072. 4. 39300000 cymoB. 5. 27 MeTpoB.
Imasa V. 1. E(X) =26, D(X)=0,9964.2. E(X)~= 8,94, E(Y)~= 8,93, D(X)~ 0,07,

D(Y) = 0,03, G(X) = 0,071, o(¥) = 0,76. 3. E(X,)=E(X,)=3,36, (X)) = 1,47, o(X,) = 1,41. 4.
E(d) =60, D(d)=1,2, E(d)=60,02, D(d,)=0,76.
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CBeieHds 0 COCTOSIHUH Y9eOHHKA, BBITAHHOTO B apeH.Iy

Ne Hms, Yueod- Cocrosinue IMoxnmuch Cocrosinue IMoxnmucey
bamunus HBIH yyeOHHKA KJIACCHOI0 yuyeOHHKA KJIACCHOI0
YYeHH KA roja npu PYKOBOIH- npu caave PYKOBOIH-

MOJIy4YeHH ! Teas Teast

1.

2.

3.

4.

5.

6.

Tadnuna 3ano/HseTcs KJIACCHBIM PYKOBOAMTE/IEM NPH mepeaaye y4eOHUKa B
M0JIb30BAHHE M BO3BPALICHHN HA3a] B KOHIIE Y4eOHOIO roia.

IlIpu 3anonHeHuu

TA0JMIBI HCTIOJIb3YIOTCA CJIeyIoNHe ONeHOYHbIe KPUTEPHHN:

HoBblii yueOHnk

CocTrosinne yuyeOHHKA NPH NePBOH nmepegaye.

O06n0XKa 11e71a, He OTOpPBaHa OT OCHOBHOM YacTH KHHUTH.

Xopomwo Bce cTpaHuiibl B HATMYKH, He TIOPBAHBI, HA CTPAHUIAX HET 3amuceii
¥ TIOMapoK.
O610%Ka He cMsITa, Clerka HCMauKaHa, Kpas CTEPTHI.
VI0BIETBOPUTENBLHO BOCCTAHOBIIEH MOb30BATENEM.

V10BJIeTBOPHUTEILHO
BhIpBaHHbIE CTPAHHUIIBI BOCCTAHOBJIEHBI, HO HEKOTOPBIE CTPAHHIIBI
MCYEpUEHBI.
O6s10%Ka McHaykaHa, MopBaHa, KOPEIIOK OTOPBaH OT OCHOBHO YacTH
HeynosaerBopu-
Lo KHMIH WJIH COBCEM OTCYTCTBYeT. CTpaHMIIbl MOPBaHbl, HEKOTOPBIX

BOO6H.[€ HE XBATaCT, UMCIOIINECS NCUCPUCHBI. VueOHuk K ﬂaﬂBHeﬁ-
meMy MnoJb30BaHUIO HE TPUTOACH, BOCCTAHOBUTH HEJIb34.
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